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Abstract

We studythe � -serverproblemwhenthe off-line algo-
rithmhasfewerthan � servers. Wegivetwoupperboundsof
thecostWFA ����� of theWork FunctionAlgorithm. Thefirst
upperboundis � OPT �	������
���
������ OPT ������� , whereOPT �������
denotesthe optimal cost to service � by � servers. The
secondupperboundis ��
 OPT � ������� OPT � ����� for 
���� .
Both boundsimply that the Work Function Algorithm is
��������� � -competitive. Perhapsmore importantis our tech-
niquewhich seemspromisingfor settlingthe � -servercon-
jecture. Theproofsare simpleandintuitiveandthey donot
involvepotentialfunctions.We alsoapply thetechniqueto
givea simpleconditionfor theWork FunctionAlgorithmto
be � -competitive;this conditionresultsin a new proof that
the � -serverconjectureholdsfor �"!#� .

1. Introduction

Thestandardframework for evaluatingon-lineproblems
is competitive analysisin which we comparethe perfor-
manceof anon-linealgorithmwith theperformanceof the
off-line (adversary)algorithm. It is naturalto try to extend
this framework by curtailingtheresourcesof theadversary.
For the � -server [9] problem,a naturalapproachis to com-
parethe performanceof the on-line algorithm againstan
off-line algorithmthat haslessthan 
��$� servers. To be
moreprecise,let’susethenotationA � ����� todenotethecost
of servicingrequestsequence� by algorithmA thatuses�
servers. We thenwant to comparethe on-line costA � �����
with theoptimalcostOPT � ����� of theoptimaloff-line algo-
rithm thatusesa differentnumber
 of servers.

For thepagingproblem,thespecialcaseof the � -server
problemon uniform metricspaces,this approachwassuc-
cessful: Sleator and Tarjan in their seminal paper [10]
showedthatthecompetitiveratio is �&%'���(�)
(
*��� . Eventhe

+
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weightedcachingproblem,a naturalgeneralizationof the
pagingproblem,hasthesamecompetitive ratio [11]: there
areon-linealgorithms, � with A � �����-� ���./��021 OPT � �����3

const, andthe ratio �	%����)�4
5
6� � is thebestthepossible
[9].

Unfortunately, it was soonrealizedthat no suchresult
is possiblefor the general� -server problem: Even for the
line, the competitive ratio maynot evendependon � . For
example,asBar-Noy andSchiebershowed,theratioagainst

�!7� serversis at least2, no matterhow large � is (see
[3], page175). Comparethis with the positive resultsfor
the original � -server problem( 
4!8� ): We know that the
competitive ratio is between� [9] and �9�5�#� [6, 7, 8] for
any metricspace.The � -server conjecturethoughremains
unsettled;theconjecturestatesthatfor all metricspacesthe
competitive ratio is exactly � . We have only resolved the
conjecture,in the affirmative of course,for somespecial
cases(for �:!;� [9], for treemetrics[], for metricspaces
with �<
=� points [4], and recentlyfor �>!@? in the 2-
dimensionalManhattanmetric[2]).

In this paper, we presentthefirst positive resultson the
� -server problemwith weak-adversaries( 
6A!B� ). Instead
of comparingtheon-linecostA ������� with OPT �	����� only, we
compareit with a weightedsumof OPT �	����� andOPT ������� .
We show (Theorem1) that the costof the Work Function
Algorithm canbeboundedby combinationof the two off-
line costs:

WFA �������-��� OPT �	������
#��
)�C� � OPT �'������
 constD (1)

for any 
 (even for 
FE;� ) and � . The specialcase
�!
� , givesthattheWork FunctionAlgorithm hascompetitive
ratio ���)��� . This is a new simplerandproof of theresult
of [6, 8] andit doesnot involvea potentialfunction.

We apply the sametechniqueandgive a generalization
of theQuasiconvexity lemma[8] for acombinationof work
functionsthat involve 
 and � servers. We usethe new
quasiconvexity lemmato show arelationbetweenextended
coststhatinvolvedifferentnumberof servers.In particular,
it shows that theextendedcostis monotone:moreservers
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can only reducethe extendedcost. Although this seems
natural,it cameasa surpriseto us that it holdsfor any in-
dividual request.Using this monotonicitypropertyof the
extendedcostsweshow that

WFA � �����-���9
 OPT � �����G� OPT � ������
 constH
This bound,unlike (1), holdsonly for 
I�J� . We canim-
provethiswhen 
K!L� to

WFA �������-�4? OPT M������N� OPT �������2
 constH
Finally, we appliedthe techniqueto attackthe � -server

conjecture.We succeededonly in (re)proving the special
caseof �#!O� , but we believe that our approachmay be
fruitful.

All our proofsaregraphicalor pictorial. The ideasare
extremely simple, but the text versionsof thesepictorial
proofsareunsatisfactorily lengthy. Theunderlyingideain
all proofsis to find appropriatepathsin a givengraphmet-
ric. As a result, we don’t have to guessor usepotential
functions.

2. Preliminaries

We considerrequestsequences�*!JP 1 P M HQHRHSP�T . We let
�VU to denotetheprefixof � of length W ; in particular, �VXY!#Z
is theemptysequence.We shallassumethatthereis afixed
initial configuration(multisetof � points). In the caseof
algorithmswith differentnumberof servers,theinitial con-
figurationof 
 serversis asubsetof theinitial configuration
of � serverswhenever 
[��� . We oftenassumethattheini-
tial configurationconsistsof � (or 
 ) copiesof afixedpoint
P X .

The work function \^]V��_`� is definedto be the optimal
cost to servicethe requestsequence� and then move to
configuration_ . For simplicity wewrite \ U insteadof \^]ba .
TheWork FunctionAlgorithm worksasfollows: Let , U .31
beits configurationjust beforeservicingrequestP U . To ser-
vice PQU it moves to configuration,cU that contains PQU and
minimizes\^U���,dUe�f
:g	��,dU ./1 D�,cUh� . For a morethoroughex-
positionsee[8]. TheWork FunctionAlgorithm canbeseen
astheGreedyalgorithmwhich assumesthat the future is a
mirror imageof thepast.

It wassuggestedin [5] thatinsteadof boundingtheactual
costof the Work FunctionAlgorithm, it sufficesto bound
its extendedcost (it is calledpseudocostin [5]). The ex-
tendedcostfor requestP U is equalto themaximumincrease
of the work function: i5jlk�monQ\ U ��_`�^�p\ U ./1���_`�rq . They
showedthattheextendedcostis atmostequalto theon-line
plus the off-line (optimal) cost. Therefore,to prove that
theWork FunctionAlgorithm is s -competitive,it sufficesto
boundtheextendedcostby ��st
)��� OPT �����u
 const.Thegreat
advantageof usingtheextendedcostis thatwe canignore

completelythe configurationof the on-line algorithm. To
show a competitiveratio s it sufficesto provethefollowing
propertyof work functions:

Tv
Uxw 1

i"jtkm n�\ U ��_`�r�^\ U ./1l��_`�bqy�F��sQ
o� ��i"z|{} nQ\ T ��~��bql
 constH
(2)

It wasshown in [8] that the Work FunctionAlgorithm
is ���9�)�L��� -competitive. Theproof is basedon somefun-
damentalproperties(Quasiconvexity andDuality) of work
functions.Structuralpropertiesof work functions,suchas
Quasiconvexity and Duality, are very useful in analysing
on-line algorithms. The seemindispensablefor settleing
the � -server conjecture.For the pagingproblem,the spe-
cial easycaseof the � -serverproblem,thestructureof work
functionshasbeencompletelycharacterized[8].

The Duality propertyof � -server work functionschar-
acterizesthe configurationsthat achieve the maximum
i5jlk m n�\-U���_��G��\^U .31 ��_`�bq . In particular, it statesthatthe
expressionis maximizedby a minimizerof P�U with respect
to \^U ./1 . A minimizerof P�U with respectto \^U ./1 is aconfig-
urationthatminimizesi"z|{ m n�\^U .31 ��_��'�����t� m g	��PQU�D��f�bq .

The Duality Lemmasuggeststhat we could prove the
� -serverconjectureby findingappropriateexpressions(po-
tential functions)that “contain” an appropriateminimizer.
It would be helpful if we could find a minimizer that is
completelyindependentof the work function. But is this
possible?For somespecialmetricspacesthis is indeedpos-
sible.A typical suchmetricspaceis thecircle (thedistance
betweentwo pointsis thelengthof theshortestarcbetween
them). Thecrucialobservation is that if _ is a minimizer
of P U thenif a point � of _ is “pushedaway” from P U the
resultingconfigurationis alsoaminimizerof PQU . Thereason
is thatin theexpression\^U ./1 ��_`�2� � �t� m g	��PQU�D��f� any in-
creaseof \^U .31 ��_`� is canceledby thedecreaseof ��g���PQU�D��f� .
As aresult,if wepushall pointsof aminimizerasfaraway
aspossiblefrom P�U , they will becometheantipode(diamet-
rically opposite) PtU of PQU . Hencethe configurationP �U ( �
copiesof PtU ) is a minimizer of PQU for any work function.
A similar metricspaceis the line whosepropertiesareex-
plored in [1] to show that on this metric spacethe Work
FunctionAlgorithm is � -competitive.

In fact,any metricspace� with boundeddiameter� can
beextendedto a symmetricmetricspace�6� with diameter� !$�t� . By symmetrywe meantheproperty:Eachpoint� hasanantipode�� suchthat for any point � : g������ � Db�u�N

gV� � ��� DQ�� ��! �

. Oneway to extend � is to taketwo copies
of it anddefine g�� � � � Db�u�c!�g��`� � D��u� if � and � arein the
samecopy and g � � � � Db�u��! � ��g � �S�� D��u� otherwise. It
is trivial to verify that thetriangleinequalityis satisfiedby
�6� .

For symmetricmetricspaces,thesufficientcondition(2)
for the Work FunctionAlgorithm to be s -competitive be-



comes:
Tv
U|w 1

��\^U�� P �U �N��\-U ./1 � P �U �����6��s�
�����\^T/� P �T ��
 constH (3)

whereweusedalsothefactthat i�zx{ } nQ\^T/��~��bq is within a
constantfrom \^T3� P �T � .

We shall deal only with symmetric metric spaces.
Clearlyall finite metricspaceshave boundeddiameterand
canbe extendedto a symmetricmetric space.Our results
can be extendedto any metric space(by simply showing
thattheconstantsdonotdependonthediameterof themet-
ric space).

We alsousethenotionof a � -path:A � -pathis simplya
wayto servicearequestsequence(notnecessarilyin anop-
timal way). We frequentlyusetheterm“ � -path \^]���_`� ” to
meana � -path(againnot necessarilyoptimal)thatservices
� andendsupat _ . Since,wecanrewrite (3) in theform

Tv
Uxw 1

\^Ub� P �U �^�
v
U

\^U .31 � P �U ��
#��s�
�����\^T/� P �T ��
 constH

it sufficesto exhibit awayto obtainthe � -pathscorrespond-
ing to theleft handsideusingthe � -pathscorrespondingto
theright handside. Almost all resultsin this paperexploit
thissimpleidea.

3. Work Function Algorithm against weak ad-
versaries

Our first resultrelatesthecostof theWork FunctionAl-
gorithmto theoptimalcostswhen 
 or � serversareavail-
able.

Theorem 1 For anymetricspaceandanyrequestsequence
� , the cost WFA � ����� of the Work FunctionAlgorithm of �
servers is at most � OPT � �����-
$�h
��=� � OPT � ������
=��� for
any 
 , where ��� is a constant(it dependsonlyon theinitial
configurations).

Proof. We needto show that the extendedcost is at most
� OPT �	������
=
 OPT ��������
 const. Equivalently, we should
show
Tv
U|w 1

\ U � P �U �-�
Tv
Uxw 1

\ U ./1�� P �U ��
�� OPT �&������
�
 OPT ��������
 constH
(4)

It is very helpful to considera graphicalrepresentation
of the above expression.Picturethe sequenceof requests
P X D�P 1tDRHQHRHuD�P T andtheir antipodesP X D P91 DQHRHQHRD P T asin Fig-
ure 1. Then \ U .31t� P �U � is a � -path that startsat P �X , visits
P 1 DQHRHQHRD�P U .31 , andendsupat P �U .

Theunderlyingideaof theproofis strikinglysimple:Let�
bethemultigraphconsistingof theedgesof the � -paths

Pu�

Pr� ./1

P�U

P M

P 1

PQX P X

P 1

P M

PlU

PQ�

PQ� ./1

Figure 1. Creating \^U�� P �U � from \(� ./1 � P �� �

of theright handsideof (4). Insteadof trying to show that
(4) holds in the original metric space,it suffices to show
thatit holdsin thegraphmetricof

�
. In otherwords,using

thetriangleinequality, wewantto form � TUxw 1 \ U � P �U � —the
left handsideof (4)— from theedgesof � TU|w 1 \ U .31�� P �U �/

� OPT �	������
C
 OPT ������� —theright handsideof (4).

In fact,we do somethingmuchmorespecific.We form
each� -path \^U�� P �U � by takinga � -path \(� ./1 � P �� � andusing
someadditionaledges.Theseadditionaledgescomefrom
the 
 -path OPT � ����� (we need � copiesof eachadditional
edge). In particular, we express \ U � P �U � as \ � .319� P �� �Y

��g�� P � D P U � , for some�5E4W . In words,wecreatea � -pathfor
\ U � P �U � asfollows: the � serversstartat P X , visit requests
P 1tDRHQHRHuD�P U DRHRHQHRD�P � ./1 , move to P � andfrom thereto P U . Let
us call the edge � P � D P U � back edgeof the resulting � -path.
Noticethatweneed� copiesof eachbackedge.

The crucial point is the relation betweenW and � , i.e.,
which backedgeswe use.We use � OPT �	����� asour source
of backedges.For a given W , we choose� sothat theedge
��P U D�P � � belongsto the 
 -pathof OPT �&����� (we usethe fact
that g�� P � D P U �-!6g	��P � D�P U � ). Hereis a slightly differentway:
Backedgesareprovidedby theoptimal 
 -paththatservices
���! P 1 HRHRH PtT . Thetotal weight(distance)of backedgesis
equal(within a constant)to � OPT � ����� .

We have to take carealsoof the fact thatnot all W ’s can
have corresponding� ’s: If W is one of the last nodes(re-
quests)of the 
 -path of back edgesthen thereis no cor-
responding� . Thereare 
 suchnodes. This is the rea-
son for the additional term 
 OPT ������� in the right hand
side of (4). In summary, a � -path \^U�� P �U � is formed by
\(� ./1 � P �� �N
p��g�� PtU�D P���� where� is thenext vertex after W in



the 
 -pathOPT � ����� , unlessW hasno next vertex, in which
caseit is formedby OPT � ����� .

A carefulaccountingshows thattheproof holdsfor any
metricspace(notnecessarilyfinite); theadditivetermconst
is independedof thediameterof themetricspace.

The ���K�L� upper-boundof KoutsoupiasandPapadim-
itriou is thespecialcaseof Theorem1 when 
K!#� :

Corollary 1 (Koutsoupias and Papadimitriou, 1994)
TheWork FunctionAlgorithmhascompetitiveratio at most
�����C� .

Also, by letting 
 to beequalto thenumberof pointsof
themetricspace,andobservingthatin thiscaseOPT � ������! 
, weget:

Corollary 2 TheWork FunctionAlgorithmhascompetitive
ratio at most ¡:�=� on any metric spaceof ¡ points. In
particular, the Work Function Algorithm is � -competitive
for metricspacesof ��
�� points.

3.1. Quasiconvexity and implications

In this sectionwe generalizetheQuasiconvexity lemma
of [8] to work functionsof 
 and � servers. The special
case(when 
4!;� ) of the following lemmawasshown in
[8] andenabledtheproofthattheWork FunctionAlgorithm
is ���9���4��� -competitive.

Lemma 1 (Quasiconvexity) For any 
 -configuration ,
and � -configuration ¢ , with 
��F¢ , andanypoint ��£ , ,
there is a point � £ ¢ such that

\ T ��,c�2
:\ T ��¢o�-¤C\ T ��,p� � 
C�u��
I\ T ��¢¥�:�G
 � �rH
Proof. Theproof hasthesameunderlyingidea: show that
therelationholdsnot in theoriginalmetricspacebut in the
graphmetric spaceof \-T/��,c��
L\^T3��¢o� . In other words,
consideran 
 -pathand a � -pathof \ T ��,c�-
F\ T ��¢�� and
show how to obtainpathsfor \ T ��,5� � 
��u�R
�\ T ��¢����t
 � � .

Fix an 
 -pathanda � -pathof \^T/��,c��
#\-T���¢o� . Con-
sidera point �I£ , . We defineanalternatingpathasfol-
lows: Startat � , follow an 
 -edgebackwards(towardsthe
first request),thenfollow a � -edgeforward(towardsthelast
request)andrepeat(seeFigure2). It is trivial to seethatthis
is a simplepaththatcanonly endup at somepoint � £ ¢ .
The assumptionthat the initial 
 configurationis a subset
of theinitial � -configurationis crucialhere—wheneverthe
aletrnatingpathvisits a nodeof the initial 
 configuration,
thereis alwaysa forward � -edgeto continue.For thesame
reason,theconstraint
`�L� in thelemmais essential,oth-
erwisethealternatingpathmaybetrappedat a point of the
initial 
 -configurationthatdoesnot belongto theinitial � -
configuration.

� �
Figure 2. Alternating path

If weexchangethe 
 -edgeswith the � -edgesof thealter-
natingpath,we geta new 
 -paththatendsup at ,p� � 
C�
anda new � -paththatendsup at ¢=�¦��
 � . Theresulting
pathshavelengthatmost \^T3��,I� � 
��u�&
*\^T3��¢��<�3
 � � .
Sincethey useexactlytheedgesof theoriginalpathsweget

\ T ��,Y�2
I\ T ��¢o�-¤4\ T ��,p� � 
¦�u�3
I\ T ��¢6�I�G
 � �uH

We canstrengthentheQuasiconvexity Lemmaby notic-
ing that alternatingpathsthat originateat differentpoints
areedge-disjoint.Therefore,we canexchangemore than
onepoint between, and ¢ . More preciselly, thereis a 1-
to-1 mapping §>¨(,ª©«¬¢ suchthat for any subset­ of
, :

\ T ��,c��
c\ T ��¢���¤C\ T �h§N��­*��®-��,�¯l­*����
c\ T ��­`®-��¢�¯�§N��­*���rH
It is interestingto note that becausethe above proof does
not usethe triangleinequality, theQuasiconvexity Lemma
holdsevenin non-metricspaces.

We cannow usetheQuasiconvexity Lemmato show the
following surprisingresult.

Lemma 2 For each request,theextendedcostof 
 servers
is greateror equalto the extendedcostof � servers when

[�4� .

Proof. We have

\-T/� P �T �3
I\-T ./1 � P �T �°!
\ T ./1���P T P �t.31T �3
Cg���P T D P T �3
I\ T ./1�� P �T �±¤
\ T .31l� P �T �2
:\ T .31t��P T P ��.31T ��
¦g���P T D P T �°!

\ T ./1t� P �T ��
I\ T � P �T �uH
Thefirst equalityresultsfrom expressing\^T3� P �T � in terms
of \-T ./1 . Similarly thelastequalityresultsfrom expressing



\-T/� P �T � in termsof \^T .31 . Finally, the inequality follows
from quasiconvexity.

Therefore,the theoremholds: \ T � P �T ���p\ T ./1t� P �T �<¤
\ T � P �T �N��\ T ./1�� P �T � .

An immediateconsequenceis that the Work Function
Algorithm hasa nice monotonicityproperty: If moreon-
line serversareavailable,theon-linecostcanonly decrease
andthis holdsfor any requestsequence� . More precisely,
for every � , the extendedcost of the Work FunctionAl-
gorithm WFA � doesnot exceedtheextendedcostof WFA �
when 
8�²� . By Corollary 1, the latter is boundedby
��
 OPT � ����� whichprovesthefollowing theorem.

Theorem 2 For 
[�p� andanyrequestsequence� ,

WFA �'�����-���9
 OPT �&�����G� OPT ��������
 constD
where constdoesnot dependon � . For thespecialcaseof

)!#� , theboundis better:

WFA �������-�4? OPT M������N� OPT �������2
 constH
The specialcaseof the theorem( 
#!³� ) follows from

the fact that the � -server conjectureholds for ��!´� (for
example,Corollary3).

4. The 2-server problem

Therearea lot of differentproofsthat the � -server con-
jectureholds for �p!ª� ; the first oneappearedin [9]. In
fact,mostof themshow directlyor indirectly thattheWork
Functionalgorithm is 2-competitive and [5] goesfurther
andshowsthatit sufficesto considertheextendedcost.

We offer hereonemoreproof of this theorem.Its main
characteristicis that it doesnot useany potentialfunction.
Of course,acarefulreadercanalwaysrecoverahiddenpo-
tential and turn the proof into an inductive one. We be-
lievehoweverthatthe � -serverconjecturecanbesettledby
generalizingappropriatelythis proof —althoughwe don’t
know in whichdirection.

We discussthe ideasbehindthe proof for the general
caseof � servers. Only the last lemmain this sectionis
specificfor �"!L� . Theideaof theproofis verysimilarwith
theonein Theorem1. We want to find a way to transform
thesetof � -paths\-U ./1 � P �U � into thesetof � -paths\^U�� P �U � in
anappropriategraphmetric. In theproofof Theorem1, we
formedthe � -path \^U�� P �U � by extendinga � -path \(� .31 � P �� �
with � copiesof a backedge,for someappropriate��E=W .
This approachseemsto “waste”the lastpartof the � -path
\ � .31t� P �� � . Canwe be moreprudent? We will show that
the answeris positive andthat it leadsto a 2-competitive
algorithmwhen �5!#� .

Oncethe � -serversof \(� ./1 � P �� � servicerequestPQU , we
couldimmediatelyredirectthemto PtU usingbackedges(see

PtU

Pu� P��

P�U 0µ1

P�U

¶�·

¶ M

¶ 1

Figure 3. Redirecting \(� ./1 � P �� � to \^U�� P �U � .

Figure 3). This is exactly what we do: We form the � -
path \^U�� P �U � from some� -path \�� .31 � P �� � where��E#W . Let
n ¶ 1 DRHQHRHQD ¶ � q be the multisetof � points visited by the �
serversin \�� .31 � P �� � immediatelyafter P�U hasbeenvisited.
Apparently, each ¶	¸ is in nQPQU 021 DRHQHRHRD�Pr� .31 D P��tq . We want
to usebackedges� ¶�¸ D PlUe� to form the � -path \^U�� P �U � . But
wheredo thebackedges� ¶�¸ D PtUh� comefrom? They areun-
usededgesof someother � -paths.In thesamemanner, the
lastunusedpartof the � -path \ � .31t� P �� � —from each¶ ¸ to
P � — canbeusedasbackedgesfor other � -paths.This, in
fact, is the crucialpart: we usethe last unusedpartof the
� -pathsasbackedgesfor otherpaths.To bemoreaccurate,
if ����D�¹'� is anunusededge,weusetheantipodeedge �r��µDt�¹��
as back edge. What are the conditionsthat allow the � -
paths\^U�� P �U � to beformedin thismanner?It worksout that
theaboverequirementsareequivalentto asurprisinglysim-
ple (necessaryand sufficient) condition that mysteriously
relates� -pathsand �h�y
p� � -paths.

Theconditionis thatthereexistsa �h��
:� � -path º which
partially agreeswith the lastpart of the � -paths\�� .31 � P���� .
To bemorespecific,let usdenoteby »5¼ WbDe�t½ thesetof edges
of multipath » that have both nodesin nQPQU 021 DRHRHQHRD�Pr� ./1 q .
Thentheconditionis:

for eachedge ��PQU�D�Pu� � of º : º5¼ WbDh��½f¾�\(� .31 � P����u¼ WbDh��½hH (5)

Fix an edge ��PQU�D�Pu��� of º and consideran edge ¿>!
��P À�D�P Á�� or ¿�!Â��P À�D P���� of the � -path \(� ./1 � P���� . If � �$W
then ¿ shouldbe a forwardedgewhich will be part of the
� -path \ U � P �U � ; otherwise,theantipodeedge �¿ shouldbea
backedgewhich will be part of the � -path \ À � P �À � . It is
straightforwardto checkthat this simpleconditionguaran-
teesthateachedgeof the � -paths\ � .31t� P � � is usedat most
once,eitherasabackor forward(non-back)edge.

We canshow that if thereis a paththatsatisfies(5) then
theextendedcostis boundedby �h�y
p� � OPT �����2
 const.



Lemma 3 Fix a requestsequence�Ã! P 1 HQHRH�P�T . If
there is a � -path º that services� such that º5¼ WbDe�t½�¾
\ � .31t� P � �u¼ WbDh��½ , for each edge ��P U D�P � � £ º , thenWFA �����Y�
� OPT ������
 const.

Proof. For every W suchthat thereis a � with ��P U D�P � � £
º , we can form the path \ U � P �U � from \ � ./1�� P �� � and �
back edges. There are exactly ��
³��W ’s that have no
next � . For these W ’s we needa new � -path. Let ÄÅ!
nQW"¨ thereis no j suchthat ��PQU�D�Pu��� £ º�q ; Ä hascardinal-
ity ��
�� . We have

v
U

\ U � P �U ���
v
�

\ � ./1�� P �� �2

v
U ��Æ

\ U � P �U �rH

Thelemmafollows sinceOPT ����� is within a constantfrom
\-U�� P �U � .

Theabove lemmaholdsfor any � . We don’t know how
to useit (or extendit) to prove the � -server conjecture.We
canhowevershow that it givesa proof of the2-server con-
jecturethat involvesno potentialfunction. More precisely,
condition(5) is alwayssatisfiedwhen �5!�� :
Lemma 4 Fix a requestsequence�I!;P 1GHRHQHSP T . For any
setof � -paths \ � ./19� P M� � , �[!���DRHQHRHuD�¡ , there is a ? -path º
that services� such that º5¼ WbDh��½G¾=\ � ./19� P � �R¼ WbDe�t½ , for each
edge ��P U D�P � � £ º .

Proof. We build the ? -path º backwards.Supposethatwe
have º5¼ WbD�¡f½ which agreeswith theappropriatelastpartsof
\�� .31 � P M� � for all �5E4W . Wewantto find º5¼ W'�`��D�¡f½ . Thatis,
wewantto extend º5¼ WbD�¡f½ by anedge ��P�U�D�Pr��� for some��E
W . Therearethreecandidate� ’s (becauseº is a 3-path)of
whichoneis W�
¦� . Let � 1 and� M betheothertwo candidate
� ’s. If the edge ��P�U�D�PQU 021 � belongsto both \���Ç .31 � P M� Ç � and
\���È .31 � P M� È � thenwe extend º5¼ WbDe�t½ by the edge ��P�U�D�PQU 021 � ,
that is: º5¼ Wd�>��D�¡f½�!@º5¼ WbD�¡f½2®�nV��P U D�P U 021Q�bq . The edge
��P U D�P U 0µ1R� belongsto º , \ � Çb.31l� P M� Ç � and \ � ÈR./1l� P M� È � , and
therefore(5) is satisfied.Otherwise,by symmetrywe can
assumethat ��P U D�P U 021Q� doesnotbelongto \ � Çb.31l� P M�SÇ � . Then
we let º5¼ Wµ�p�9D�¡f½µ!>º5¼ WbD�¡f½�®�n���P U D�P � È��bq . It is not hardto
seethat(5) is satisfiedin thiscasetoo.

We left for last the problemon how to startbuilding º
(thebasiscaseof thebackwardsinduction). The inductive
stepuses\ � Çr./1t� P M� Ç � and \ � ÈQ./1l� P M� È � . But what are these
initially, sincethereis no �CEÉ¡ ? We cansimply assume
that therearesuchpaths(any paths). Hereis a morecon-
cretesuggestion.Extendtherequestsequenceby two more
requestsP T 021Y!LP T and P T 03M�! P T . The3-pathº startsat
thelastthreerequests( P T , P T 021 andP T 03M ). Now, � 1^!�P T 021
and� M !�PQT 03M .

The two lemmataimply that the Work FunctionAlgo-
rithm is 2-competitivewhen ��!L� .

Corollary 3 (Manasse, McGeogh, and Sleator, 1988)
For anyrequestsequence� ,

WFA M �����-��� OPT M ������
 constH

5. Open problems

Therearenumerousopenproblemsleft. The most im-
portantone,of course,is whetherthe techniqueof this pa-
percanresolve the � -server conjecture.We don’t know if
thereis ananalogueof Lemma4 for ��EF� . If not,what is
theappropriatedirectionof generalizingLemma3?

Improving theupperboundsagainstweaker adversaries
( 
�Êp� ) is anotherimportantresearchdirection.Also, there
areessentiallynoknown lowerboundsfor 
�E�� . As men-
tionedin theintroductionfor 
�!F� thecompetitiveratio is
2 for any �K¤p� .
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