Aiapopikéc E€iowoeic
14/2/2005
Znueiwoeic (kaBnyntng: ZTpartng)

Opiaoyoi:

Mia eiowon otnv omoia epgavileTalr pia dyvwaoTth ouvdpThoh Kdl ol Tapaywyég ThG
kdmolag Taéng ovopdletai diagopikn e€iowon.

H mapdywyo¢ pe Thv peyaAUtepn Tan mou epgaviletar Aéyetal Ta§n Thg d1a@opIkAG
e€iowang.

2UVvhBeic diapopikéc e€ioWaoEIC:

‘EoTtw wia ouvdptnon y= y(x) Hiag peTapAnTAg pe X A pe t .
X: TIPAYHATIKOC ap1Ouocg, X avhkel I:didoTnua Tou R.

BoAikh popeh Siagopikig e§iowang 1" Tagng @ y'(x) = f(X, y(X))

Aurtri Oev givar n yevikoTepn popehi The eéfowong yiari Ba émpeme va mepiéxer kai Thv y'n f
ouvvdotnon. Tpopavuss n y eivar mapaywyion pe y' = %

X
H f eivar pia ouvdoTtnon dvo perabAntawv e tnv y(x) dyvworn , emouévwg Kai n y (x) eivar
dyvworn,.

H axéon yodperar ouvnB@éorepa: y' = f(x,y)

TTapddeiypa 1:

Y'=0 AnAadn yaxvw pia ouvdptnon f(x,y) : h mapdywyog Tng va kavel undév. Mia Alon
givar n (f(x,y)=0) . Mia diapopikni e€iowan pmopei va éxel dmeipeg AUoeIg. H'y €xel Tig
e€ng ameipeg AUoeig: y(x)=C.

H y mpémer va eivai CI(T) , 3nAadh va umdpxel h TPWTN TApAywydC TNC Kdi va eival
ouvexn¢ oTo didoTtnua I.

TTpogoxh:
1.To Celyog Twv X,y(x) mpémel va avikel aTo medio opiapou Tng f.
2. A\on tng e€iowang eivai pia ouvdpTtnon y(x) kai iIkavomolei Tnv y'= f(X,y).

TTapadeiypua 2:

y'=g(x) , T0Te n AUon autig Tng e€iowang eivar To:  y(X) = J' g(x)dx +c

H mapamdvw efiowon AUvetar amAd yiati Tn g e€apTtdtar amé Tn y. AnAadfn pe amAn
oAokAnpwan ppiogkoupe Tnv Auon.



Il Tha mapddeiyya OéAoupe va PpoUle OUVAPTACEIC TIOU €XOUV Tdpdywyo ion He TO
undév(y'=0) kai ikavotroioUv Tnv ouvOnkn y(0)=1.

H mapandvw diarunwon eivar éva mapdoeiyua apXiKkoUu mpofAnuarog: sUpeon e10IKAE AUONS
TNG O1aPopIKNS eEfoWang LIE TNV XpHon TNE aoXIKNE ouvBhkng.

lMa to mapamdvw mapddeiypa:
0)=1
ﬁoi - C} = C =1 Apa n Aon Tng e€iowong eivai pia n y(x)=1.

M To TTARBo¢ Twv aoxikwyv ouvBnkwy mpémel va eivai TETolo 600 Kai n 1dén the eEiowong.

TTapddeiypa 3: Bpeite Tig AUoEIG TNG Y'=y

AnAadh BéAoupe EKEIVEC TIC OUVAPTAOEIC TTOU N TTAPAYWYOC TOUC va givai ioh e TIG iB1EC.
TT.x eival 6Aeg o1: Ae* . Apa o1 AUoeig Tng e€iowaong eival o1 y(x)=ce™ yia kdBe c , 3nAadn
,€ival amelpeg.

Twpa yia To idlo Tapddeiypa £xoupe Kai Tnv apxikn ouvenkn y(0)=1.

Oa Tnv emipdAoupe aTI¢ AUoEIC TToU Pphkape Ttapamtdvw , dnAadn:
0)=ce’=c . , . , ,

yEOi ) }:> c =1 Apa n povadikh AUcn Tou apxikoU TipoPAAUaTog eivar : y(x)=e*.

y =

IMevikOTEPOC TPOTTOC OKEYNG:

+ Hy'=y ypdeperar y = :_y
X

+ MmopoUpe Bswpvtag 611 y(x)= 0 oTI d—; = dx (meTUXAPE XWPIOHO TWV HETAPANTWV)

X+C

4+ MeTd pe oAokAnpwaon Ba éxoupe Thv AUon: J‘d—; = Idx > hy=x+c=>y=¢e

+ H mapamdavw diadikacia AéyeTal HéBodog Xwpilopévwy HETAPANTWY.

TTapadeiyua 4: Bpeite Tig AUoeig Tng y'=y>.
O¢éAoupe va Ppolpe ouVapTROEIC TTOU Ol TTdpdywyoi Tou¢ Oa cival ioe¢ Ye To TETpAywvo
TOUG.

y'_ﬂ:yzj—g:dx,ygyzo

dx
d—i/:dx:.fd—z_ dX=>-——=X+Cc=>y=——-,VC
y y y X+C

Kai €dw n y=0 eivar Abon , 6pwg yia Kagia TIUR TNG ¢ dev Pmopw va Tnv mdpw Amd Tov
TUTO. AUTA N AUon Aéyetai 1Idialouda yia Thv dev UTTOPOUKE va Thv Ttdpoupe améd Tov TUTO
yid Kapid TiIgh TG C.



Oswpolpe apxikh ouvOnkn Tnv y(0)=0. Me auThAv Thv apxIkA ouvBAkn dev pmopolpe va
Ppolue AUon amoé Tov TUTO. Opwe n dpxIKA GUVONKN IKavoTolEiTal.
H €vvola Tng apxIkNG oUVORKNG eival aTevd auvngaopévn He To Tedio opiopol TwWV AUCEWV.
, , . . . . 1
Av apxikn ouvOnkn eivar n: y(0)=-1 to6te c=1 ka1 n Abon Tng eiowong: y:——1 ,
X+
X € (—1,00) 0TO oToio 81d0ThA avAKel Kal To HNOEV.

1
TTapadeiypa 5: Na Ppeite Ti¢ AUoeig Tng y'=y? He apxikn ouvOnkn y(0)=0.
TTpwra Ba eetdow av y=0 eivar Abon Tng eiowong (kdTI Tou 10x0er). Apa yo(x)=0, pe X
TPAYHATIKG gival pia AUon Tou TpoPARNATOC.

0,0<x<a,a=0

v.(X)=1 1 3 Apa To poPAnUa éxer ameipeg AUoeig(6x1 Hovo n e€iowan).
i(g(x—a))z,x >a

AnAadh oTo ouykekpipévo Tapddeiypa n dpxikfi ouvOnkn dev pac efaopdAios Thv
povadikaTnTa Twv AVoewv aAAd uttdpxouv TToAAEG AUoEIG.

Av y'=f(x,y) & y(X0)=yo dnAadn av n f eivai mapaywyioiun kai wg mpog Tig dUo HeETAPANTEG
TOTE TO TPOPANUA yia kABe apxiko dedopévo Exel akpIPwe Hia Auon.

Av opwce n f dev eival «apkeTd KaAh» dnAadn KATI AlyoTepo amd Tapaywyioiun T6Te £Xoupe
ToAAEG AUoEIC.

To mooo kaAn eival n f kaBe popd deixvel av uTtdpx el Hia AUon R TTEPIOTOTEPEG.

Av £X0UE ECIOWOEIC TG HOPPAG: M(X)J,N(y)g_i:o
+ Mmopei va ypapei wg: M (x)dx = —N(y)dy = IM (x)dx = _.[ N (y)dy

TTapdadeiypa 6: Na ppeite Ti¢ AUoei¢ Tou TTpoPAAparoc pe e€iowon y' = y(y> —1) kai apXikh
TiuR y(0)=1/2.

Emouevn ZeAioa




H mapamdavw e€iowan yiveTai:

iz o' -h= y(yciy_l) =%y # 0,71 > av Kdmold amd auTEC TIC
I dy  _ I dx OUVAPTAOEIC  IKAVOTIOIOUV
y(y* —1) Thv apxIkn OUVORKN.
1 _A, B C _ _ y’(A+B+C)+y(B-C)- A TlaparnpolUpe 671  gival
yly-D(y+1) 'y y-1 y+l y(y=D(y+1D) Aooeic Tng d.c. aAAd dev
A=-1 | givar  ANoeic  kai  Tou
B=C = B=C-= 5 TPoPAAUATOC TWV ApXIKWV
A+B+C=0 TIHWV.
1 11 11 1., 1 1 1
J‘—de+I5de+IEmdy = Ide = Eln y +Eln(y—1)+zln(y+1) =X+C=> y=+¢ oo™

TTpémer va dolpe TAVTWG

Apéowg pTopw Kai amaAcipw Tov KAAdo pe To mAnv agoU OeTIKA yia KdABe X amoéd Tnv

apxikn ouvenkn y(0)=1/2
y(0)=1/2).
1

y(0) = T

1
y(0) = 5

=Cc=-3.

Apan y(x)= ‘/ﬁ givar Abon Tou poPpAnpaTog , xeR.
—3e

TTapddeiypa 7: Na ppeite 11¢ (A

ouvOnkn y(0)=-1.

Tnv) AUoeig(n) Tng d.c.

TTpopavwg n d.€. ival xwpilopévwy PeTaPAnTwy , €101 €XOUNE:

d_y_3x2 +4xX+2

2(Y —1ydy = 3x*
dx 2(y-1) = 20 =Dy =3x

+4x + 2dx

yV

Kal TIPETEl va IKAVOTIOIEiTAl Kal amd Tov OeTikd KAddo (n

3% +4x+2

HE apXIKA
2(y-D

Kai oAokAnpuivovTtag thv tdvw oxéon éxoupe: y> +2y =X’ +2x* +2x+c¢ (1).
AuTn €dw eival n Abon Tng 8.€. g€ TTeTAeyHéEvn HopYH.
Ouwg empdArovTtag kai Tnv apxikn ouvOnkn y(0)=-1 éxoupe 611 c=3.

Apa n (1) Ba yiver: y> +2y =X’ +2x*> +2x+3, OswpwvTac Thv oxéon auth SsutepoPddpio

TPIWVUHO WG TTPOG Y ,TO AUVOUHE Kal €XOUpE: Y =1+ X 42X +2X+ 4.

Edw mpooéxoupe av e€aipeital kamoia AUon. TeAlkd auTA Pe ToVv OUV ATTOPPITITETAI AYoU

y(0)=-1. OméTe y =1-X +2X2 +2x+4.
TTpémer emiong va peAeTAooupe av 1o umoppilo civar OeTikd. Tlpémer 1o T1.0. TNnG
TAPATAVW OUVAPTNONG va gival —2< X<oo TIPOKEINEVOU va €xel onpacia Umapéng n

ouvapthon.




Aiagopikéc E€iowoeig
21/2/2005
Znueiwoeic (kaBnynthc: ZTpatig)

Fpappikéc efiowoeic 1% ra€ne:

Eotw y'=f(x,y) . ©a Aépe 0TI auTA n .€. gival ypappikA 6Tav n f gival ypaupikA wg TTpog y.
Apa: y'(T) + p(t)y(t) = q(t) (*) . YmoBéToupe 61 via kdBe teI o1 p,q eival ouvexeig.

TTapatnpnon:
Orav to 0¢éi péhog tng (%) eivar undév , onAaon, q(1)=0(raurortird undév oro I) 1616 N
0.€. Aéyerai opoyevrig. H ouoyevric d.€. y (1) + p(Hy(1)=0 eivai xwpilouévwy perapAntuv.
AnAadr: 3—3: =—p(t)dy,y # 0. H ouvdornon y=0(undevixri ouvdotnon) eivar mdvra Avon Tng
OLIOVEVIC O.€.

.. d , . - ;o
Ornore: d—y =—p(t)dt kar odorAnpwvovrag Exouue: y(t) =ce Lo (vevikti Avon).

y

Emiong PAEmoupe oT1 yia c=0 n PNOEVIKI ouvdoTNON EVOWLLIATWVETAl OTHY YEVIKH AUON.
Av umrdpxer Kai KAmoI0§ OUVTEAETTHE @ LTPooTd amd 10 y' ,TOTE yid va £PapLodouLE ToV
TUTTO TIDETTEI TIPONYOULIEVWE VA EXOULIE OIAIPETE! LIE TO a.

Av q(t) # 0 (6x! TauToTIKA Pndév ato I) éxoupe:

1% 1pémMoc MEBodo¢ LeTaPoAric oTaBepwv i peTaBoAri Twv mapauétowy (oAU xproun yia
TNV ETIAUON yia 0.€. aviTEpWY TdéEwy).

MéBodog:

MTmopoUpe va PpoUpe TNV YeVIKA AUONn ThG odoyevoug Kal TipooBécoupe Hia omolddnToTe
AUon Thg pn opoyevoUg oThv opoyevh 8.€. AnAadn , yia va ppw Thv YeVIKA AUon Tng pn
opoyevoUg (YpappikAC) apkei va Pppw Tn YeVIKA AUon TnG avTioToixng opoyevoUg ouv Wia
omoladhAmoTe AUon Tng ph odoyevoug. Il H AUon auTh 10xUel pévo yia ypauUIKEC PN OHOYEVAG
0.€.

H vevikn AUon Tng pn opoyevoug d.€. gival TG HOP@PNAG: Y(T) = You(T) + Y*(1).

y(1): yeviki Abon Tng pn opoyevoug 8.e.

You(T): YEVIKA AUON TG avTioToixng opoyevoug d.€.

y*(t): €181k AUon Tng un opoyevoug b.¢.

Avalntw e8Ik Abon Tng  y*(t) Tng pn opoyevoug .. 0T HOPYHA: y*(t)zc(t)e—jpmdt '
dnAadn, Ba emiTpéyoupe oth oTaBepd c(t) va petapdMetar wg mpog To T kai Ba mpémer va
TPOadI0PIOTEI.

AvTIKaBioTw oTnv d.€. kai urmoAoyiCw Tnv c(t), omdTe: Cc(t) = J.q(t)e’j PO 4

TTapathpnon: Tia va Ppw Tn yevikA AUon TG K opoyevoug TIpETel va KAvw 2 UAOTIOIRDEIG.




2% 1péToc:
y'(1) + p(t)y(t) = q(t) %(y'(t) + p(Oy(®) = 4D

Tipémel va Ppw pia ouvdpThon mou va efaptdtar amé To y(t) kai To T , éTol WoTe av
Tapaywyiow va 1ooUtal pe Thv  q(t). Tote peTrd amd oAokAnpwon Ba éxoupe:

y(® +p®y(® = [q(tydt +c.

KivnTpo yvia To TW¢ va oKePTOULE:

Av eixape p(t)=a(oTaBepo)

e”(y'+ay) =%(yea‘) =y'e" +aye” =e"(y'+ay)

OmoéTe HTTopOoUE va ypdyoupe Thv e€iowan oTn HOPPA:
d al al [] al

e ) =e"(y'+ p()y) =e*q(t), p(t) = a

Kai émeita oAokAnpuivovrag éxoups: ye® = _[e"’“q(t)dt = y(t) =ce ™ + e‘at_fea‘q(t)dt.

AnAadh av p(t)=0T1aBeph T6TE TpoKUTTE y'+ay =0 = y(t) =ce™ = y(t)e* =c

AnAadh Taipvoupe Tnv avriotoixh opoyevhh , Th AUvoupe Kai TdpatnpoUpe OTI av
ToAAaTAdoidooupe e pe ToTE Ba 100UTAl HE C.

OmoTe n Tapdywyog TG %(yea‘):o

y'+ p®)y=0

y) =ce "

y(t)cejpmdt =C

TTapddeivpa 1: Na ppeite Ti¢ AUoeig Tng y'+2y=e™ (*).

TToAamAacidQoupe pe e v (*), oméTe: e*y'+2e*y =¢' = (ye?)'=¢'
Kdi oAoKAnpwvovTag éxoupe: ye™ = _[e‘dt +c=¢e"+c¢

t

Kal TEAIKA: Yy =e™" +ce™ mou eival {nToUpevn Alon Tng d.c.

2uvéxela:
y+2y=0=y, () =ce™ &y*(t)=c(t)e™,(y{t) = y,, )+ y*(1)
avTikaBIioTWw oTNn OHOYEVA:

Y )y = gty = y(t) = e 1" {c +‘fq(t)ej pmdtdt} — M) = """ e P.q OUVEXEIG.

TTapddeiypa 2: Na ppeite TI¢ AUoeic Tou TpoPAAuarog: d.c: Ty'+2y=4’r?‘ (*) e apxikh
ouvenkn y(1)=2.

ApxIkd Siaipw 81a Tou 4 , éTa1 n (*) vivetar y'+(2/t)y=4t,t>0
i
uty=et =t
Emeita t’y'+ 2ty = 4t°,t > 0

(t*y)' =4t’ :>t2y=I4t3dt+c:t4 +e= y(t) =t +t£2



, Ly =2
Onwe: y()=1+c

TTapathpnon: av Bswphow TO 6pio ltin(’)l y(t) =, dnAadn, kaBw¢ To T Teivel oTo onpeio

}3 c=1, Apa n AUon eivar: yi(t)=t?+(1/1%),t>0

dOUVEXEIAG TWV OUVTEAEOTWY , N Y TEIVEI OTO ©.

‘Eotw 611 oTo id10 MpAPAnpa pag divetar apxikn ouvOnkn y(1)=1, 161e c=0 ,Apa n AUon Tou
TpopAAuarocg civai: yg(‘r)ztz,‘r>0
Opwg €dw TO lting y, =0,dpa n oupmepipopd Kovid OTO oONnUeEio douvéxeldg eival

PUOIoAOYIKA.

TTapddeiypa 3: Eotw n d.c. y'(t) + ky(t)=f(t),+>0 & k=01a® kai f ouvexhg oto [0, =) pe
limf(t)=m,meR

t—o

+ Av k>0 101 via KGO AUon Tng 8.¢. 1o0xVel %imqﬁ(t) :%.
m

+ Av k<O T16T€ UTtdpXEl akpIPWC pia AUon w(T) Tng 8.€. yia Thv oTroia 1GXVE: yglol//(t) =

,0<t<l1
0,t>1
kai y(0)=0. ( To onueio t=1 €ivai To onpeio douvéXeElAg TWV OUVTEAEOTWV)

TTapddeiypa 4: Na ppeite Tng AUong Tou TTpoPAARpaTog He 8.6t y'+2y :{

y' = -p(t)y + q(t) . Av o1 p,g eivai ouvexeic ,TOTE Kal ny' gival ouvexng.

270 TPOPAnUa Tou éxoude n ouvdpthon Oa civar ouvexN¢ aAAa dev Ba éxer ouvexn
Tapdywyo.

Y'+2y=1 ,+€[0,1] kai y(0)=0 (3.¢ oTo mpwTo didoTNHA)
Kai

y'+2y=0,1>1 dev éxw og auTo To didoTnua apxIkn ouvenkn (8.€ oTo deUTepo didoTnya)

H apxikn ouvOnkn Ba avhkel og éva améd Ta dUo diaoTAKara.

H AUon eivar: EdW éxw pia AUon Adyw

TNG apXI1KAG OUVBAKNG

11
yl(t)za—ae”,te[o,l]

y,(t)=ce™
’ Edw éxw dmeipeg AUoeig




Twpa Ba ocuykoAAhow Toug dUo KAAdoug. ApiaTepd €xw Wia povo ouvdptnon Kai 8e€id éxw
dmeipeg ouvapTnoeic. Oa dw He Tola amd aAuTéC TIC ATelpeC GUYKOAAA To aploTepd HEPOC.
AnhAadn, 6a ppw T0 y1(1) kat Ba amaiThAow va 1ooUTal e To ya(1).

1 1
y, (D= 5(1 —e—z)
‘Exoupe: améd €dW n ¢ givar: ¢ =
y,(1)=ce”

e’ —1

l—le*‘,ogtg
2

OméTe N AUon Tou TpoPAAuaTog sivar n e§AC: y(t) =
5(62 ~De*,t>1

AUTR gival ouvexn¢ ouvdpTthon. H mapaywyoc Tng opwe dev gival ouveXAC Kal oUTe PTTopw
va TV Kavw ouvexh , Aoyw The UTtapéng Tou onpeiou acuvéxelag.

Aiagopikéc e€iowaoeic Bernoulli:

y'+pt)y=qt)y’,o € R, p & qouvexeig.

AUTH n e€iowon d¢ev cival ypdppIKA.

TMepimrwoeig:

1) Avo=1ToTey' + [P(+)-q(+)]y=0 mou eivai ypappikh ogoyevAag &.e.
2) Av 0=0 toTe y' + p(t)y = q(1) vpappikn pn opoyevig d.c.

Omoére oe R-[0,1]

XpnoigoTolw ToV HETAGXNUATIOUO U:yl"’, dnAadn, opiw pia va ouvdptnon. TeAlkd n
efiowaon oTnv omoia kataAnyw (améd kavoéva aAucidag) eivar: U +(1-0)p(t)V = (1-0)q(t)
AuTA eival ypappiki pn opoyeviag 8.€. wg pog U. Apa Ppiokw mpwTa Tnv U Kai petd tnv y.
AnAadn, o1 e€iowoeic Bernoulli og kGBe TepimTwon avdyovTal oe ypappIKEC.



Aiapopikéc E€iowoeic
7/3/2005
Znpeiwoeig (kaBnyntng: ZTparig)

TTapddeiypa 1: Na ppeite T1¢ Aboeig Tng e€iowong: Ty' -y = yzlm‘ 10
ApXIKd diaipoUpe e To T, €101 n e€iowon Ba viver: y'—%y = htl—ty2 (D).
TTpopavwg h d.€. gival Thg Hopehc Bernoulli.

Eotw o peTaoxnuatiopog U=y 2=y té1e U'= dd—ltJ =-=,y=#0.
y

H y=0 eivai Abon Tng apxIkng efiowang.
y'=-y2U' ,omoTe n (1) yivetar:  —y*(U ‘+%$—h:—t) =0 B¢Aw va ypdyw Thy efiowon auth wg

mpog U: U '+%U = —h:—t,t > 0. H e€iowon auth givail ypappikh wg mpog U.

OmoTe n yevikA AUon Tng eivar: U = 1—lnt+%,t >0.

. , , . 1
Epeig opwg BéAoupe Tnv Alon wg mpog y. Apa:y = —C,t >0.
1-Int+ ?

TTpogoxn: Tia va éxer vonua n AUon Tp€Tel 0 TAPAVOUACTAG va gival dIAQOpPETIKOC ATIO TO
undév. Apa mpémel: 1—lnt+%¢0. Omnwg PAémoupe n pundevikn AUon dev TIPoKUTITEl aTd

auTo yia Kapia TIgA Tou. Apa h Undeviki AUon gival emittAéov AUan.

AAANn Karnyopia:

dy Y

dt t

AuTtéc o1 efiowoeic ovopdlovrtar opoyevic (M Mnv yiverar oUyxuon pe TIC OUOYEVEIC
VOaUUIKES)

Eiowaoeic TNG Hopphg: — = F(%),t # 0. H F €ival ouvdptnon tng peTaPAnTig

lMa Tnv elpean AUong oe autég Tig €€10Waelc XpnoidoTrolgiTal o eEAC HETATXNUATIOUOC:

y:tu:u:?y: y'=F()

f(u)—u:> du dt

y'=u+tu'= FU)=u+tu'=u'= =—,F(u)=0

t f(uy—-u t
H e€iowon mou mpoékuye cival 8. xwpilopévwy HETAPANTWY Kal AUveTal pe Thv diadikaocia.




2

y©+2t

t2

y

TTapddeiypa 2: Na ppeBoulv o1 AUgeIc TG y'= t#£0

2

AUTH n e€iowan Tpopavwg cival Un YpapikA. y' :i/—2+2% . Apa tival opoyevAg yiaTi givai
ouvdpThon The % =y'= (tl)2 + 2%.
O peTaoxhpaTiopog mou Ba xpnoigomoinBei civar:
%:u:y:ut:y':uﬂu'
X 2
st =t M A L it +In|cleIn|u|—in U+ =— s =Ly &
t uu+D) t u u+l u+l X+1 1-ct
t
Agou To OAokAnpwvovTag } )
. ) _ Balovrag 6mou To u
avaAuooupe o€ EXOUUE: ;
. TO igov Tou.
amAd kAdopara

To ¢ pymopei va dpel Thv TIPA Pndév Kai HdAioTa yia ¢=0 maipvoupe pndeviki Auon.
2.X0Aia:

1) O xuwpo¢ Twv AUgewy Lnag opoyevoUs yoaulikd J,e 1™ rdéng éxer didoraon 1 (dnAadii
apdyeTal amo Kdmola ouvdeTnon LE ToAAamAaoiaco e oTaBepéc).

2) Av cixa yoaukhi opoyevri d.€ N®rdénc o xwpoc twv Avoewv Ba éxer didoraon n
(OnAadn umopouye va mapdyoule omoIadrimoTe AUON av EXOUUE N EEI0WTEIC.)

AZKHZH
b
Na ppeite TiI¢ AUoeic Tng 8,6 y'+ay :jy(t)dt, y(0)=c pe a,b,ceR.
0

(umedeifn: To oAokAnpwpa ceivar opiopgévo , dnAadh, otnv oudia civar évag oTaBepdc
apiBuog , yia Tov omoio av yvwpilw To y(t) pmopw va Tov umoAoyiow. ApoU To oAokAnpwuda
gival otaBepdc ap1BUdC UTTopw va To ovopdow K Kal ouvexilw Kavovikd.)

Akpipeic /TTARpeig 8.¢:

dF(x,y() _ oF  oF dy

IMa tnv F(x,y(x)) opileTar n mapdywyoc:
1a thv F(x,y(x)) opileTai n mapdywyog » o oy dx

M(t,y)+N<t,y%=o

1)oM _oN
N|loy ot

Mia TéToia e€iowon Ba Aéyetal akpiPig R wApng av umdpxel pia ouvdpTtnon G(ty): n 8.€

(3) yevikh popoh . M N yvwaoTéC ouvapTHOEIC.

va ypdegeTail: diG(t, y(t))=0. Av umdpxel TéTola guvdpTnon TOTe Oa 1oxUel 0TI dgoU h
X
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Tapdywyo¢ eivar pndév , TOTE N KaAvoVvikKA ouvdpthon Oa civar pia otaBepn, dnAadn,
G(t,y) =c ,c=0TaBepd.

Oswpnua:
Otewpolpe éva opBoywvio (aTo t-y emimedo)

4 ANMiw¢ ©Ba  umopoloape va  opiooupe
oTro10ONTTOTE AAAO OUVEKTIKO oUVOAO.

v

M N

Ocwpolpe O6TI o1 ouvapThoeig : M,N, Y vy gival ouvexeic ato R. Tote n e€iowon (3)

gival oUVEXNG TOTE Kal UOVOV TOTE d %:% oto R. Tote n G oxetiCetar e 1ic M,N
w¢ e€ng: ﬁzM Kai N _ N
ot oy

Epapuoyh: Na AuBti n e€iowon ycost +2te” + (sint +t*e’ —1)y'=0
M(t,y) = ycost + 2te’

Opilw TIC ouvapTAOEIG: . , .Oa gAéyEw av civar mAnpng n e€iowon.
N(t,y) =sint +t°e’ —1

% =cost +2te* = % =cost +2te* , omoTe n 8.€ cival akpiPAc. Ymohoyilw TIG:

N ) , .
ﬁzycosuzte2 Kal %=smt+t2e2—l Kal oAokAnpwvw Tnv % w¢ mpo¢ t . OmoTe

gxoupe: G(t,y) = ysint +t’e’ + h(y), 6mou h(y) «oTaB@epd oAokAfpwaong wg mpog t». Emeita
Tapaywyilw Tnv Tapdmdvw ox£on w¢ TPOG Y Yid vd EKHETAAAEUTW Kal TV dAAn oxéon Trou

, . .G .. ., dhn , , , , G
Exw. Omore: E=smt+t e +d_y kal Ba amaiIThow va eival kai o1 U0 EKPPATEIC TNG o

Tou éxw va eival ioeg. AnAadn e€iowvw kar éxw ot : h'(y)=1 ,16Te h(y)=y.
OmoTe n yevikA AUon TnG 0.€ o€ TteTAeyuévn Hop @R eivai:
ysint + t%e’ +y = ¢

M (t,y)+ N(t, y)% =0 BOewpoupe 0TI dev gival TTARPNG.
ToTe Oewpoupe pia ouvdptnon p: H(M+Ny")=0. ToTe pémel yia va Thv kavw TTARPN va

oM) _

’ ’ ’ N ’ ’ ’ .
I0XVUEI YId ThV ouvdpThon auth: % AUTEG 01 ouvapTAoeIG AéyovTal oAoKANPWTIKOI

mapayovTec  moAAanAaoiaotéc Euler.
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TTaipvw TN diagopd Tou Kavel Thv e€iowan TARPN Kai Tnv didipw pe Thv ouvdptnon N,

onAadn, ﬁ{%—%} ToU aiyoupa dev gival pndév yiati aAAiwg Ba ATav TARPNG.
1 {oM ON ., , , , ,
1) Av N E_E =p(t) dnAadn eivar cuvdpTnon pHévo Tou t . ToTe UuTdpxel
oAokANpwTIKOG TTapdyovrtag p=p(t): p'(+)=p(Hu(t).
2) Av ﬁ{%—%}zq(y) dnAadn eivar ouvdpTnaon pévo Tou y. TOTe UTTApXE!

oAokANpwTIKGG Ttapdyovtag p=p(y): H'(y)=q(y)u(y).

OAoKANpwTIKOC Trapdyovrags onuaiver oTi av moAAamAaoidow Th ouvdpTnon auth LIE ThY
apxiKkl eEiowon TOTE Ba yiver TARpNS 1 arpiPric n e£iowon.
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Aiagopikéc E€iowoeig
21/3/2005
Znueiwoeic (kaBnynthc: ZTpatig)

TTdpadeiypa 1: Na AuBei n d.&: (t*e’y* —t’y? —3t)%+2‘[eyy4 +2ty’ +y=0 (1)

H mapamdvw popeh 8.€ pag mapamépmel e akpiPn A TARpng 8. . Opwe Ba mpémel va 1o
eAéyEouye.

, , , , . oM ON
TTpokeipevou va civai h (1) akpiphic Tpémer va 1oxUEL: E =7

Opilw Tig: N(t,y)=te’y* —t*y* =3t & M(t,y) =2te’y* +2ty’ +y.
Opwg: % =2te’y* —2ty’ -3 = % =8ty’e” +2te’y* +6ty> +1. Apa n (1) sivai un akpipic.

Emopévwe maipvw Tnv diagopd: L(ﬂ—ﬂ) =..= —i, y = 0Kkal q(y) = _4 (2)

M ot oy y y
Apa amoé yvwoTo Bewpnua , agou n (2) eivar ouvdptnon pévo Tou y , ymopoUpe va PpoUpe
évav moAAamAaciaoTh Euler p TéTolo¢ wote moAAamAacidlovrag Tov pe Thv (1) va pag

TpokUYel pia véa d.€ n omoia Ba eival akpIPpAg.

du__4 U= dp _ —idt Kal oAokAnpwvovTag

. . du
Apa ioxvel— =gt u =
P Xuet: -~ at)u it y y y

e

éxoupe: u(y)=..=e ¥ =.. :%, y #0 kai ToAAamAacidloupe 1o W pe Thy (1):
L(tzeyy4 —t?y? —3t)g+i(2teyy4 +2ty’ +y)=0 (3)
y4 dt y4 *

H e€iowon (3) mou mpoékuye cival akpiPAc kai Ba umoAoyioTei pe Thv yvwaTh diadikaagia
EMIAUONC TWV aKpIPWV d.€.
Apa mpémel va uttdpxel dia 6(t,y): n Abon Tng (3) va divetal amé Tov TUTO: G(t,y)=C.

2
OpiCw Ti¢: ﬁz M *+2te’ +2+%(4)&@: N* = t2gY _t_2_3_5(5)
ot y oy oy yoy

2
OAokAnpwvoupe Tnv (4) we mpo¢ T kai éxoupe: G(t,y) =t’e’ +%+%+ h(y) (6).

2
-y —;—2—%(7) kar e€iowvw TI¢ (B) Kai (7) kar TTpoKUTTE! OTI:

TTapaywyilw Tnv (6):% =t

2

h'(y)=0. Apa h(y)=c1. OnéTe n (6) vivetar G(t,y)=t’e’ +t7+%+c1 Kal TeAIKA Nn YeVIKA

, , , , t* ot
AUon Tn¢ e€iowonc oe TeTAEYHéVN Hop@h givar:t e’ +—+—=C Kan y=0.
y 'y

( Av dev PBow moAAamAaoiaothi Euler , 1616 dev ywwpidw va ouvexiow Ttnv diadikaoia
EMIAVONG TNG 0.€.)
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2.X0A10:
XapiAToviava ZuoTnpara:

‘EoTtw 300 petapAnTtég x=x(t) ka1 y=y(t) ouvapTtioeig Tou t.

OH (X,
X'= % H H(x,y) ovoudleTai
Otwpw OTI EXW £va o0OTNHA TNG HOPYAG: SH X Y) Kal XapIAToviavA
y = —T ouvaptnon
_OH(x,Y)
a;ﬂ:ﬂﬁz OX :6H(x,y)ﬂ+aH(x,y)=O(*).
dx dtdx OoH(Xy) oy  dx OX
oy
, , , d
Onwg n *) givai ™G HOP@AG: N(x, y)d—i+ M(x,y)=0 He
oH (X, oH (X,
N(xy) = 20N g (x,y) = RV
oy OX

M *H(x,y) ON _&*H(xy)

T oxey  ox oyox
Apa n (*) civar akpIiPAc kai AUveTar pe Thv yvwoTh diadikacia. AnAadh amd 6Aa Ta
XapiAToviavd ouoThuata Hmopei va mpokUyel akpiPpng e€iowaon , Tnv 6mola kail yvwpilw va
AOvw. (EUkoAog TpOTTOC UTToAOYIOHOU TETOIWY CUCTNHATWY).

YmoAoyilovTag ppiokoupe OTI:

Epappoyh:
levikh e€iowan amAol ekkpepoUG:
6(0) =6,
L| e® o'ty + Lsinay =000 =4
L 6'(0) = u,

Kal dpXIKEG OUVONKEC o1 TTapamdavw.

ToTe n xapiAToviavh ocuvdpThon autoU Tou

ouoTApaTtog civar: H(x,y) = % y’ —%cosx :

(Xpnowomoieitar moAU aTn QUOIKA yia Tov UTTOAOYIOLO TNE EVEQYEIAS , aAAd Kai aTnv apxh
J1arripNong TNG EVEPYEIAC.)

Enouevn Xehioo
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Fpapukéc diagopikéc e€iowoeic 2%-taénc:

Botw n: y"(t)+ p)y'(t)+qt)yt)= f(t),tel(l e R), pia efiowon auti¢c ThG HOPYAC civai
3. 2" 1d¢nc.

% Av f(1)=0 161¢ n €€iowon eivar opoyevAc.

< Emiong av divovral kai apx1kég ouvOnkeg y(to)=a & y'(to)=b , to €I. ToTe Ta mMapamdvw
amoteAoUv éva TPOPAnUa apxikwyv Tipwv(Tlpoogoxr: oTic aoXIKEC OUVORKES TIC
Taipvoule avra oro idio onyeio . [Koita mavw])

W Av o1 p,g,f eivar ouvexeic oro I, T0Te TO mMPOPANLa Exer pia arpipws Avon . AuTo 1oXUEel
Lovo ora mpofAnuara yoauuiKkwy o. k€.

TTapatnpnon:
Av pac 806ci pia 3. avitepng Tang , ToTE umopw va Thv ypdyw oav 8. 1" ta€ng poévo
TToU h ouvdpTnoh Ba civai diavuopatikh (ToxUel yia ypaupIKES Kal pn).

TTapddeiypa 2:

- - _ - — (1) - u,'

u'(t) = A(u(t) + F(t) (1) , émou A: 2*2 mivakag kai U :(31 ],F :[ lj,u':E : J
2

Eorw: {E O =ADUO+FO ai opiw Ta e€fic:

u(to) = LT(J

50 oo 140~ g o) T 5[
Sy say —p)) T Lfw) ] b

Tote n (1) viverar:

) a0
= + Kol =

y") \-a@®) -pMm)\y') \f y't,)) \b

TMaparhpnon:

‘Botw @1 Kkar @2 : o1 AUogIC ThG opoyevoUg d.€. y"(t)+ p(t)y'(t) +q(t)y(t) =0 Kkai ¢1 Kai Cz :
oTaBepéc.

Av 3000ouUv 8Uo AUoeigc , TOTE 0 avTioToiXoG ouvduaouog Toug Ba eival AUon emiong TNG
opoyevoUg 0.¢.

Ma mapddeiypa: pia AUon umopei va civar: @(t)= cipi(t)+ ca92(1) ( Alon Adyw
YPapuIkéTNTAC)

Opiopoc:

Ao ouvapThoeic @,y AéyovTail ypappikwe e€apTnpévec , av uttdpxel otaBepd ¢ # 0:
e1(t)=cea(t) (A v2(t)=C'p1(t))

O1 @,y AéyovTal ypappikwe avedpTnteg ,av dev cival ypaduikwe e€apTnpévec.



Opigudc:
‘EoTtw dUo ouvapThoeic ou opilovtail ato idio didoTnpa (I) kai givar mapaywyioipeg e€igou
o€ auTo ¢ v.

g w(t)

T¢ ver: W(d, 0,vte l(t) =
ote 1oxver: W(g,y) # €l $'(t) w'(b)

= 9Oy (O -2 [OW ()

H opiCouoa auth kaAcital opiouca Wronski.

Cpaupikéc opoyeveic d.€. 2% ta€nc:

IdiéTnTeC:
Octwpnua 1: @1, @2 ypappikwe ave§aptnreg av kai povov av. W(g,4,) = 0,Vt e |
Oewpnua 2: TMa @1, 2 10xVer: W '(t) + p(OW (t) =0, ozov W (g, 4, )(t)

AT6 To Bewpnua 2 mpokUTTouv dUo TopiopdTa:

TTopiopa 1: Toxver W(t) = ce_medt,Vt el.
TTopiopa 2: H W ¢eite pundeviletai ato I, eite dev undevileTal oe kavéva onpeio Tou I
(auté e€aptarai amé Thv c).

Oewpnua 3: @1, 92 Ypaupikwe avefdpTnTteg oto I T10TE KAl POVOV TOTE av UTIdpXEl KATToI0
toeI: W(4,0,)(t,)#=0.

[ZX0A10: av Exw Eva mpdfAnua apxiIkwy Ty ,TOTe 10 1o mou Ba diaAééw Ba eivar ekeivo
TWV apXIKWwv Tiwwyv (Osv eivar amapaitnto auté , aAAd Ba pa¢ PoAever oroug
uroAoyioloug.)]
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Aiapopikéc E€iowocig
28/3/2005
Znueiwoeic (kaBnynthc: ZTpatig)

‘Eotw n ypapuikA opoyevig 8.6 2™ Tagng: y"+p(t)y'+q(+)y=0 (1)

‘Eotw 611 yvwpilw pia Abon &1(1) Tng 8. . ZT0X0¢ cival va PpoUue pia deUTepn AUon , h
oTroia va eivail ypappikd ave{dptnTn amé Thv TpwTh.

Ymdpxouv dUo TpoTIOI Yia va Ppiokoupe Thv deUTEPN AUON HIAC YPAUHIKAG opoyevoUug 0. He
TpoUT60eon va yvwpiloupe €idn pia AUon tTng (kar o1 3Uo Tpomol avagépovral oTn
péBodo umopipaopol Tagnc).

1% 1pémoc:
‘Eotw 671 pag divetai n d.¢ (1) kai pia Abon tng (21(t)) . AvalntoUpe va Pppoupe pia deUTeph
AOon Tn¢ (22(1)) n omoia cival ypappikd avedptntn amé tnv &4(1).

MeBodoAoyia:

Avalntw pia deUTtepn AUon Tng Hopeng: &x(1)=u(t) &1(t) : va ikavomoiei Tnv (1), dnAadn:
,"+p®@,'+q®,=0. Omou &, Oétoupe TO ioov Tou (PAéme mdAvw) Kal  EXOUHE:
(@1u)"+p(B1u)+q(B1u)=0 = ..= Bu" + (281+pB1)u'=0 (pia «yeudo62"™ Tafng &.c. ,yiaTi Acitrel
To u»). OféTw Omou u'=u Kai éxoupe: Piu' + (281+p@1)u=0 (2). (n (2) eivar ypappikn
opoyevAc 8. 1" Td€nc kai o TpoOTOC £TTiIAUOK TNE cival yvwoTdg).

2% 1péToC:

‘Eotw 671 pag divetar n d.¢ (1) kai pia Abon Tng &1(t). Waxvw va ppw Kai pia deUteph Alon
®,(t) n omoia civar ypaupikd avefdptntn amé Tnv &1(1)(n omoia civar yvworh). Oa
EKUETAAAEUTW Ta OcwphpaTa TnS aeAidag 16 yia va Tnv deUTepn Auon.

AT Oewpnpa 2 vyia Tig dUo auTég AUoeig 1oxUer: W '(t) + p(t)W (t) =0, omov W (4, 4,)(1)

Kai amé nopiopa 1 yvwpilw ot11: W(t) = ce_I p(t)dt,Vt e |, dpa ppiokw TNV opiCouca Wronski
, agou n p eival yvwoth amé tnv d.¢ (1). Omote amoé Tnv opiopd Tng opiCoucac Wronski

t t
(W(g,p)=0,Vte I(t),W(4y) = ¢€ : l//,( )= POy (1) - ¢y (1)) Ppiokw TNV B5(1).
AORAW

2.X0A10:
H péBodog umopipaocpol Ta€ng civar xphoidn , 6Tav £xoupe pn oTaBepolG OUVTEAEOTEG
otnv d.€ Ye mpoUmoBOeon OTI pag divetar mdvra pia Abon Tng d.¢.
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TMapddeiypa 1: Aivetain d.c : y“+tt—ly'—ﬁ y=0,t >0 (*) kai gia Abon Tng &:(t)=t. Na
+ +

PpeBcei n deUTepn AUon TG d.c.

Avalntw pia 8cUTepn AUon Thg Hopehc: @o(1)=u(t) &1(1) pe &2'=(tu)=u+td’,
®,"=(u+tu')=u'+u'+tu"=2u'+tu".
H &, w¢ AUon Tng 8. pémel va IkavoTrolei Thy (*). Apa avtika@ioTwvTag othv (*) Ta

t? +2t+2

. . t 1
mapamdavw £xoupe: 2u'+tu"+ —@U+Uu't)-——tu=0=>Uu"+t————U'=0
t+1 t+1 "+t

o " L2t +2 . . , , ,
O¢Tw émou u"=u: u +ﬁu =0. Yotepa amd mpaeig xoupe TRV AUOh ThG YPAUHIKAG
+

opoyevoUc 3. 1" taéng: u(t) = —%e‘ Kai yia c=-1 éxoupe: u(t) :%et. Apa n 8eUTeph Alon

Tne (*) eivar: (t)=e™".

AZKHZH
Aivetain 8.t y"+ t22t . y'— t22 1 y =0 Kai pia Abon the &1(t)=t. Na ppceite pia deUTtepn AUon
+ +
™C.
Ocswpnua:

Eotw 81,8, ypappikd aveldptnTeg AUoeig Tng 8. : y"+p(T)y'+q(t)y=0, via kdBe t To omdio
avhkel ato I.

ToTe n yevikA AUon Tng 3.€ givar: You(1)=c1®1+c2®;, c1,c2 oTaBepé.

O XQIPOZ TOIN AYZEQIN THZ A.E EINAI TPAMMIKOZ ME ATAXTAZH 2.

TI kAvw oTnV TepimTwan mou dev pou divouv Tnv &y;

Ymdpxouv Tpdmol va Ppw TIC AUoeIg ThG O.€ €iTe £Xel 0TAOEPOUC OUVTEAEDTEC |, €iTE OXI.
TTapakdaTtw divetar epappoyh(peBodohioyia) yia Thv eUpeon AUoswv piag 8. He oTaBepolc
OUVTEAEOTEG.

Egapuoyh:

Aivetai n ypappikh opoyevig d.e 2™ 1agng ye TTAOEPOYZX ouvteAeaTég: y'+ay'+by=0 (#)
a,b otaBepéc. Bpeite TI¢ AUoeig Tng e€iowang.

(MeBodoAoyia)

Avalntw AUoEIC TG Hop@hC : e .oav AUon Ba Tipémel va IkavoToiei Thv (#) . Apa:

e "+ae")+be" =0= .= A +al+pe" =0

A2+ah+p=0 (KaAeiTal XapakTNPIOTIKA e€iowaon A XApAKTNPIOTIKG TTOAUWVULO).

—a+ \/m

Mevikd n mapamavw efiowon éxer Aboeig: 4, = >

LAV o>—48>0= 14,4 €R, A #4,, TOT¢:
H xapakTnpioTikh e€iowon €xel 800 TtpaypaTikég pileg TIG:
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O, (t)=e™, 0, (1) =e™

W =

1 q)Z
@1 ' @2 '
Apa ®1,®;, cival ypappikd avefdpTnTeC.

H vevikin Abon Tng e€iowang eivar: you(1)=c1®@1+c2®2, c1,c2 0TaBepéG.

= (4, —4)e"e™ = 0(agov A # 1)

2. Ava’ —4B8<0=> 4, =y +id, A, :7/—i5,}/:—%,5:%«/4,8—052,7/,56 R, ToTES

H xapakTnpioTikA e§iowon éxel dUo ouluyeic piyadikég pileg TIC:
eht = gt = ¢! = "' (cos St + i sin St)
e” =o' = ¢/ = ¢ (cos St —isin St)

ApoU civail ouluyeic Ba aoxoAnOw pe pia amoé auTég.
g™t = e =g = e (cos St +isinSt), ue @, (t)=e" cosSt,d,(t) = e sin St

Il TTpoooxn: To mpaypHaTiké aAAd Kal TOo AVTAOTIKO HEPOC TNC wmapamdavw AUoNnG
TG XapakTnpIoTIKAG efiowong amoTeAoUv AUOEIC TG 3. Kal HAAIOTA gival ypauyikd

ave€dprnrec.

Apa n YeVIKA AUon Tne 8.€ eivai: yo(t) = e"'(c1cosdt + czsindt).

3.Av @’ —4B=0,70tc¢ =1, =2 =—%. Apa ®(t)=e_5t.

ApoU Eépw pia AUon propw va Kavw umoPipacpd Ta&ng , £ETol £xoups:

H deUTepn AUon Ba eivar Tng Hopehg: @, (1) =ut)@(t) = ... ut) =t = o, (t) = te 2
(TTpoooxA: amd TNV KATAOKEUR TOUG eival ypappikd ave§dpTnTeg.)

v

<
<

TTapadeiypa 2: Na ppeBei n yevikin Abon Tng y'-3y'+2y=0.

H xapakTnpioTikh e€iowon The mdpamdavw 3.€ eivar: A%-3A-2=0. Exel diakpivouoa BeTiKA |
omoTe £xel dUo TpayHaTikéC pileg.

O1 AUogIG ThG XapakTnpIaTIKAC e€iowang civar: Ai=1 kai A=2

Apa o1 AUoeI¢ TnG B.€ eivar: ®y(1)=e' kar &2(1)=e?".

Tuvenwe n yeviki Abon Tng 8. eivai: yo(t)=c1 e’ +c2 e*'.

TTapadeiypa 3: Na ppeBei n yevikA Auon Tng y"+y'+y=0.
H xapakThpioTikA e€iowaon Tng Tapamavw J.c. eivar:  A>+A+1=0. Exel diakpivouoa apvnTIKA

, oTIOTE £X¢€1 dUO pIyadikég pileg.
NED 1 3.

O1 AUOEIG TNG XAPAKTNPIOTIKAG e€iowong eival: 4, = —%+7| , A = —E—TI

1 1
Apa o1 AUoeig Tng d.€ givar: @ (t)=e 2 cos%t , D, (t)=e 2 sin%t.

2UVETWG N YeVIKA AUan Tng d.€ givar: You(t)=c1®1+c2®; .
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TTapadeiypa 4: Na Ppeite Thv yevikin Abon Tng y'+4y+4=0.

H xapaktnpioTikA e€iowon Tne mdpamdvw d.c. eivar: A>+4A+4=0. Exel diakpivouod pndév |
omoTe éxel Wia pila.

H AUoNn TnC XapakThpioTiKAC efiowaong eivai: A=-2, dpa &i()=e" kai &,(1)=t e (PAéme
gpappoyn ocAida 19).
2UVETTWG N yeVvIKA AUan Tng d.€ givar: You(t)=c1®1+c2®; .

TTapdadeiypa 5: Na ppeBei n yevikh AUon Tng Y"'+9Y=0.

H xapakTnpioTikh efiowon Tng mapamdvw 8.. eivar: A>+9=0. ‘Exel Siakpivouoa apvnTIKA ,
omoTe éxel duo ouluyeic piyadikég pileg.

O1 AUoEIG TNG XapaKTNPIOTIKAG e€iowong eivar: A4, =3i , A, =-3i
Zuvemwe n yevikn Abon Tng 8. eivar  You(t)=cicos3t+casin3t=Asin(3t+yp), o6mou

C
A=,/c’ +c,® Kai @=arctan—-,
CZ

H yevikh AUon Tng e€iowaong mepiypdeel éva KUpa pe AdTog (A) kai apxiki edon ().

AZKHZH

Aivetai n 8. y"+ay'+py=0 , a,p o1aBepéc. Na deixOei oT1: %im Y,, (1) =0.

[Ymodeifeic: ApoU n d.€ cival og yevikh popeh Oa mdpw Tpeig mepimTwaoelg (avdAoya pe To
TN givail h diakpivouoa). ApoU Ba éxw Tpiwvupo Ba xpnhoipomoinow Toug TUTTOUC Tou Vietta
(dBpoiopa: Sy + Sz = -(p/a) & yivouevo: S1 Sp=y/a , 6oV S1 ,S2 pileg Tou TpiwvUHoU.) ]
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TTapakdtw BOa avapepBolue oc pia kAdon d.e pe MH ZTAOEPOYZ ouvreAeoTéc mou
avdyovtail oc eiowaeic pe ZTAOQEPOYZ ouvreAeoTéc.

Egapuoyh:
Aivetar n ypapuiki opoveviac 8.8 2" Ttdénc pe MH XZTAGEPOYX ouvTeAeoTéC:
t2y"+aty'+py=0 (&) ( kaAeitai 3.¢ Euler) pe a,p otaBepéc. Na PpeBei n yevikh Abon Tng S.c .

MeBodoAoyia:

Oétw t=¢° (A s=Int,1>0).

Oa petaoxnuariow Tnv (&) we mpog (s).
_dy dyds 1dy

Tdt dsdt tds

y'= dt?  ldt) ds®>  dt> ds \t)ds® ¢t ds
d’y

dt?

ﬂ_(dS)zdzud_zsd_y_(Ljdzv L dy

Apa n (&) Ba vyiver: +(a—1)%+ﬂy =0(&&) n diapopikh e€iowaon Tou TIPoEKUYE givai

Tpopavég 0TI £xel oTaBepoug ouvteAeoTég. Il €dW n y eival ouvdpTnon Tou s kai 6x1 Tou t.
XapakThpioTikh e€iowan The (&&) eivar: A%+(a-1)A+p=0.

1) Av n Jdiakpivouoa TnNG XApakTnploTIKAG efiowong civar OeTikA TOTE €xel BUO
TpayuaTikEG pilec A, A2 (BlapopeTikEG) N yvevikh Abon Tne (&&) va civar:
you(S)=C1@1+C2@2 .

Me @ (s)=e* , d,(s)=e"*. Apa D,(t)=e""" =t" , O, (1)=e>"" =t",
Apa n yevikn Auon Tng (&) eivar: you(t)=c1®1+c2®: .

2) Av n diakpivouoa TnG XapaKThpIoTIKAC e€iowang eival apvnTIKA TOTE éxel dUo HIYadiKEG
pile¢ A =y+is, 4, =y—id  (ouQuyeig): @, (s)=¢€"°cosds , @,(s)=¢€"°sinds  Kal
avrtioTtoixa éxoupe: @, (t) =t’cos (dInt) , @,(t) =t"sin(dInt).

3) Av diakpivouoa ThG XapdKThploTIKAG e€iowong civar pndév ToTe éxel pia dIMAR pila

TipaypaTikh  pila A D, (s)=e" , d,(s)=se™ Kkar avrioToixa £XOUUE:
O (t)=t", ®,(t)=(nt)t".
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Aiapopikéc E€iowoeic
11/4/2005
Znueiwoeic (kaBnyntng: ZTpartng)

Cpappikéc Mn Ouoyeveig 3.& 2™ Tafng:

Fevikh popen Twv efiowoewv autwv eivar: y"+p(t)y +q(t)y=f(*) pe pn oTaBepoug
OUVTEAEOTEG.

H avTioToixn opoyevig 8.€ Tng Tapamdvw d.¢ eivar: y"+p(t)y’+q(t)y=0 .
Eotw &1(1) kar &2(1) : ypappikd ave€dpTnTeg AUoEIC ThG opoyevoUg d.€.
ToTe n yevikn AUon Tng opoyevoUg e€iowang divetal amd Tov TUTO: You(1)=C1®1+C2®>.

O¢ewpnua:

ApXIkd Ppiokw Tnv avTigToixn ohoyevA &.€ TNG HUN OHOoYEVOUS Kal yaxvw yid U0 ypapHIkd
avefdpTnTeg Aoeig Tng [81(t) kar &2(1)]. Eotw n y*(1) pia Abon Tng pn opoyevoug d.€ ,
TOTE N YeVIKA AUon Tng 8.€ SiveTal amd Tov TUTO: Y(1)=You(1)+y*(1). ( Omou you(t) n Avon
TNG avTioToIXng opoyevoug d.€.).

~~ Ydpxouv 0o uéBodor yia va Pppoupe Tng Auon (y(1)) Tng pn opoyevoug d.e ~~

TTapatnpnon:
AV y1 , Y2 gival AUOEIG TNG Hn opoyevoug 8.6 , TOTE n diagopd Toug: Y(1)= yi(1)-y2(t) eivai

AUon Tnc avriotoixng opoyevouc 8.6 [ H maparnpnon 1oxUel yid YPAUUIKEG O.€
omolacdnToTE TAENC ] .

17 uéB0odog (« LAGRANGE» A petapoAig Twy 0TaBcpwv):

EoTw n epappikh un opoyevig 3.€ 2" Tagng 1y +p(t)y'+q(t)y=f(t)

‘Botw &; ka1 &, dUo ypappikd ave€dpTnTeg AUOEIC TG AVTIOTOIXNG OHoyEVoUG B.€.
H veviki AUon Tng pn opoyevoug d.€ givar: y(1)=you(1)+y*(1) , e You(t)=c1®1+c2®2 kai y* ()
va eival pia €1d1kR Abon ThG KN opoyevoug d.€ .

AvalnTw pia €181kA AUGn Tng pn opoyevoug .e pe Hopen: y*(t)=ci(t) &1(t) +cao(T) @2(1) ,
omou o1 ¢ci(t), ca2(t) mpémer va tpoadiopioTouv.
Emeidn 6éAw n y*(t) va eivai Abon Tng un opoyevoug 8.€ , Ba Tipémel va Thv UTToXpEWOW va
TNV IKAVOTIOIEI.
KdvovTtag avTtikardotaon Kai £émeita amoé mpdeic kataAyoupe oto e§A¢ ovoThua:
{cl (O, (1) +¢, OD, (1) =0
¢, '(OD, ') +¢, O, ') = (1)
To mapamdvw oUoThua gival éva pn odoyevég aloTnua e dyvwota Ta ci(t) & ca(1).
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Kai n opiCouca Wroski Twv ouvteAeoTWwy civalr Tautéonua pn pedevikf agol oi & kai &,
ypappikd ave§dptnteg AUOEIC Th avTioToixng opdoyevoUg d.€ .

A6 Tn di1adikacia emiAUONG TOU ZUOTAKATOC £XOUUE:

Cl(t):—jwdt — Cz(t):jmdt
W(4.9,)(1) W(4.9,)(1)
TeAikd €xoupe 0TI Y *(t) :jq)l(s)c\pxiz ,—¢§I;l(it))q)2(s) f(s)ds > Z:;’Zﬁmon

TTapddeiypa 1: Na ppeBei n yevikn Alon Tng TZ(T+2)y“+2‘ry'-Zy:(T+2)2 , B0
EBotw &1(1)=1 & &,(+)=-1-1/1 o1 AUocic ThC avTiaToixng opoyevoUg d.€ ‘rz(‘r+2)y"+2‘ry'—2y=0
H vyeviki Abon Tng HWn opoyevoug . eivar:  y(t)=cit+ca(-1-1/1)+y*(1)
He y*(1)=c1(t)t+ca(-1-1/1).
TTpogoxh: diaipwy pe Tov OUVTEAEOTA Tou Y" , yidTi Tipémel va éxel pmpootd Tou To 1
(wg ouvTeAEDTR).

¢, '(OD, (1) +¢, ()P, () =0

TTpokuTTEl TO ZUOThUA: t+2
¢, '(HP,'(H) +¢,'OD,'(H) =

t2

AOvovtag To ZUaTnua éxoupe: ci(t)=Int-1/1 kai c2(t)=1 . Apa y*(t)=tInt-1-+-1=1(Int-1)-2.

AZKHZH
Na ppeBei n yevikh AUon Tng pn opoyevoug 8. efiowong ‘rz(‘r+2)y"+2‘ry'-2y=(‘r+2)2 , PO,
av yvwpilete 6TI n gia AUon Th¢ avTioToixng opdoyevoUg d.€ sivar n &(1)=t.

TTapddeiypa 2: Na PpeBei n yeviki AUon Tng y"+w?y=f(t).
H avTigToixn opoyevic 3.& eivar: y"+w?y=0 pe you(t)=cicoswt+cosinwt , &1(t)=coswt kai
&,(1)=sinwt.
Eupeon e181kAg AUang Tng pn opoyevoug 8.€ & y*(t)=ci(t)coswt + ca(t)sinwt.
TTpokUTTEl TO ZUOThYA: {Cl O, O+6, VD, H=0
¢, 'O, ') +c¢, ' OD,'M) = f(t)

MeTd amoé mpaleic...
y*() = lj f(s)sin[w(t —s)]ds.
w 0

Apa n yeviki AUon Tng pn opoyevoug givai: y(1)=you(t)+y*(1).

28 1éBodoc¢ (UéB0dog TWV aTpoadidpIoTWV):

‘Eotw n un opoyevig 8. y'+ay'+by=f(t) , 6Tou a,b:otaBepég kai f(1):e181KAG HOPPAG.

Eotw & kar $, dUo ypauuikd avefdpTntec AUOEIC TnG avTioToiXng opoyevoUg O.€
y"+ay'+by=0 kai y*(t): €181k Abon Tng pn opoyevoug 3. ( n popyn TnG e{apTdTa améd Thv
Hopen Tng f(1)).

O mapakdTw Tivakag pag diver Tnv Hopeh Tng y* (1) mou mpémer va avalnThooupe , dvaioya
He TNV Hopph The f(t).
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Mopoh thg f(1) | Mopeh Thg y* (1) Eidn ouvapThoswy

N N ’ )
AUV OeTIK
3 a,te™ > b, t5e™ b dywworo ToAUW uula, €K f:T £,

k=0 k=0 ouvOudaouac auTwy.
ia 6™ cos pt TToAuWwvupa, ekBETIKEC ,

k N N ’ , ,

— . | | J
kNO Zbktk e™ sin pt +z ¢ t'e™ cos pt ouvnu ITova Ka cuv6ulaouog auTwy
za te™ sin pt | k=0 TToAuwvupa, ekBeTIKEG ,

Kk 4 ’ , ’
=0 i, e dyvwora nuiTova Kai ouvdudopdc auTwy.
ITTapathpnon:

Av_TUXEL N y*(1) va oupmintter pe pia (A kai pe Ti¢ 8Uo) amd Tic AUOEIC TNC aVTiOTOIXNG
opoyevouc 3.e TdTe ToAAamAdoidlw Tnv y*(1) e t (A kai pe 12 émeitalavrioToixal) wote va
TPoKUYEI Hid AUon 81d@opeTikA amd auth (A auTéc) ThC avTioToiXNC OUoYEVOUC.

TTapddeiypa 3: Na ppeBei n yeviki AUon Tng y"+y'+y=‘r2.
H avtioToixn opoyevig &.€ eivar: y'+y'+y=0 pe xapaktnpioTiki egiowon: A2+A+1=0
1.3

=2
A )

N

D, (1) = e? cosTt

1

D, (t)=e 2 sinﬁt
2
N
H f(1)=t* ( eivai Tng poperic > at*e™ pe m=0,N=2,do=a1=0kaidz=1)
k=0

N
Apa oUppwva pe Thv 2" péBodo avalntw pia AUonh ThG ph opoyevoug 8.€ e HopYh Zbktkemt
k=0

Apa y*(T):bz‘r2+b1T+bo. AvTIKaBIoTW Tnv y*(t) oTnv pn opoyevig 8. éxovrag:
y*'(t)=2 baot+ by ka1 y*"(t)=2 b>

2 bz+ b1+2 bat+ bo bit+ bat?= 12
'Apa 2 b2+ b1+ bo=0, TOTE bo=0
2 bo+ b1=0, 16TE b1=-2 ka1 b,=1
Apa avTIKaBIoTWvTAc aTnv y*(1) éxoupe: y*(+)=t%-2+

TTapadeiypa 4: Na ppeOei n yevikn Abon Thg y"-4y'+4y:e2T

H avtioToixn opoyevig d.€ givar: y'-4y'+4y=0 pe N2-4A+4=0, =27t

Apa &(t)=e® ka1 &(t)=te?" . Apa you(t)=c1 e®'+co te*

H f(t)=e®". AvalnTw AUon Tng pn opoyevoUs 3. TNG Hopehc: Y*(+)=boe®" (aAAd oupmimTel
ge pia amoé Tic AUoei¢ TnG opoyevoug). TToAAamAaoidlw pe t . Apa y"‘(w‘)zbo‘ré‘”r (opoiwg
maAi ). TToAamAaoidlw pe t2 . Apa y*(+)=bot?e?’. AvTikaBioTw oTnv pn opoyevii 3.€ Kai
EXW TEAIKA: Y*(1)=1/2 t%e?". Apa n yeviki AUon eivar: y(1)= ¢1 e?'+c, te?'+1/2 127",

24



AZKHZH
Na ppeBei n yveviki Abon Tng: y"'+ wzyzcosa‘r , W,a:otaBepéc.
[YnodeiEn: Av a’=w? , T6Te n y*(t) ouuminTel pe pia amd TIC AUGEIC TNG aAvVTioToIXNG
opoyevoUc 3.€. Apa Ba Tdpw dUo TEPITTWOEIC av 1oxUer: a’=w? Kai av 6x1.]

AZKHZH
Aivetal To poPAnua dpxIKWY TIHWV pe ¢ Y'-y'-2y=4e” kai dpxikéc ouvBhkeg y(0)=a ,
y'(0)=b. Na ppeOsi pia avaykaia kai ikavh cuvBnkn , TETold waTe N AUGN TG PN opoyevoug
d.€ va gival gpaypévn ato didotnua [0,+0).
Y x6A0: H AUon Tng pn opoyevoUc 3. Ba mepiéxer: e’ e’ te™ ue kdmolouc ouvTeAeaTéc
umpootd. Or e, te™ eivar ppaypévec. Opwe n e dev sivar ppaypévn , omdTe Oa Tpémel o
ouvTeAeoTAG TNS (UTtpooTd) va civar undév (0).
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Aiagopikéc E€iowoeig
18/4/2005
Znueiwoeic (kaBnynthc: ZTpatig)

ZuoTthuarta ypaupikwy 3. 1% 1afng pe otaBepolc ouvreAeoTEC.

‘Eva TéTolo oUoThua éxel YEVIKA HOP@R:

Y () f,(t)
t — f(t

LO| ¢ _| RO

Yo (D) f, ()

‘Eotw 671 €xoupe Kal apxIKEC OUVONKEG , TOTE N HOPYH Tou cuoTAWATOC Ba civar:

y'(t) = Ay(t) + F(t), y'(t) = uet ovveyn oro | €R, kot AeR™ pue a; =orad.

y'(t) = Ayt + f(t) we yt,)=Y,.Y, eR".
O11 yvwpiloupe via Tnv 3. 2" tdfnc 1oxlouv kai edw. (avdyovrar oe 3. £€iowoeigc 1™
TA¢Nne , OpWC cival d1avuoPaTIKEG)

ApXIKd Ba aoxoAnBoUpe ypaupikd ouoThuarta opoyevuv d.€ 1" Td€ng pe yevikh popoh:
y'(t) = Ay(t),Ae R™,

YmrevOOpion awo ypappikn dAyeppa:

‘Eotw évag mivakag A mpaypaTikoc.

Me 18ioTipf: L eC

Me 131081dvuopa: G eC" —{0} (To 181081avuopa eivar £€'opiopol pn PNJeVIKO)

Al =20 = (A-A1)i=0

To 181001avuopa civar Oev eival povoonpavta opigpgévo , OAa Ta moAAamAdoia Tou
1010d1avuopaTog ivar emiong 1810diaviopara.

1 3
Tx G=|1|&0'=|3|=30
1 3

To det(A-AIL,)=0 (xapakTnpioTikh e§iowan)
Me tnv mapamdvw efiowon Ppiokw TIC 1810TIHEC Tou Tivaka A , dnAadn oi pileg Tou
XAPAKTNPIGTIKOU TTOAUWVUHOU givail o1 1010TIHEC ToU A.

‘Eotw A: 1810TIPA TOU A Kal N : i810ywpos tov A = {U eC" —{0}} : Al = AU kai tepiAappavel

181001av0opaTa TOU AVTIOTOIXOUV 0TNV 1810TIHA A.

d:i=dimN ovopdletar yewpeTpikh ToAAaTtAOTNTA ThS A ( AnAadh civar To TARBOC Twv
YPappikd avedpThnTwy 181081avUGUATWY TNG A.)

T: ovoddleTal aAyeppikn TToAAATAOTNTA: €ival h dUvapn oThv otroia edgavileTal pia 1310TIUA.

Tavra 1oxler: 1<d<r
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Me pdon Thv TeAeuTaia TapaThpnon ol Tivakeg diakpivovTal oe:

a. TTivakeg amAng Sounc: av yid OAeg TiG 110TIHEC £vOC Tivaka A 1oxUel d=T.

b. TTivakec pun amAng dopng: av umdpxel €0TwW Kdl Wid 1810TIMA €vO¢ Tivaka A yid Thv
omoia 1oxUel d<T.

Mag diveTal To oloyevéG ypaupiko aloThpa: Y'(t) = Ay(t),Ae R™

ApXIKA Yaxvw va Ppw av Uumdpxouv eKOeTIKEC AUoei¢ , dnAadfn AUOeIC ThG HOPYAC:
e, U =oral Kai Oa kataAnoupe oThv XAPAKTNPIOTIKA e€iowan:
e”(A—Mn)U=6, A dotiun, U =10106tavoouc . Tipémel  va PpoUde n  ypappika
avefapTnreg AUOEIC.

TTapddeiypa 1:
Na PpeBolv o1 AUGEIC EVOC opoYEVOUC YpaupikoU ouoThpartog: y'(t) = Aj(t), Ae R™ , 6mou

1 -1 4
A=13 2 -1].
2 1 -1

1°". EUpeon 1310TIHWwy Tou A amd Thv XapakThpioTikA efiowon: det(A-AL3)=0

-4 -1 4
3 2-2 -11=0 , 1671 (1-A)(A-3)(A+2)=0
2 1 -1-4

Apa ol 131oTIgéG eivar: Ai=1 , A2=3 , A3=-2 . Eivai ka1 o1 Tpei¢ amAéc 1dioTIHéG , dpa o
mivakag A civar amAng dopng( apol di=1 kai A1=1 K.0.K)

2°". EUpeon 131081avuopdTwy:

lMa tnv Ai=1, éxoupe

G, Al =Al, = Al, =10, = (A—1,)i =0
-1 4 \(u,

0 0
-u, +4u, =0
31 -1jju,|=]0 =>Uu, =-U,
3u +Up, —U; =0
2 1 2)\u,) o
2u, +U, —2u,; =0
Apa :u, =4u,
-1
OpiCw : up=-1 auBdipeTa T6TE avaykaoTikd u=4 , uiz=l . Apa U, =| 1|, auté To

4
1810d1avuopa avrioToixei atnv 181oTigR Ai=1 . Apa n mpwTn AUONn Tou CUCTAUATOC civai:
-1
O, (t)=¢'] 1 |.
4
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1 1
Ouoiwg Ppiokoupe yia TNV A2=3 , éxoupe U, =|2 | = D, (t)=¢€"| 2| kai yia Tnv A3=-2 ,
1 1
-1 -1
éxoupel, =| 1| = D, (H)=e™| 1.
1 1

2 £ 31aQoPETIKEC 1810TINEG avTIOToIXOUV dIaPopeTIKA Ypauuikd ave€dpTnTda 181081aviouara.
O1 AN0oeic Tou avTigToiXoUv oc dlapopeTikA ypauuikd ave€dprtnta 1810diaviopara civai

ypauuikd avefdptntec. OmOTE N YEVIKA AUON TOU OpOYEVOUG YPAUUIKOU OUGTAUATOC givai:
yo,, )= Clq)l(t) + Czq)z(t) + C3(D3 ®.

TTapddeiypa 2:

Na ppeBolv o1 AUGEIC eVOC opoyeEVOUC ypaupikoU ouoThpatog: Y'(t) = Ay(t),Ae R , 6mou

1 0 -1
A=10 1 0
0 0 2

O1 1810TiéC Tou A givar (1-A)%(2-A)=0 .
AM=1, 11=2, av Kai d1=2 TOTe 0 mivakag A civai amAig douAC.

A=2, 12=1, do=1.
1 1
To 181081dvuopa TIou avTIaToIXEi oTh A2=2 givar: G, =| 0| = D, (t)=¢e™| 0
-1 -1
lMa tnv Ai=1: tpémer va 1oxvel:
-u, =0 u, 1 0
(A—/1I3)U:6:> 0=0 = |u,|. Apa opilw avbsparra U, =0], U, =1 |.
Uy, =0 0 0 0
Apa n di=2 kai o mivakag eivar amAig doung.
1 0
O1  ANoeig  mou avmigToixouv  ota 1di0diavlopata U, =|0|, G, =|1 givar:
0 0
1 0
O,(t)=¢e'0]|, O,(1t)=¢"|1
0 0
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Botw o mivakag A< R™, A =w0iotiun,A € C(A=a i) (dnAadh 6Tav éxoupe Wia piyadikn

1810TIHA TOTE Oa £xoupe kal T oulUyA TNG).
(A-Al)i=0=0=0+il, 0,0, eR" xat avuoroye oty A

Ouowws yiax tnv Z:u::U1 —iu,

y'(t) = AY(t) , A =iStotiun ket U = idiodtavooua = ®(t) =e™i = (f)] t)+ iCTDZ(t)

av mapvous tmv A Q:D(t):él(t)—iﬁ)z(t)

AnAadh amd pia 18ioTigA A (Hiyadiki) Taipvoupe duo TpAyUdTIKEG Ypduuikd ave€dpTnTeg

Aoeig.
TTapadeiypa 3:

-3 2
Na BpeBouUv o1 AUoeig Tou ¥ '(t) = Ay(t), Ae R, A:( | J_

(A-AL)i=0=det(A-AL,)=0=> 2" +41+5=0= 4, =21

(—3—(2+i) 2 j(ulj (oj 1+i
) = = U, =—U,
-1 —-1-(-2+1))\u, 0 2

owadeyw avbspoiro iU, =2 =U, =1+1i

- . (2 2 0
D(t) ="l =e G =ee" _|=e"(cost +isint) +1i =
I+1 1 1

- . (2cost j - [2sint j
o, () =e , @,(1) =

cost —sint sint + cost

Apa:y, 1) =Cd 1) +C,d,(1)

TTivakec pun awARc dounc

. a’t a’t
YwevOipion: e :1+at+7+?+... ,aeR
Kard améAutn avTiaToixia opileTtail To:

At? A

eM =1 - At+ +
TREY

ouvKAivel yia kdO¢ t Tou aviKkel gTouC TTpayudTikoUg dpiBuoug.
Toxuouv:

(eAt)v — AeAt
eA(t+S) — eAteAS
(eAt )71 — efAt

e(A+B)t — eAteBt = AB — BA

29

e |[ 2cost [ 2sint
e . +1] .
cost —sint sint + cost

+... ,AeR™(mvaxas) . AmodeikvUeTdl OTI_n ogipd auth



V(t) =e™i , avalnTw AUOEIC AUTAC ThG HOPYAC.
y'(t) = Ae™U = Ay(t)

MeBodoAoyia:
‘Eotw 10 0UoThpa y'(t) = Ay(t)

At (A=A )t

el Avon = el =e U ,A,0:orabspa

m-1
(m=1)!
Av A: 1010TIMA Tou A pe avTioToixo 1810didvuapa U. T: aAyeppiki ToAAATmAGTRTA TNG A.
Toxuer: T=dim(ker(A-AL,)"), kerB = {U : Bl = 6}

e MG =G+ t(A—AL )T +...+ (A-AL)"'i,meN

‘Evvoieg:
1. AmAG 13108iavuopa The 1810TIHAC i T #0: (A—AL )i =0
2. Tevikeupévo 131081dvuopa ThG 1810TIHAC A: W= 0: (A— AL )’ W=0 xar (A— AL )W#0

TTapddeiypa 4:
1 1 0
Na ppeBouv o1 AUoeIg Tou ouoTAuaTog: Y'(t) = Ay(t), A={0 1 0
0 0 2
TTpémel va Ppoupe Tig 1d310TIHEG Tou A: det(A-AI3)=0
(A-1)°(A-2)
A=1, 11=2

A2=2, T2=1 dpa d»=1
TTpémel va eAéyEw av o mivakag eivar amAng dopng (dnAadn, mpémel di=2)

0
= O,(t)=¢e"|0
1

Ma v Az (A-21)0, =0 =0, =

U,

—

(A-L)i=0=

-0 o = O O

0 u
u, [=|0| =>Ut=|0
U, 0 0

0 1
00
00

1

Eoro U, —1:6—{0}:&)1@)—@{0

Emeidn di=1 < t1=2, o mivakag¢ civar pn amAA¢ GopAC . Apa TpETel va Ppw Kal To
veVviKeUévo 1810d1avuopa Tagng 2.

Ma tnv A
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0 0 0)\w 0 W,
(A-2L,)*W=0=]0 0 Oflw, |=|0|=>w,=0=>W=|w, |
0 0 1)(w 0 0
loyver: (A—AL)W # 0
1 0 1
AuBaipetn emihoyn: |0 | 7 |1 |. To | 0| amoppimTeTal apou eivar amAo 1d10didvuopa.
0 0 0
0
Apa w=|1
0
0 0 1 0)O0 t
D, (t) =" {W+t(A—AL,)W}=e'1|1 |+t|0 0 0|1 |t=¢"|l
0 0 0 1){0 0
TTapddeiypa 5:
2 1 3
Na ppeBolv o1 AUoeIg Tou ouaTApaTog: y'(t) = Ay(t), A=|0 2 -1
0 0 2

ISioTiph: det(A-AL3)=0 , TéTe (A-2)=0, dpa A=2 (pe T=3)
1 1
Idi0d1avuopd: (A-2L)i=0=0=|0|= @, (t)=e"|0
0 0
2. TNV OUYKEKPIPEVN TtepimmTwon Ba xpelaoToUpe dUo yevikeupéva 1810diaviopara 1o TpwTo
Ba cival 2" Td€nc ka1 To dAAo Ba civar 3™ Tagng.

0 t
(A-2L)YW=0 & (A-2L)W=0=>Wx0| n W=|1 | =, ) =" {W+t(A-2L,)i =€"| 1
0 0

3t——

2

0 2
nV=|0|=d,t)=¢ {\7+t(A—2I3)\7+%(A—2I3)2\7}:ezt —t
1 ' 1

(A-2L)V=0 & (A—2L,YV#0=V=

Il Tevika pe authv Tnv diadikacia waipvoupe TIC AUOEIC TOU OHOYEVOUC YpaupiKoU
ouoTnparog , avefapTATWC av wivakag eivar arAng dounc N Un awARg doung.
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Miyadikn AvaAuon
9/5/2005
Znueiwoeic (kaBnynthc: ZTpatig)

MITAAIKOI APIOMOTI

(a,b)eC,a,beR

(a,b)+(c,d)=(a+c,b+d)

(a,b)(c,d)=(ac—bd,ad + bc)

To (0,0) civar To oudéTepo aToixeio TNC TPoaOeaong kai To (1,0) cival To oudéTepo oToIXEiO
Tou TToAAatrAaciacpov.

, , . . .o 1 a b
O avtioTpopog evog Un UNdeviKoU piyadikoU apiBuol: —=| ———,————
VA a +b a +b

TTpoooxn:
Il 210 oUvoAo Twv Hiyadikwy apiBuwyv dev opileTai didtagn.

To i=(0,1) €ivai n pavraoTikA povada.

Rrar—~>(a,0)eC

i2 = (05 1)(07 1) = _(15 0) =-1

To aUvoAo Twv HIyadikwy apiBuwy gival 1I00HopYo HE AUTO TWV TTPAYHATIKWY.

TTaipvw To ap1Bpé (a,b)=a+bi, x,y,abeR

2 2
X"—=y =a
Xz_yzza} y
=

b
2xy =b =—
y y oy

(x+iy)?=a+ib, ToTe: 4x* —4ax’ —b* =0 = ...

- la++/a’ +b’
B 2

az®+bz+c=0 , autéd Ta ToAUVULO £XEel PilEC OTO GUVOAO TWV HIYASIKWV.
TT.x To moAuwvupo X%+1=0 (éxel piec aTo Hiyadikd cUVoAo).

TTapathpnon: Ta piyadikd moAuwvupda éxouv mavra pile¢ oTo gUVoAo TwV HIyadikwy , eV
TA TPAYHATIKA TToAUWVULA PTTopoUV va £xouv pileg Kal aTo aUvoAo Twv HIyadikwy apiOpwy.
A

y

z=x+y, X,y €R
...................................... . x=Re(z) , y= Im(z)

v
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y [Ip6cOeon 2
LYo dIK®V oplipmv
7=721%2,

v

y [oAlamhaciacpuog 2
UIYadIKOV oplpmv.

Ouoto tpiymvo ( pe Tov

{010 TPOGOVATOMGLO )
7o ->1

=712 7

A
v

Ei1dikA mepimTwaon moAAamAagiagpou:

To mapakdTw oxApa pag deixvel YEWHETPIKA TO YIVOHEVO i*Z:

y Av  moMOmAQGCIAGH  évov  UIYaOIKO
apOuo pe 1o 1, TotE TOV OTPEP® KaTd 90
poipeg ovtifeta oamd MV QOPA TOL
pOAOYLOV.

A
v
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To B=argz: 6picpa 10V Z
|Z|= UETPO TOV Z

....................................... o k60e z=x+yi , VEAPYEL AVTICTOIYWG
Y i Z=x-yipue z,Z € C xar x,yeR.

To |z| =Nz*7 =\X* +y’
o

Av Topo T1G GYECELG:

v

© X x R|e(|z) =cosd
Z
= 0 = arctan (Im_(z)j
Im(z) sing Re(z)
E

FewpeTpikoi Tomor:

Ag&l nuieninedo
{Z e C:Re(2) > 0}

v

{zeC:z=17}
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{ZeC:|Z+1|<1}

v

{zeC:-0<argz <0}

v

{ZECI

argz - =
2

<§}={ZECIIH](Z)>0}

v
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[MoAkdg peTaoyMUOTIGUOG:
r=[

O=argz

v

z=r(cos6+isinO)
Z1=r1(cosO:+isinB,)
22=P2(C0592+i5in92)

Z1 Z2= 1 ra(cos(B1+ B7) + isin(61+ 67))

Z1 /22= r1 /r2(cos(B:1- 6;) + isin(B1- 62))

z"=r"(cos(mB)+isin(me))

1t.x: Aivetai n e€iowon z™=z, . Na AuBci h e€iowon i 1008Uvapa va PpeBei  m

Tdénc pila Tou zo.

TTapddeiypa 1:
EUpeon Twv KUPIkWy pilwy The povddac: z°=1

z=r(cos6+isinO)
Tote: 2°=r3(cosB+isinB)=1=1(cos0+isin0)

3

r=1=r=1
2
30=0= 0 =0(mod27) = 49:T
o=27
3

30=0+2kx7w,k € N

z, =1:(r=1,0=0)

2r . . 2r& 2
Z, =1(cos—+isin—):(r=1,60 =—
» =1 3 3)) ( 3)

TYmog Euler:

e’ =cos@+isin6,0 €R
Z, :l(cos%ﬂsin%):(r :1,0:477[)
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{z,},Z,eC,zeC

Z,->1<2,—12/->0,n—>+x
Re(Z.)—>R

|Zn—z|—>0<:>{ (Zn)=>Re(2)
Im(Z,)—- > Im(z)

Omou Z, dia iyadikin akoAouBia.
Mia ocipd ouykAivel otav n akoAouBia pepikwy aBpoloPaTwWV OUYKAIVEI OTO

HNOEv.

2ZUyKAion oto damelpo (Zrepewpetpiki TTpoPoAn):

N To eninedo mov mepvdet
ond 10 KEVIPO  TING
opaipag  (non  etvon
EMAV® , LUOT| €lvor KATM)

(Ionpepvd Eminedo)
q Movodwaio  ocaipa  pe

kévtpo (0,0)

‘Eocto z éva tuyaio onueio . Dépvo pia
evbeio amo to N o010 z. BAémw 611 evbeia
TEUVEL TNV EMPAVELL TNG GQOipag o€ Eva
povo onueio P

‘ETo1 yia kaBe onpeio dnpioupyeite pia avrioToixia «1-1» petall Twv onpeiwv
z,p , ekT0¢ Tou N TTOU opioupe wg dmeipo.

1
2| >—,&>0: meproyn rov
&

Z,—>0 &2, |- >+

Auvapooeipéc: D ¢ Z"
k=0

a, eR:
lima, = lim(supa, ),k > n
n—o n—o0
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Ocswpnua:
1
Eotw lim|c, [« =L
av L=0, 10Te n geipd ouykAivel yia kaBe ze C
av L=, TéTE n duvapooeipd ouykAivel yia z=0
av O<L< o , T0TE h Buvapooelpd GUyKAivel yia |z| < R kar amokAiver yia |z| > R

(©éTw R=1/L>0) [ R: akTiva ocuykAiong]

Ocswpnua:
f(z)= D c.Z" ouykhivel yia |z|<R.
k=0

Tote umdpxer h f'(z) kai 10oUTar pe f'(z)=Y ke, 2", ovpiiver ya |z <R

k=0
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Miyadikn AvaAuon
16/5/2005
Znueiwoeigc (kabnyntic: ZTparnic)

AvaAuTikéc ZuvapThoeic Kal E€iowoeic Cauchy-Riemann:

TTpéTaon 1:
Octwpolpe OTI €xoupe pia piyadikh ouvdpTnon f=u+iv mapaywyioiun oto z. ToTe
umtdpxouv o1 pepikég apdywyor fx , fy oTo z kai Ikavotololv Tig e§iowaeig Cauchy-

Riemann: fy=ifx. AuTé ypdpeTal avaAuTIKd w: =y
x=Vy

UY:_VX

TTapatipnon: To avtioTpowo dev I0XUEI YEVIKA.

TTpéTaon 2:

‘Eotw 611 uTdpxouv o1 pepikég Ttapdywyol TG f , fi kai fy kai eivar guvexeig oo z.
‘Eotw 011 1IkavoToloUvTal Kai ot e§iowaoeig Cauchy-Riemann .

Téte n f civar Tapaywyioipn oTo z.

Opiopoc:
Mia ouvdptnon f Aéyetar avaAuTiki (h oAdpopen) oTo onpeio z av Kai povov av n f
givar diagopioun (Tapaywyioipn) o pia meploxn Tou z.

2X0A10: Av pia ouvdpTtnon f: C->C cival avaAuTikh ge 6Ao To C , TOTE AéyeTal aképaia
ouvapTtnon.

E€iowaon La Place:
‘EoTtw pia ouvdpthon h=h(x,y) , maipvw Tig 2% pepikég mapaywyoug TG hxx , hyy.
ToTe N hxxt hyy=0 (10080vapa Vh =0 [AamAaciaviA] A 10080vapa V*h =0) ovopdZeTal
eiowaon La Place .

‘Botw pia ouvdpthon f pe f=u+iv. Oswpw 6T n f eivar avaAuTikh , dpda
IkavoTtoloUvTal o1 e§iowoeig Cauchy-Riemann kai pag divouv Tig axX£0eIG: Ux=vy (1),
uy=-vx (2).
TTapaywyilw Tnv (1) Wg TP X: Uxx=Vyx (3) Vi Vv
TTapaywyiw TNV (2) wg TPOG Y: Uyy=-Vxy (4) A"? Oewpnua
TTpooBéTw Katd péAn Tic (3),(4) kai éxoupe: Clairaut(AvaAuon IT)

Uxxt UW:O

(TpayLaTIké pépoc) Kai To mpaypamiké Kai TO @avraoTikG  HEPOG

IkavowoloUv Tnv Efiowon Tou La place.
Vxxt Vyy=0
(pavTaoTiké pHépog)
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ZTOIXEIWdEIC ZUVAPTAOEIC:

EoTtw z=x+yi ye ze C ka1 x,ye R, 10xUouv:
1. ExOeTikég: e*=e*cosy+ie*siny (yia y=0, ToTe: e*=e*(mpayparikn))

IdiéTn1EC:
I)le*|=¢e"

Ie? =g

1)eY =cosy+isiny,yeR

IV)e* =a,aeC—{0}:ancipes Avoers
Ve : zedio riuwv C —{0}

VI)e?™ =e?,VzeC

VII) av -1 < Imz < 16T€ e’ civar «1-1»
(TTpoooxA: Oa mpémel va ouptepiAaupdvoupe To TTAvw Op1o-dKpo Kai 6XI Td KATW)
H ekBeTikA aTO o0UVOAO TWvV piyadikwy dev
y gival tavtou «1-1»

TT

[1X)e"e” =eh™

IX)(e*)' =¢’
Xt =2
o N!

2. TpiywvopeTpikéc: sinz= 1/2i[e'*-e ?] ka1 cosz=1/2[e*+e *]

IdiéTnTeEC:
I (cosz)'=-sinz & (sinz)'=cosz
IT) cos(-z)=cosz & sin(-z)=-sinz
cos(z+2m)=cosz & sin(z+2m)=sinz
cos(z+2km)=cosz & sin(z+2km)=sinz
ITI) cos®z+sin®z=1
IV) cos(zi£z2)=.. & sin(zi=z2)-=...
V) O1 piyadiKéG TPIYWVOUETPIKEG auvapThHoelg ev ppdogovTdl TavTa amoAUTWC

, , . o1 _
amé Tnv povdada. TT.x: [sin10i| :E(e10 —e ") >1

VI) sinz, cosz: Auvapooceipéc.
VII) Tanz=(sinz/cosz).
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3. AoyapiBpikég: r € R™: Logr: ouvhOng mpayparikog AoydpiBuog.
zeC—{0},r=|z
logz =Logr +ié

,0= Z: , .
e Hiyadikoc AoyapiOpoc.

H mapamavw ouvdpthon maipvel ToAAEC TIHEG (TTAEIOTIUN).

0=06¢ +2nm, n aképaio( To B ovopdleTar kUpio dpiopa kai oupPoAileTal e Argz)
Apa: logz=Logr+i(8g +2nm) (1)

Ma n=0, n (1) vivetar: logz=Logr+iBo (ue r>0 ,agoU r =|z| kai -1« B <m

Tnv omoia Ba ouppoAilw pe: Logz= Logr+iBg (HovoTiun).
Apa n w=Logz éxer:
TTedio opiapoU: C —{0}

2.0voAo TIHWYV: -T<Imw<m

TTapathpnon: av B0=0 , T6TE 0 PIYadikog AoydpIBUoC CUUTIITITEN e TOV TTPAYUATIKO
AoydpiBuo kai 1oxUer 6T1: w=Logz=z=e".

2. X0Al0:

Av Ttdpw T0 didoThpa: {(r,0): r>0 kai -m< B <1}, TéTE auTd Ba cival To péyioTo Xwpio
oTo omoio n ouvdptnon (AoydpiBuog) umopei va civalr ouveXAg Kai agoU IKAVOToIEi
kai Tig e§iowoeig Cauchy-Riemann , n ouvdpTtnon eivar avaAuTiki. (TTpogoxn autd
1oxUouv pévo yia To didoTnua -T< O <m. )

IdiéTnTEC:

I) (Logz)=1/z (pe |z| >0, -Ti< Argz <m).
‘Eotw T0 0Uvoho: {(r,0): r0 kai a< © <a+2m, a: auBaipeTo¢ TPAYHATIKOG}
Logz=Logr+i®
(o€ éva TéTo10 aUvoAo h ouvdpThaon cival HovOTIUN, CUVEXAC, AVAAUTIKHA)
Apa: (logz)=1/z{ |z|> 0, a< argz < a+2m)}.

II) el 9=z

ITI) loge*=z+2nmi ,n aképaiog

IV) log(z1z2)=logzi+logz;

V) log(z"™=(1/n)logz, n guaikég

VI) logz"#nlogz , n puaikdg (dev 1oxUel md@vra n 106TNTA)
1.x logi®=log(-1)=(2k+1)mi# 2logi=(4k+1) mi , k aképaiog

VII) z'=eM°9 {r>0, a<B<a+21} , A TpaypHaTiKog
(ZA)::AZA—l

VIII) A*=e?°9* | A piyadikog

IX) Uﬂ)A:i[ij”a[ﬂj: AA=D)..(A-n+1])

pr n n!
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TTapddeiypa 1:
Na AuBci o1o C n eiowon: e*=1-i.
Tevikd : e" =z < w=log|z|+iargz

A
T

1-i|=+2 Arg(l—i):—z

z =log\/§ +i(2k72'—%),k e’

v

/4

TTapddeiypa 2:
Na AuBc¢i oTo C n e€iowon: cosz=2.

eiz + e—iz

coszZ = —2 =M _4e y1=0=e” =243

oy .. eV cosx=2++/3
Z=X+Yyi:e" =e’(cosX+IsinX)=>
e’lsinx=0=>x=kr,keZ

Ma va civai 10 cosx#£0 mpémer x=2mm ,m aképaio¢ (dnAadn dev Tpémel va
pndevileTal KATI TToU cuppaivel yia Ta povd ToAAamAdaia).
eV =243 = y=—log2+3) = z=2mr+ilog(2+/3)

1
Agou 2-3=
2+\/§

, dpa geuyel 1o (-) ou cival péoa oto AoydpiBuo.

AZKHZEIX
Na AuBouv oTo C o1 e€iowoeig:

a.log(-1—-1i)=1log2 +%i +2kzi,k e Z

b32 =43
1
ci? =ig(l+i)

. ~(Z+2kn) .
di'=e 2 " kez(i'eR)

ATIAG €W Ba XpNnoIHOTIOINCOUKE TOV 0pIOHO Yid va doUle 0TI OVTWC Pyaivel TOgO.
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flz)=z 5 Eotw o piyadikeg z
1 4 f Tapatnpolue  OTI av
uywOei aTo TETPAywvo
7| fi |Z|2 T6TE TO Oplopud Tou Oda
’ OImtAdciaoTei.
0 > 20 .

N Apa n fi; ameikoviler oTo
f, f4 47 mdvw nuiemimedo To mpwTo
i F § 7 [ Tetaptnudpio.

Eotw n f2=/z , yvwpiloupe 6Ti:

N
_ i&
z=re" :\/_:\/Fez,0<l9<27z (ombdte yivetal povoT Lun cuvdptnon)
To \/; elval BeT1kO Gpa elpccte o010 dvw nuiteninedo
[lapatnpotue emiong 6Tl malpvoviag TNV TeTpaywvLlk) plila Tou z , 10 dpLoud TOU

UIOd LIIANC LACTNKE .

2& meploxh Tou n f eivar «1-1» n 25z g (vatl n avt{oTpoen INC z+H>z .

—Z 5 A A A E€aipoupe  poévo
S auTév Tov dfova ,
Jz ylaTi av Katd Tnv

«— / /7|1 /7 oTpogh Eavaméow
oTto 810 onhyeio
TOTE Oa £€xWw pTTE!
OTO £TOHEVO XWpPio 0TOTE XAveTal n 1816TNTA TG ouvdpTnong va sival «1-1»,

H z% emionc ameikovilel kai To dvw hpiemimedo oTo emimedo pe efdipeon Tov
nuidova ox.
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x=07a0
(at2m)i Z e’
OV P S

._..K 7‘\ & ‘E.Q [j.-g 21:[.._..- ..‘-'_'.: .......- ..._..- ."'... I

08} o

> +—
logz « z
y=ctad

KdBe TéToia Awpida (6mwg dimAa) (oxnua 1)

amelkovi(eTe OTO E€OWTEPIKO TOoU KUKAOU , KkdBe mapdAAnAn Tou dfova X
ameikovi{eTal OTWG N PTTAE ypapun Kai TapdAAnAn Tpog To dfova y ameikovileTal
amoé Tnv mepIpépeid To KUKAOU.

KounUAn C: Elval éva oUvolo onueliov z=(x,y) Tou enLaédou C €10l QOOTE

Vo umopoUue va ypdyouue x =X (t) , y=y(t) pue tela,b], émou x(t),y(t) ouvexelq
Kol t: moupduetpog mou dLaTtpéxel TO KAeL0oT1O diL&oTnua.

z=z(t)=x(t)+iy(t), tela,b].

Mia kapmUAn Aéyetar amAn av dev Tépvel Tov eautéd TnG (PAéme AvdAuon IT)

Av x(t),y(t) elval naopayewyloipeg té1e: z' (L)=x"(L)+iy' (L) .

Av LoxUel 10 mopandve 1o6Te 1 2 AéyeTal OpaAn N Aela KOUIUAD.

b
Mnkdc Aeloc xkounUAng: L=i“z'(tﬂdt, énou|z'(tﬂ:awx'(tﬂ2+¢y'(tf
a

Opigudcg 1:
Ocwpolpe 0TI Exoupe pia KaumUAn C TunuaTika Acia : z(1) , a<t<b ka1 pia ouvdpTnon
f kard TpAuara ouvexng. ToTe:

b
jf(z)dz::jf(z(t))z' (t)dt
C a

b b b
jg(t)dt=]'u(t)dt+ijv(t)dt , g(t)=u(t)+iv (t)

Opigpdcg 2.
C,:z(t), tela,b]

C,:Wt), telc,d]

NévovTial opaAd LoodUvapuec , ov undpyxel nmoupayweylotun kot "1-1" cuvdptnon
y(t):[c,dl->[a,b]: y(c)=a , y(d)=Db & w(t)=z(y(t)).

Av Q,CZsivaLopaAdLooéﬁVQUSQIéTsLoxﬁSL:If(z)dz=jf(z)dz

G C,
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TTapddeiypa 3:

A
y Eotw C, ovoudlw 10 €UbUypopo Tuhua OB oto Tplywvo OAB.
B ®fA0 va Bpw To: I, :J.dez.
Cl
0] A X

Tlpémer va mepiypdyw Tnv KaumuAn mdvw oTnv omoia ©a oAokAnpuwaoouye.
BpiokopaoTte katd pAkog Tng euBeiag x=2y . OmdéTe N KAUTUAN Ba éxel Thv Hopoh:
z(t)=x(1)+iy(t) drpa y(t)=t ka1 x(t)=2t. AvTi yia t pmopw va TomoBeTAOW Yy (yia Thv
doknon auTh , o dAAn doknon pTopei va pnv xpeldleTal.) yia eukoAia oTi¢ mpdéeic.
Apa n KauTUAn Ttaipvel TV popen: z(y)=x(y)+iy. Emeidh OéAw va ohokAnpwow To z°,
Ba éxw: z°(y)=x°-y*+2ixy (6mou x=2y & y=y). Apa: Z°(y)= 3y>+4iy kai Z'(y)=2+i
Ormore:

(3y° +41 (2+1)dy=...=—+—1
! y y) Y 3 3

via y=0 éxoune z(y)=0
Via y=2+1 éxoune z(y)=1

Topo BEAoOUPEe va vunoAoy looupe koL 1o I, = Izzdz.

Cy

I, —Izdz-jzdz-kadz

C, oA
T'ta tnv OA éxouue: y=0, dpa z(x)=x & z'(x)=0, x€[0,2]
T'ia tnv AB éxoupe: X =2, dpu Z(y)=2+1iy & z' (y)=1, ye[0,1]

2 1
2 11
Ao I, = |x’dx+[(2+iy)Yidy=..==+—i
2 I J. Yy Yy 33
Mopothenon:
J z’dz=0

OABO

Autd opelAetal o dU0o Adbyouq:
1. Exouus avoAuT LK) ocuv&pInon.

2. OAOKANPOVOUNE KAUTX UNKOC KAE€ LOTNC KoumUAncg.
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Miyadikn AvaAuon
23/5/2005
Znueiwoeic (kaBnynthc: ZTpatig)

TTapddeiypa 1:
Eotw n ouvéptnon f£(z)=2Z. Oewpoltue C, : n KounUAn mou dLaTPEXEL TO THVE® NULOPAiPLO
C,: n xoumUAn mou dLatpéxel 10 K&Tw nuLtopaiplo kat C:povadtlaloc KUKAOG.

No BpeBoUv ta emlkaunUALa tn¢ £ xoto phxkoc twv C, , C, , C. TL napatnpelite;

AY
G
-1 1 >
c,
Il=.[2dz= =-TIl
a
Iz=j2dz= =11l
<
I3=_[Edz= =211 #0
C

[opatnEolue OTL TO TPITO OAOKANPWUX KATX UAKOC TNG KAE LOTAS KoummUAng C (povad Lalog KUKAOQ)

e{val dLopopeT kO ToU INdevoc. Auto oupPaivel viatl n ouvdptnon £(z)=2z dev £ lval avoAUT LK.

Xpnoiua Kai Baogikd oUvoAd:

ATIAd OUVEKTIKO oUVOAO AéyeTal éva oUvoAo Trou Bev TreplEX el TPUTTEG. (TTepiypagikdc opiopdc)
TTapadeiypuata amAd UVEKTIKWY GUVOAWY.

Il Av éva oUvoAo cival avoiKTO Kdi KUpTO ,
TOTE AUTO E£ivdl OUVEKTIKO.
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‘Eva mapddeiypa evog pn amAd ouvekTikoU ouvoAou.

Ocwpnua Cauchy:
‘Botw pia ouvdptnon f: C->C , n omoia eival avaAuTikn o€ éva amAd oUVeKTIKO Xwpio D Tou C.
Ocwpw pia awAn Kai KAeloTR KapgmUAn C oTo eowTepiko Tou D, ToTE: I = jf (z)dz=0

C

Cevikeupévo Oswpnua Cauchy:

Botw pia ouvdapthon f: C->C Oewpw £éva amAd ouvekTIKO Xwpio D Tou C.
Ocwpw pia amAn kai KAcIoTA KaAUTUAn C oTo sowTepikd Tou D , n oToia 0To €0WTEPIKO TNG
Pépel AAAEC HIKPOTEPEC KAUTIUAEG. Oewpw TO Xwpio R oTo eowtepikd Tng C , e
B=0R=CUC, UC, U..UC_ (mpoocovaToAlouévo olUvopo tou R). Av n f givar avaAuTiki
oto R, ToTe: I=If(z)dz=0

B

TTapddeiypa 2:

EoTtw R: 10 Xwplo mou oxnuoatiletal amo ToUC KUKAOUC |z|=2
(ue Be11LkO mmPpooaAVATOALORS , OIwWC TO RBEAOC) KAl |z|:l (ne apvnT LKO IPACAVATOALOUO)
dz

pue B=0OR oUvopo tou Xwpliou R. Na dei1x0el ott: J.WZO
z (z° +

B
1
(7 +9)'

Pox k& n £ elval ovodwuT LK oto C eKTdC Twv onue lwv

Oswpd TNV cuvdptnon f(z)=

z =0,z =31, z,=-31. Ao tox onpe lax oto orota ) £

dev elvoll ovoAUT LK € Lval €KTOC ToUu  Ywplou R mvw

oto drioLo Bor cAorAnEOoouUE . Acor 1) £ elvoll ovoAUT LKT
oto Xwplo R. Aox ord Be@onua Cauchy éxouue: If(z)dz=0
B
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OAokAnpwTIK6C TUTOG Tou Cauchy:

‘Botw f pia avaAuTikf ouvdpTnon TTAvw Kal 0TO E0WTEPIKO HidC amAAG Kal KAEIOTAC
KaumuAng C. EBotw zp éva onpeio oTO €OWTEPIKO ThG KapmuAng C , TOTE:
1 J- f(z)

HlCZ—ZO

f(z))= z

AnAadi o1 Tipéc Tng f wavw oTnv KapmUAn C mpoodiopifouv wARpwe Thv f oTo
gowTepiko TNC C.

Emékraon Tou OAokAnpwTikoU TUTOU Tou Cauchy (yia Tnv n-ooTh Tapdywyo Tns f ):
I f(z)

n+1dz
C(Z_Zo)

n!
£f(z,) =—
o) 2mi

EkTigyfoeic Tov Cauchy:

OewpwvTag 611 o1 TpoUmoBéaeig Tou Bswpnuatog Cauchy 1oxUouv.
Av |f(z)|SM(r) , OTIOU r N aKTiva Tou KUKAOU |z—zo|:r

£f7(z M(r
—O), t61e: o, | < (=)
n! n!
AnAadn av yvoplilew pla extiunon tng £, 161¢ POopd vo €KT LPNOW TWC

Kol £€0Tw OTL Q =

ePHCOETOL OTO KEVIPO TOU KUKAOU n n-oo0th nopdywyoc tng f(dAec ol moupdywyol) .

(AnAodr), nwc ocuunepleépovial ol nmapdywyol tng f).

TTapddeiypa 3:

EoTw plo omAf Kol KA LOTH KoaunoUAn C.

No 58LX9€I©TL:I=I =

dz 0, av z, "ext6g" xapnUAnc C
cZ27 %

2ni , av z, "evtog" koaunvAing C

1

z-2,

Oewpd Tnv f(z)=

H £ dev elval ovaAUT LKL OTO Z,.
1. Av z, "ex16G¢" TnG XounUANg c, 16TE:
ApoU 10 zZ, glval "extdc" tng C, n £ elval avoAUT LKA Kol amo Bedpnua cauchy

LoxUeL: I=If(z)dz=0.
C
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2. Av z, "evtoc" tnc xaunuAnc C:

Oewpd péoa otn C éva dloxo pe xévIpo oto onueio z, KoL akTiva €>0
ue oGvopo TI'.

Oewpd smiong éva xwplo R péoa otn C ne OR=CNT oto omoio n £ gival
AVOAUT LK , &po TO oAOKANpoux tng £ mdvw oto xwplo 6a elival undév
(ommd Bedpnua Cauchy) .

TéNog, Bewpd pioa koapnUAn I n onoloa evovel tnv xouoUin C ue tnv I'.

npor: O=If(z)dz= jf(z)dz—jf(z)dz+[f(z)dz—jf(z)dz:> jf(z)dz:jf(z)dz
OR C I 1 1 C r

B dz dz
Ondte: .[ =I .
c272y T1277%Z

Iéve otnv T' éxw:
|z—zo|:€:>z—zo=seie, 6el[0,2mI]

z=z,+ee’® = dz=1ee"d®

Opiopoc:
H f éxel pepovwpévn avwpalia oto zo , av cival avaAuTikKA oe pia mepioxh D Tng
HopYAGiD={z: 0<|z-z,|<d} , ahd Sev eivar avaAuTIKA aTO Zo.

Eidn pepgovwpévne avwpaAiac:
1) Av umdpxel pia ouvdpTnon g avaAuTikA oTo Zo ¢ f(z)=g(z) o€ pia mepioxh 6TWG n
D, 16T Aépe 0TI n f €xel emouoIwdn avwpaAia oTo Zo.

sinz , z#2
X f(z)=
{O , Z2=2
2) Av yia z£ zo n f pmopei va ypagei wg: £ (z)=% pe A(z) , B(z) avaAuTikég
Z

oTo Zo Kai A(zo)#0 , B(z0)=0, 16Te Aépe 0TI h f £xel TOAO OTO Zo.
Il Av zo civai piCa pe ToAAGTAOTNTA K , TOTE N T €x&1 TOAO OTO Zo TAENG K.

X f(z)=

, T6te n £ éxeL mdAO OTO 3.
v —
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3) Av n f dev éxel oUTe emouaiwdn avwiaAia , oUTe TOAOUG , TOTE h f £xel ouo1wdn
avwpahia. T.x: f(z)=e!? (3ev Ba aoxoAnBoUpe e auThAY TNV TiepiTTwon).

Ocewpnua: (Apxh Tou Riemann yia emouciwdei¢ avwiaAieg)

Eotw pla ouvdptnon £: C->C avoAUT LKL Og éva x@pLo D Tou z,.

Av n f éxel pepovepévn avepaiia oto z, kot 1o lim(z-z)f (z)=0,
-1,

16te n £ éxelenouoL®dn avwpaAia oto z,

Oewpnua:
Eotw pla ouvéptnon £: C->C ovaAUuT LKL O¢ éva xwplo D ToU z,.

Av undpxel k>0, keZ: lim(z-2,) f(z)#0 , evd lim(z-z,)" £ (z)=0
-7,

77,

t6te n £ éxel mOAo T&ENG K OTO Z,.

Me Ta mapamdvw Bswphpata eAéyxw Tnv Umapén emouciwdng avwpaAiac i TOAwvV
Tn¢ ouvdpTthong. (autd Ba xpnaioToloUUE OTIC AOKATEIC)

FEOTw OTL é€X®0 TO AVAIITUYHX TNC HOPPNC: Z:ck(z—zo)k (3e1p& Laurent)

k=-00

Té6Te 010 DAKTIUALO mTOU dnuLoupyelite and Toug KUKAOUG Ue akTtiveg , T1C
axkt{veg oUykAitong R,R,. ITou elval ot akTiveg oUykALong tng duvapooe L p&g

e OetLkOUC €kOéTEC KAL TNC dUVOUOOE LPAC e apvnT LKOUC €kBéTeg aviloToLlXq,
n oeLp& Laurent g{val aVvaAUT LK KAl avT {OTpopa.

M&ALOoTO o OUTHV TNV nepintwon n oeLlpd ovoudleTal avdntuyua Laurent kKol

elval povad Lk via k&be f.

Oewpnua:
Eotw pla ouvéptnon £: C->C. Av n £ £xel pepoveuévn oavouaiio oto z,
161¢ avoanTUvooetal o o Lpd Laurent.

Aniadn, yia d>0 kol O<|z—zo| <d , LoxUelL:

dz.

- k 1 f(z)
f = c. lz2—-2,|, c, =
2 k;w k| ‘ ‘ 2Hi£(z—zo)k

Omou C elval €vag KUKAOG pe KEVIPO 1O 7, KL aktiva R, 0<R<S.

TMaparnphoeic:

1. Av c=0 yia kdBe k>0 , T0Te n f £x€l emoucIwdn avwyaAia oTo Zo.

2. Av cx#0 kai c.N=0 via kdBe N>k , ToTe n f €xe1 TOAoUC TAENC K aTO Zo.
( AnAadn civar éva reTtepaopévo dOpoiopa améd apvnTIKEC SUVANEIC).
MdAiota n 1an k Twv MOAwv TnG f cival ion pe To MARBOC TWV APVNTIKWV
duvdpewy oV UTTdpXouv oTo dBpoiopa.
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‘Ooo apopd Tnv TeAeuTaia TapaTAPNOn yia Toug TOAoUG piag ouvdpthong , afilel va
HEAETNOEI 0 oUVTEAEOTAG ToUu aBpoiopuaTog C.1 , 0 oToio¢ ovoldleTal 0AOKANPWTIKO
uttéAoito TnG f oTo onpeio zo kai ouppoAileTar pe c.1=Res(f,zo).

(‘Exel mpakTikh afia og aokhoeig pe TI¢ omoie¢ Oa acxoAnBouUpe.)

Tpomor urroAoyiopol OAokAnpwTiIKoU YroAoimou:

. A(z
o) Av £ éxel amAd nmdAo oto onuelo z, 16t C_| =Res(f,zo)zhm(z—zo)f(z)=#o))
17, ZO

B) Av £ éxeL mbro t&éNc Kk oto onuelo z,, 16TE:

7=7, j

OEQPHMA OAOKAHPAOQTIKON YTTOAOITIIN TOY CAUCHY: (SOS)

1 dkfl v
c_, =Res (f'ZO)z(k—l)! (dzkl (z=-2zy)" f£(z))

noapdywyos t&Eng k-1

Eotw pla ouvdpinon £: C->C ovoAUT LK o€ évov anAd ouvekt Lkd 1ém0 Q,

ex16¢ omd k&mola onuela tou Q: (z,,2,,..,2, ) ota onola 1 £ éxel m pepoveuéves

ovwpoAleg. EOTw v pla KAELOTH KOUIUALN 1ou dev dLépxeTal and Tor onue la z,,2,,...,2

me

- 1 d
Toéte LoyUeL: I=If(z)dz=2niz — z Res (f,z,)
’ = 21‘[1\/2—2k

de(KING ING Y WG MPOC 7
Onw¢ £idoue kKol 010 moPE&de LYHA 3 TO OAOKANPWUX TToU éXel o deiktng eival 0 @ 2mi
dpa o delkine Bo malpvel TIPég 1o 0 ) To 1. e €1OLKEC EPLITOOE LG TTaipve Ll Kol &AAEC

TLuéC , euelc Suwg dev Ba coxoAnboUue ue AUTEC.

Egpappoyég: (UroAoyiopog TTpayHaTikWy oAOKANPWHATWY HE HIYAdIKEG TEXVIKEC)

v,

(x)
(x)

dx , P,Q moAudvuud.

@)

0
1. Na vnodovyiotel t0: I
—00

[Ipocoxn:

o. npénel degQ-degP>2 kol Q(x)#0 , x€R (dev éxeL plleg ot0 R).

B. @ewpolue TNV Q 010 &vw NuiLenimedo, KoL TNV avdyw O PLyod LKD.
I.X Q(x)=x2:>Q(z)=z

Kol €0Tw z, pe (k=1,2,...,m) oL pilec tou Q o010 &vw Nuientimedo.

AnodetkvUetal OTL: J. 5 EX;dX: ZHiZRes(Z EZ;,Z}()
e X k=1 z

2

vl
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2. No umoAoy LOTOoUV T OAOKANPOUATH TNG WOPENC:
jR(x)cosxdx gl jR(x)sinxdx

P
Topo Rzzéy Q,P mpoypoT LK& TTOAUGVUUX
IPOCOXN:
npénet degQ>degP kol Q(x)#0 , xeR. (deg= Babudc moAUOVULOU)
Kol é0tw z, (x=1,2,...,m) ndéhotL tnG R(x) oto &vw nuienimedo.

Amode LRVUsTOL OT L:
IR(x)cosxdx::Re{ZniEZRes(R(z)e”,;)
b k=1

Avii{otoLlyo:

jR(x)sinxdx::hn{ZnijiRes(R(z)em,;J}

k=1

=00

2o
3. No vunnoAoylLotel TO OAOKANPWOU : jR(cos@,sine)de,R; pnTH ouvAdpInon
0

t61€:
1
2n z+— z——
. z z |dz , P )
IR(COS@,SlH@)d9= jﬁR ———3—75— — ( pe TV XPNHON TOU HETAOYXNUAT LOUOU z=¢e
1Z

0 |z|=1

KOL OTNV OUVEXE LN XpNnoLludmold 1o @cdpnua OAOKANPWT LKOV UIOAO (mmwv.
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TTapddeiypa 3:
T de

Noo unoAoytotel to: | ————
, 9+s1inod

SUReOVO 1e TNV epappovh 3. Halpve Tov petaoynuot loud z=e'’

1
oi® _ o710 A .
Apa: sinb = =—2 dz=1ie'd6=1izd6.
21 21
Ocwpd TNV C: {z:|z|=1}
Fde 1 dz 2
'Apa:j : :j —= :IZ—‘dz(l)
, 5+sin6 ¢ 1)iz £3z°+10iz-3
g
5+3 Z
21

OL mbAoLl Tng oudptnong €lval ot pllec TOU MUPAVOUXCTY:
-i/3, =31i. 6¢éAw toug mbAoucg nou PBplokovtal "évtog" tng C, dnAadn tov —1/3.

Apa ad 10 Bedhpnuot OAOKANPWT LKOV unoioinwv Tou Cauchy:

2
[-=—"——dz=2mi*Res(£(2),-1/3) (2)
2 3z"+10iz-3
. 2 .
O -1/3 elval amAég mdrog &po: Res (f(z),-1/3)= lim (z+1/3)-——————=...=1/4i
z>-i/3 3z°+101iz-3
2 . .
Apa ( :>J.—d2=21'[l(1/4l)=1'[/2
3z°+10iz-3
TTapddeiypa 4:
No Aubel T0O: —dx
1+x
, dx , . . .
Oswph TNV f(z)=l - Ot méroL tng £ oto avew nuieninedo eival :
+x
z, =e'™* 7z, =&’ (elval kot oL €, e’ aAN& avAikouv 010 K&Tw nuLenimedo)
1
AMANG Res ( O)—
ZO
V2 V2 V2
Apo: | —dx=2ni) Res(f(z),z)=..=—0+i)+—(1-1i)=—mn
® J.l-l—x kz; ) %) 5 ¢ 5 ¢ 2

TEAOZ
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