
Μοντελοποίηση και Ανάλυση Μοντελοποίηση και Ανάλυση 
Απόδοσης ∆ικτύωνΑπόδοσης ∆ικτύων

Μαθηµατικά για Μαθηµατικά για 
Τηλεπικοινωνίες (Ρ/Η)Τηλεπικοινωνίες (Ρ/Η)

Ιωάννης Σταυρακάκης

(A) Basics of Stochastic Processes

(B) Basic Network Modeling, Performance 
Evaluation and Design

•2006



PART APART A
BASICS OF STOCHASTIC PROCESS BASICS OF STOCHASTIC PROCESS 

Probability and random variables: 
Bernoulli trials; Poisson 
Stochastic Processes: independent 
increments; Wiener & Poisson 
Processes; stationarity & ergodicity 
Markov Processes 



RELATIVE FREQUENCYRELATIVE FREQUENCY--BASEDBASED
probabilityprobability

1. Requires experimentation
2. n is usually finite approximation
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3. Convergence implies that as n->∞:
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AXIOMATIC DEFINITION OF AXIOMATIC DEFINITION OF 
PROBABILITY PROBABILITY –– PROBABILITY SPACEPROBABILITY SPACE

Probability Space: {Ω,F,P}
Ω: Sample space
F: σ-field generated by Ω
P: A probability measure. It is a set 
function on F satisfying:
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BERNOULLI TRIALSBERNOULLI TRIALS

Consider a simple experiment with Ω={s,f}, 
P(s)=p & P(f)=1-p=q
Consider 2 indep. experiments: 
Ω1=ΩxΩ={ss,ff,sf,fs}, 22 possible 
outcomes
Consider n indep. experiments: 
Ωn=Ωx…xΩ={…}, 2n possible outcomes
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Joint Probability:Joint Probability:
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•(indep. experiments)

•Question: Prob. of k successes in n trials = ?
(A) Consider a pattern Π (outcome in Ωn) counting k successes

This prob. is the same for 
ANY pattern with k successes 
•& n-k failures

(B) Consider all possible legitimate patterns. There are:
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Answer:
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POISSON PROBABILITY LAWPOISSON PROBABILITY LAW
Assume n->∞, p->0 such that np=a

(a=rate of success)
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Comment:
If n large and p<<1 approximate b(k,n,p)≈e(-np) (np)k /k! 
Cummulative arrivals contributed by a large # of 
independent sources can be modeled as Poisson
Above plus other properties of Poisson process, make it 
a good traffic model



RANDOM VARIABLES (RV)RANDOM VARIABLES (RV)
A mapping X from Ω into the real numbers satisfying:
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SOME PROPERTIES OF PDFSOME PROPERTIES OF PDF
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EXAMPLEEXAMPLE--PDFPDF
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SOME PROPERTIES OF SOME PROPERTIES OF pdfpdf
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MORE ON RVsMORE ON RVs

Conditional & joint PDF/pdf/PMF; 
expectations; moments, moment generating 
functions & characteristic functions

EXAMPLE:
Given FX(x) and B={X≤10} calculate FX/B(x/B)

ANSWER:
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Note:
• Given X≤10, cond. PDF must reach 1 at x=10
• P{X>10} is “distributed” to values of X≤10 by 

increasing the original mass by 1/P{X≤10}
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EXAMPLE: EXAMPLE: memorylessmemoryless property of property of 
exponential RVexponential RV
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Consider that duration of calls is exp

QUESTION: Given that a call is still on t units after 
initiation (i.e., X≥t), calculate the probability it will still
be on after s time units ( i.e.,find A=P{X>t+s|X>t} )
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•ANSWER:
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SEQUENCES OF RVs {XSEQUENCES OF RVs {X11, X, X22,…,,…,XXnn,…,… }}

What is the behavior as Xn as n->∞ or n is very large?
What is >> >>     as Σn

i=1Xn >> >> >> >>   ?

SOME KEY QUESTIONS:

Determining a behavior in steady-state (i.e. Xn, n->∞); 
also existence
Dealing with averages of large number of samples

USEFUL IN:



SENSES OF CONVERGENCE OF SENSES OF CONVERGENCE OF 
{{XXnn((ωω)})}-->X(>X(ωω))

(a) Everywhere (e.): iff it holds ;ω[Ω
(b) Almost Everywhere or with probability 1 

(a.e./wp1): iff it does not hold ONLY for ω[A with 
P(A)=0

(c) In Probability: 
iff limn->∞P{|Xn(ω)-X(ω)|≥ε}=0 ;ε>0

(d) Mean Square (M.S.):
iff limn->∞E{|Xn(ω)-X(ω)|2}=0

(e) In distribution: iff limn->∞ FXn(x)=FX(x)
; point x of continuity



COMPARISON OF SENSES OF COMPARISON OF SENSES OF 
CONVERGENCECONVERGENCE
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COMPARISON OF SENSES OF COMPARISON OF SENSES OF 
CONVERGENCECONVERGENCE

EXAMLE/APPLICATION: LAW OF LARGE NUMBERS: (Averaging)

SLLN) - Numbers Large of Law (Strong a.e. }{
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EXAMPLE: Proof of WLLN for i.i.d. RVs {XEXAMPLE: Proof of WLLN for i.i.d. RVs {Xii}}

Using Chebyshev’s inequality for Yn=Sn/n :
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EXAMPLE/APPLICATION: CENTRAL EXAMPLE/APPLICATION: CENTRAL 
LIMIT THEOREM (normalizing)LIMIT THEOREM (normalizing)

)holds alwaysit  , and i.i.d.  iff(

)PDF Normal()1,0()(conditions generalunder 
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COMMENT ON CLTCOMMENT ON CLT
To hold look for a lot of RVs with good variability
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: wellasdomain  in time sconclusion Same
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Alternatively, the above
variance requirement
can be stated as:



STOCHASTIC PROCESSESSTOCHASTIC PROCESSES

},,{ space Prob PFΩ

ItX ∈Ω∈ ,,)(t, mappingA ωω
(index set e.g. time 
(discrete or continuous))

00  fixedany for  RV a is ),( iff process stochastic a is ttX ω
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RV a is  )(, fixedFor 
RV) a of (case numbers real of instead functions  timecontains X(t)
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deterministic tine function
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DESCRIPTION OF A STOCH PROCESSDESCRIPTION OF A STOCH PROCESS
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Can be facilitated by:

Taking advantage of special structure of some 
processes (indep. increments, Markov, etc.)
Stationarity
Ergodicity



PROCESS WITH INDEPENDENT INCREMENTSPROCESS WITH INDEPENDENT INCREMENTS
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StationarityStationarity
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THE WIENER PROCESSTHE WIENER PROCESS
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THE WIENER PROCESSTHE WIENER PROCESS
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Definition of Wiener ProcessDefinition of Wiener Process

The Wiener process (or Wiener-Levy 
or Brownian motion) is the process 
whose distribution is the limiting 
distribution of XT(t) as T->0; the 
jump size δ goes to zero as well and 
X(t) is a continuous state continuous 
time stochastic process.
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t

Xr(t) X(t)Xn

Wiener process models the chaotic motion of gas molecules.



NoteNote::
{Xn}n is the sum of n i.i.d. RVs wi

(Central Limit Theorem) limiting process (as n 
increases) would be Gaussian, and the same 
would be expected for X(t), the Wiener 
process (as t->0).
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The Wiener process is an example of Gaussian 
process since all nth-order pdf’s are Gaussian. 
This can be seen intuitively as follows:
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Using the pdf for the increment ∆ 
and the independent increment 
property of the Wiener process we 
can derive the nth-order pdfs and 
show they are Gaussian.
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Covariance or autocorrelation function:
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MEAN SQUARE CALCULUS & MEAN SQUARE CALCULUS & 
ERGODICITYERGODICITY

CALCULUS: Define limits, integrals & 
derivatives for SPs

ERGODICITY: Condition under which 
time averages=ensemble (over Ω) 
averages



Mean Square ContinuityMean Square Continuity
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Mean Square Derivative at tMean Square Derivative at t

0.at  exists  )(  :SP  for WSScondition  S&N :Note
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Moments of the Derivative SPMoments of the Derivative SP

)increments indep. with SP afor  expected (as

indep. Gaussian since and ted)(uncorrela  whiteisit  i.e.)(
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Mean Square IntegralMean Square Integral

exists),(:condition S& N

number a at   of value)(),(

R.V.) (a)( :Note

2121

00

dtdtttR

YYdttX

YdttX

b

a
X

b

a

b

a

b

a

∫∫

∫

∫

===

=

ωωω

a b
it∆

it

),( 0ωitX
),( 0ωtX

deterministic
signal

t



∫∫ ∫

∫

∫ ∫∫

∫

∫ ∫

∫

∫

−− −

−

−==−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

==

=

===

=

T

T
X

T

T

T

T
XY

T

T

b

a

b

a
X

b

a
XY

b

a

b

a

b

a
X

b

a

b

a

dTKdtdtttK

dttXYtX

dtdtttRYEdtt

dttXY

dtdtttR

YYdttX

YdttX

2

2
2121

2

2121
2

2121

00

|]|2)[()(

:)( SP    WSS)(for  Example

),(}{,)(

)(For  

exists),(:condition S& N

number a at   of value)(),(

R.V.) (a)( :Note

τττσ

µµ

ωωω

K



 Wiener)is )( then Gaussian, also is )( (if

)(

)(),(

:)()( SP  whitemean, zero )(for  Example

0
10

0
2121

2

2121

0

tXtn

AtdtAdtdtttA

ttAttK

dntXtn

t
t

t

X

n

t

==−=

−=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

∫∫ ∫

∫

δσ

δ

ττ



ERGODICITYERGODICITY

sense. somein  ergodic )( if Yes
:Answer

}E{}A{

:Question

neededbut  possiblenot   typicallyare )}{( Averages Ensemble
possible are ),( of) (functions of )}{( Averages Time

ztionpath/reali sample a),( SP, a is )(

?

0

0

tX

E
tXA

tXtX

⋅=⋅

⋅
⋅
=

ω
ω



)()},(),({)},(),({

),(),(For 

)},({)},({)},({

),(For 
:Examples

 weightsasy probabilit ingcorrespond with the
  allover   of averagean }{

2
1lim}{lim}{

:sDefinition

00

?

00

00

00

?

0

0

0

τωτωωτω

ωτω

µωωω

ω

ω

ω

X

X

T

T
TTT

RtXtXEtXtXA

tXtX

tXEtXEtXA

tX

E

dt
T

AA

=+=+

+=•

===

=•

•=⋅

•=⋅=⋅ ∫
−

∞→∞→



E)(constant   timeof indep. be alsomust  }{  
 then}{}{ if  

 time,of indep. is }{ Since :Argument

extentcertain  a  toinvariant)shift  (time
stationary bemust it  ergodic be  toPOSSIBLE be  to)(For 

ty)stationari somefor  (need 

⋅
⋅=⋅

⋅

E
AE

A

tX

   ANOBSERVATIOIMPORTANT



   average ensemble  toequivalent becomes average  time that theso ,any 
for as duration" &frequency "proper   with theandbehavior  of

kinds all over timeexhibit  should ),(,any For 
average  timeaby  leidentifiab NOT is  that so ),(

otherany  like over time behave should ),(,any For 
:regularityfor  needon Comment 

A)(constant   of indep. be alsomust  }{  
 then}{}{ if  

ω, of indep. is }{ Since :Argument

) of indep. be averages  time(i.e.
regular bemust it  ergodic be  toPOSSIBLE be  to)(For 

)regularity somefor  (need   

00

00

ω

ωω
ωω
ωω

ω

ω

tX
tX

tX

A
EA

E

tX

i

>

>

⋅
⋅=⋅

⋅

B NOBSERVATIOIMPORTANT



 )  theoremsFubinni' - eableinterchang are operators {}&{} ifmet  is (c) (

equal are  and  Constants (c)
 )(constant) }{(regular  isIt  (b)

)(constant) }{(extent  some  tostationary isIt  (a)
: if ergodic is )(:

AE

AE
AA

EE
tX

=⋅
=⋅

DEFINITION

ergodic.not   ),

regular)not ()},({:Average Ensemble
invariant)-shift (time0}{)},({:Average Ensemble

for   
4
1)(,

for    ),(,}2,1,1,2{:

ω

ωω
ωω

ωω

ωω

X(t

tXA
EtXE

P

ttX

=
==

Ω∈=

∞<<∞−=−−=ΩEXAMPLE



M.S. ERGODICITY IN THE MEANM.S. ERGODICITY IN THE MEAN

(**))(
)2(

1

00}|)}({{|(*)

(**)0)()
2

||1(
2
1lim

(*)(m.s.))(
2
1)}({

21212
2

22

2

2

=−=

→⇔→−⇔

=
⎭
⎬
⎫

⎩
⎨
⎧

−

→=

∫ ∫

∫

∫

− −

∞→∞→

−
∞→

−
∞→

dtdtttK
T

tXAE

dK
TT

dttX
T

tXA

T

T

T

T
XA

TATXT

X

T

T
T

X

T

T
TT

T

T

σ

σµ

τττ

µ

:Proof

:condition S&N

:Def



Examples:Examples:

{ }
∞→=

+=⋅+⋅<

><
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+<

→∞<

→<∞<

∫∫

∫∫

<<
−

∞→

∞→

∞

∞−

∞

∞−

T
T

aK
TdKa

T

aKadKdK
T

tXKK

tX

dK
T

dK

X
X

XTa XX

XX

TXX

 as smally arbitraril

2
2

)0(2
4)0(2

2
1

)||,|)(:|(|)(||)(|
2
1(**):Proof

mean in the ergodic is )(  then 0)(&)0( if(b)

mean in the ergodic is )( and

0|)(|
2
1(**)then  |)(| if(a)

2||

εετ

τετττττ

τ

ττττ

τ

α

α

τ



M.S. ERGODICITY IN THE M.S. ERGODICITY IN THE 
AUTOCORRELATIONAUTOCORRELATION

[
]

0)()
2

||1(
2
1(**)

)()()( SPfor 

.).()}({)}({:Equivalent

.).()()}()({

2

2

*

*

∞→Φ
−

∞→

∞→

→−⇒

+=Φ

Φ→Φ

→+

∫ T

T

T

TT

XTT

dK
TT

tXtXt

smtEtA

smRtXtXA

τττ

λ

λλ

λ

λ

λλ

:condition S&N

:Def



M.S. ERGODICITY IN DISTRIBUTIONM.S. ERGODICITY IN DISTRIBUTION

}{  toequal be  to}{for  expextedy intuitivel
tindependenally asymptotic be should,or

)()(),(i.e.

, as 0  vanish toshould ),( that implies(**)

*)*(*)]([),(

)}],({[)},(),({),(where

0),()
2

||1(
2
1(**)

)(),(
2
1)},({

otherwise0
)(if1

),(:functionIndex 

2

2*

2

2

XX

tt

XXTXX

I

XXX

XXXI

TI

T

T

X

T

T
TXXT

X

IEIA
XX

xFxFxxF

TxK

xFxxF

txIEtxItxIExK

dxK
T

xFdttxI
T

txIA

XtX
txI

tttt

X

ttt

X

X

τ

τ

τ

τ

ττ

ττ
τ
τ

+

∞→

∞→
−

−
∞→

⋅→

∞→

−=

−+=

→−⇒

→=

⎩
⎨
⎧ ≤

=

+

+

∫

∫

:Note

:condition S&N

:Def


