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Tight Performance Bounds for Permutation
Invariant Binary Linear Block Codes over

Symmetric Channels
Kostis Xenoulis,Student Member, IEEEand Nicholas Kalouptsidis

Abstract—Random coding performance bounds forL-list per-
mutation invariant binary linear block codes transmitted over
output symmetric channels are presented. Under list decoding,
double and single exponential bounds are deduced by considering
permutation ensembles of the above codes and exploiting the
concavity of the double exponential function over the region of
erroneous received vectors. The proposed technique specifies fixed
list sizes L for specific codes under which the corresponding
list decoding error probability approaches zero in a double
exponential manner. The single exponential bound constitutes a
generalization of Shulman-Feder bound and allows the treatment
of codes with rates below the cutoff limit. Numerical examples of
the new bounds for the specific category of codes are presented.

Index Terms—Double exponential function,L-list permutation
invariant codes, list decoding error probability, reliabi lity func-
tion.

I. I NTRODUCTION

ERROR probability is a significant indicator of the trans-
mission efficiency of coded information through a wide

variety of communication channels. Closed form expressions
for the calculation of the error probability are hard to establish
in general, and thus tight analytical bounds are sought [1].
Classical treatments [2, Ch. 5] as well as modern approaches
[3, Secs. 2-3] provide tight bounds mostly for random and
structured families of codes (turbo codes [4], LDPC codes
[5]), since the latter are treated more easily than specific codes.
Thus the existence of at least one optimum code within these
families is ascertained, but its respective characteristics remain
unknown. On the other hand, random coding techniques, even
though uncapable of finding optimum coding schemes, do
provide bounds for information transmission rates up to the
channel capacity and thus are preferable. Preliminary work
towards combining random coding bounds for specific codes is
reported in [6], where artificial ensembles of codes, invariant to
error decoding probability, are constructed. The development
of new tight bounding techniques is crucial to the design of
specific codes with optimum characteristics which can achieve
arbitrarily low error decoding probability with rates close to
the channel’s capacity.

In this paper, a new tight upper bound on the list decoding
error probability of specific classes of codes over binary
input symmetric output memoryless channels is derived. It is
motivated by the effort to smooth out the influence of the
union bound effect in the evaluation of the error probability.
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The proposed bound relies on the double exponential function
rather than the standard exponential employed in the Chernoff
bounding technique, as for example in [7]. The random coding
argument is employed in the analysis through the set of all
possible symbol positions permutations of the given code. Due
to the symmetry of the channel and the specific structure of
the treated codes, the list decoding error region is common to
all codes of the ensemble. Furthermore, the relaxation of the
new bound to a single exponential one, allows the derivation
of a random coding bound for the previous category of codes
with rates below the cutoff limit. This is in accordance to [8],
where lower bounds on the list decoding error probability are
derived for all code rates below capacity.

In the rest of this work, Section II provides a new upper
bound on list decoding error probability and moreover intro-
duces the notion ofL-list permutation invariant codes. The
random coding argument is applied to the previous class of
codes and in relation with the new upper bound it leads, in
Section III, to a tight bound on theL-list decoding error
probability. Additionally, the extension of the generalized
version of Shulman-Feder bound (SFB) [9, eq. (A17)], [10]
is made feasible through the relaxation of the previous bound.
Section IV provides numerical examples of the introduced
bounds while discusses a way to lower bound tightly the
reliability function of the considered channels. Finally,Section
V concludes the present analysis and includes directions for
further research.

II. PERMUTATION INVARIANCE AND ERROR PROBABILITY

ANALYSIS

Consider the transmission of an arbitrary set of messages
M, with cardinality M , through a binary input, symmetric
output discrete memoryless channel. Each messagem, 0 ≤
m ≤ M − 1, is encoded to anN -length codewordcm
that belongs to a given(N,R) binary, linear block codeC
and is transmitted through the channel. The codewords of
C are denoted byc0, . . . , cM−1, where c0 is the all-zero
codeword,ci ∈ IN , I = {0, 1}, while Sl, 0 ≤ l ≤ N with
S0 = 1 denotes the distance spectrum ofC. The minimum
Hamming weight of the codewords inC is denoted bydmin,
while wtH(ci) is the Hamming weight of the binary vector
ci. The transition probability measure of the channel, given
the transmitted messagem, is Pr(y|cm), where y is the
received vector at the output of the channel, also of length
N . The output alphabet isJ and hencey ∈ JN . The error
transition probability of the channel isp/(q − 1), whereq is
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TABLE I
COSET WEIGHT DISTRIBUTION MATRIXΓ OF THE REED-MULLER R(1, 4) CODE.

Number of vectors of given weight

Coset

Weight 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0 1 30 1

1 1 15 15 1

2 1 7 16 7 1

3 1 3 12 12 3 1

4 2 8 12 8 2

4 4 24 4

5 6 10 10 6

6 16 16

the cardinality of the channel’s output alphabetJ . All vectors
of lengthN considered in the analysis are column vectors.

Remark 1:Under the previous channel modeling setup, the
proposed results apply either to a binary symmetric chan-
nel (BSC) with q = 2 or to the more general case of a
binary-input, ternary-output channel with transition probability
P (0|1) = P (1|0) = p/(q − 1) and erasure probability
P (e|1) = P (e|0) = p(q − 2)/(q − 1) (of courseP (0|0) =
P (1|1) = 1− p).

The translatey + C = {y + c : c ∈ C} of a binary linear
codeC by any vectory ∈ J N is called a coset of the code,
while a vector of smallest weight within the coset is called a
coset leader. The weight distribution of a coset is defined in
the same way as the distance spectrum ofC.

Definition 1: The coset weight distribution (or distance)
matrix Γ of a binary linear block codeC is defined as the
K × (N + 1) matrix having as rows all theK distinct coset
weight distributions ofC. The first row ofΓ is the distance
spectrum{Sl}

N
l=0 of the code, while the other rows are sorted

according to the weight of their coset leaders (coset weight).
In the analysis following, matrixΓ is especially useful since
it reveals the number of codewords a received vectory has
within distancewtH(y). Namely, if a cosetC + y has weight
distribution{Γκ,w}

N
w=0 for someκ ∈ [1,K], theny hasΓκ,w

codewords ofC at exact distancew.
Letting list decoding be performed at the output of the

channel with fixed list sizeL, the conditional error decoding
probability ofC, given the transmission of message0, satisfies

PL
e|0,C =

∑

y∈Y L

0,C

Pr(y|c0, C) (1)

where

Y L
0,C = {y ∈ J N : ∃{li}

L
i=1, li 6= 0 :

Pr(y|cli , C) ≥ Pr(y|c0, C), for all i ∈ [1, L]}. (2)

Since the channel is memoryless and output symmetric,Y L
0,C

is equivalently expressed as

Y L
0,C = {y ∈ J N : ∃{li}

L
i=1, li 6= 0 :

wtH(y + cm) ≤ wtH(y), for all i ∈ [1, L]}. (3)

Moreover, if forλ, ρ ≥ 0 we set

ΩL(y, C, λ, ρ) =
LρPr(y|c0, C)

λρ

(
∑

m 6=0 Pr(y|cm, C)
λ
)ρ (4)

then, due to the definition in (2), we have fory ∈ Y L
0,C ,

1 ≤ e1−eΩL(y,C,λ,ρ)−1

(5)

and thus the error decoding probabilityPL
e|0,C in (1) is upper

bounded as

PL
e|0,C ≤

∑

y∈Y L

0,C

Pr(y|c0, C)e
1−eΩL(y,C,λ,ρ)−1

. (6)

In caseL = 1, (6) consists an upper bound on the maximum
likelihood (ML) error decoding probability. The current work
is confined to the followingL-list permutation invariant codes.

Definition 2: An (N,R) linear binary codeC with coset
weight distribution matrixΓ is L-list permutation invariant if
both the following proporties are satisfied:

L1 : there exists awopt ≥ ⌈dmin/2⌉ such that

L = min
κ∈[1,K],Γκ,wopt 6=0

Γκ,wopt
− 1 > 0

and
max

κ∈[1,K],w<wopt

Γκ,w < L+ 1.

L2 : For all κ ∈ [1,K], there exists awL
κ > wopt such that

Γκ,wopt+1 = . . . = Γκ,wL
κ−1 = 0 andΓκ,wL

κ
≥ L+ 1.

If the previous conditions are met forL = 1, then we call the
specific code ML permutation invariant.

Example 1:Consider the Reed-MullerR(1, 4) code with
the corresponding8 × 17 coset weight distribution matrixΓ,
shown in Table I [11, Table 11.7]. The possible values ofwopt

andL, under which conditionsL1, L2 are met, are examined.
For wopt = ⌈dmin/2⌉ = 4, propertyL1 is satisfied forL = 1.
Moreover, forw1

1 = 8, w1
2 = 7, w1

3 = 6, w1
4 = 5, w1

5 = 6,
w1

6 = 8, w1
7 = 5, andw1

8 = 6, all corresponding entries in
Γ satisfyΓκ,w1

κ
≥ 2. Consequently, propertyL2 is also met

by the specific code andR(1, 4) is ML permutation invariant.
If wopt = 5, thenL = minκ∈[1,8] Γκ,5 − 1 = 2 violates the
second part of conditionL1, sincemaxκ∈[1,8],w<5Γk,w = 4 >
L + 1 = 3. For wopt = 6, L = minκ∈[1,8]s Γκ,6 − 1 = 6 and
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both conditionsL1, L2 are satisfied. ThusR(1, 4) is 6-list
permutation invariant.

From anL-list permutation invariant codeC, we construct
an ensemble of codesE by considering all possible symbol
position permutationN ×N matricesP . A position permuta-
tion matrix P has a single1 in every row and every column
and is orthogonal,PPT = PTP = I, whereI is theN ×N
identity matrix andPT the transpose matrix ofP . Let for
example

C =
{
cT0 = 000, cT1 = 011, cT2 = 100, cT3 = 111

}

and

P =





0 1 0
0 0 1
1 0 0



 .

Then, the permuted code is

PC =
{
PcT0 = 000,PcT1 = 110,PcT2 = 001,PcT3 = 111

}

andP corresponds to the symbol position permutationΠ =
{2, 3, 1}. The lemma provided below is crucial in the deriva-
tion of the new tight bound on the list decoding error proba-
bility.

Lemma 1:For an (N,R) binary linear block codeC that
is L-list permutation invariant, all codes in the permuted
ensembleE have the same error decoding regionY L

0 .
Proof: In the originalL-list permutation invariant code

C, assume the received vector isy ∈ Y L
0,C where the weight

distribution of the unique cosetC + y is {Γν,w}
N
w=0. Due

to the restriction imposed by conditionL1, it must be that
wtH(y) ≥ wopt. Indeed, ifwtH(y) < wopt, theny will have
at mostL−1 codewords, not including the all zeros codeword
c0, within Hamming distancewtH(y) and thus will not cause
a list decoding error.

Let such a received vectory ∈ Y L
0,C , with wtH(y) = wopt.

Theny hasΓν,wopt
− 1 ≥ L codeword(s), different fromc0,

at Hamming distancewopt. Let, for any permutation matrix
P , the corresponding permuted vectorPTy of y ∈ Y L

0,C .
Vector PTy is also of weightwopt while the coset weight
distribution of C + PTy is denoted by{Γξ,w}

N
w=0, where

ξ does not necessarily equalν. SinceL is selected as the
minimum non-zero term of thewopt column of Γ minus
1 and Γκ,w ≤ L for all κ ∈ [1,K], w < wopt (property
L1), PTy also hasL codewords{cli}

L
i=1 of C, apart from

the all-zeros codewordc0, at distancewtH(y) = wopt, i.e.
wtH

(
PTy + cli

)
= wtH(y), i ∈ [1, L]. ThusPTy ∈ Y L

0,C .
Moreover it is noted that

wtH
(
PTy + cli

)
= wtH

(
P
(
PTy + cli

))
=

wtH (y + Pcli) = wtH(y). (7)

The innermost equality in the right hand side of (7) indicates
that y also hasL codewords, apart fromc0, of the permuted
codePC at distancewtH(y). Hence,y ∈ Y L

0,C causes a list
decoding error inPC.

Let y ∈ Y L
0,C with weight wtH(y) = wL

ν , for some
ν ∈ [1,K], and the weight distribution of the corresponding
cosetC + y, {Γν,w}

N
w=0. For any permutation matrixP , the

weight distribution of cosetC+PTy is denoted by{Γξ,w}
N
w=0,

whereξ is not necessarily equal toν. Then, due to property
L2, PTy hasΓξ,wL

ξ
− 1 ≥ L codewords ofC, apart fromc0,

at Hamming distancewL
ξ ≤ wL

ν . Equality holds in the latter
relation in case cosetsC + y and C + PTy have the same
weight distribution. Consequently,PTy ∈ Y L

0,C , while the
weight transformation (7) guarantees thaty also causes a list
decoding error in the permuted codePC. Finally, in all other
cases wherey ∈ Y L

0,C andwtH(y) > wL
κ for all κ ∈ [1,K],

PTy always hasminκ∈[1,K]Γκ,wL
κ
− 1 ≥ L codewords ofC

within distancewtH(y) and thusPTy ∈ Y L
0,C.

In relation with the proof of Lemma 1, the proper selection
of fixed list sizeL, under propertyL1, guarantees that permu-
tations of erroneous received vectorsy of minimum weight
are also erroneous. On the other hand, propertyL2 assures
that all received vectors of weightwtH(y) > wopt will have
within distancewtH(y) at leastL codewords ofC.

III. N EW TIGHT UPPERBOUNDS

Due to the channel symmetry, the average list decoding error
probabilityPL

e of any codeC, over all messages inM, equals
PL
e|0,C [12, Appendix C]. Thus, any bound onPL

e|0,C is also
a bound onPL

e . Moreover, for aL-list permutation invariant
codeC, in all codes of the ensembleE constructed in Section
II, message0 is encoded into the all-zeros vectorc0. Thus,
Pr(y|c0, C) = Pr(y|c0). Consequently, if we take the average
overE on both sides of (6), then due the error decoding region
invariance property stated in Lemma 1, we have

PL
e|0 ≤

∑

y∈Y L

0

Pr(y|c0)E
[

e1−eΩL(y,C,λ,ρ)−1
]

. (8)

Note that the functionexp(1 − exp(x − 1)) is concave for
0 ≤ x ≤ 1 since

d2e1−ex−1

dx2
= e−1−e−1+x+x (−e+ ex) ≤ 0, for 0 ≤ x ≤ 1.

Moreover, for anyy ∈ Y L
0 , ΩL(y, C, λ, ρ) ≤ 1. Therefore,

application of Jensen’s inequality to the right hand side of(8)
gives

PL
e ≤

∑

y∈Y L

0

Pr(y|c0)e
1−eE[ΩL(y,C,λ,ρ)]−1

. (9)

The following technical lemma is useful in the derivation of
a closed form upper bound onPL

e . The proof is provided in
Appendix A.

Lemma 2:The mean value of the double exponent in (9) is
lower bounded for allρ′ ≥ 0 by

E [ΩL(y, C, λ, ρ)] ≥ Lρ′P Pr(y|c0)
ρ′

1+ρ′



(M − 1)ρ
′P ·

(
N∑

l=0

bl

(
vl
bl

)Q
)ρ′ P

Q
(
∑

x∈IN

2−NPr(y|x)
1

1+ρ′

)ρ′




−1

(10)
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where

bl =

(
N
l

)

2N
, vl =

Sl

M − 1
, 0 ≤ l ≤ N,

1

P
+

1

Q
= 1, P,Q ≥ 1. (11)

Combining Lemma 2 with (9) and passing fromY L
0 to the set

of all received vectorsY , we get

PL
e ≤

∑

y∈JN

Pr(y|c0) exp







1− exp








2Nρ′

Lρ′P

(M − 1)
ρ′P

·

Pr(y|c0)
ρ′

1+ρ′

(
∑N

l=0 bl

(
vl
bl

)Q
)ρ′ P

Q (∑

x∈IN Pr(y|x)
1

1+ρ′

)ρ′

− 1















.

(12)

The previous analysis introduces a new double exponential
upper bound on the averageL-list decoding error probability
of an (N,R) binary, linear block codeC. The proof of the
following theorem is provided in Appendix B.

Theorem 1:Consider an(N,R) binary linear block codeC
which is L-list permutation invariant with distance spectrum
Sl, 0 ≤ l ≤ N and coset weight distribution matrixΓ. C is
utilized in the transmission of an arbitrary set of messagesM,
with cardinalityM = 2NR, over a binary input, symmetric
output discrete memoryless channel. Ifp/(q − 1) is the error
transition probability of the channel, then the averageL-list
decoding error probability, over all messages inM, PL

e of C
is upper bounded for allρ′ ≥ 0 as

PL
e ≤

N∑

h=0

(
N

h

)

(1− p)
N−h

(
p

q − 1

)h h∑

k=δ(q−2)h

(
h

k

)

·

(q − 2)
h−k

exp







1− exp








(M − 1)
−ρ′P

2Nρ′

Lρ′P

(
∑N

l=0 bl

(
vl
bl

)Q
)ρ′ P

Q

·

(

(1− p)
N−h

(
p

q−1

)h
) ρ′

1+ρ′

K1(p, q, ρ′)
N−h+k

K2(p, q, ρ′)
h−k

− 1

















(13)

where

K1(p, q, ρ
′) =

(

(1− p)
1

1+ρ′ +

(
p

q − 1

) 1
1+ρ′

)ρ′

,

K2(p, q, ρ
′) =

(
p

q − 1

) ρ′

1+ρ′

,
1

P
+

1

Q
= 1, P,Q ≥ 1

and δ(q − 2) =

{
1, q = 2
0, otherwise

. (14)

We note that the upper bound of Theorem 1 fails to repro-
duce the random coding exponent for anL-list permutation

invariant codeC, as in [6, Th. 1]. Additionally, it does not
admit a closed form expression for continuous output channel.
Nevertheless, since

e1−ex−1

≤
1

x
, x > 0 (15)

the upper bound in (13) is tighter than the generalized version
of Shulman-Feder bound in [9, eq. (A17)], [12, Cor. 8].
Moreover, forL-list permutation invariant codes, application
of (15) in (13) provides a new version of the generalized SFB,
which nicely complements the one presented in [9, eq. (A17)].

Theorem 2:Under the assumptions of Theorem 1, the fol-
lowing bound holds forq ≥ 2 and allρ′ ≥ 0

PL
e ≤ e

−N

(

Eo(ρ
′)−ρ′

(

P (R− 1
N

lnL)+P
Q

1
N

ln
∑N

l=0 bl

(

vl
bl

)Q
))

whereEo(ρ
′) = − ln





(
1

2

)ρ′



(1− p)
1

1+ρ′ +

(
p

q − 1

) 1
1+ρ′

)1+ρ′

+ (q − 2)
p

q − 1



 (16)

and
1

P
+

1

Q
= 1, P,Q ≥ 1.

Proof: Forq > 2, application of (15) in (13) and grouping
of the terms(1− p)N−h and (p/(q − 1))h yield

PL
e ≤

(
M − 1

L

)ρ′P
(

N∑

l=0

bl

(
vl
bl

)Q
)ρ′ P

Q (
1

2

)ρ′N

·

N∑

h=0

[

(1 − p)
1

1+ρ′

]N−h
[(

p

q − 1

) 1
1+ρ′

]h

N !

(N − h)!h!
·

K1(p, q, ρ
′)
N−h

h∑

k=0

h!

k!(h− k)!
K1(p, q, ρ

′)
k
·

((q − 2)K2(p, q, ρ
′))

h−k
. (17)

Moreover due to the binomial expansion formula it holds

h∑

k=0

h!

k!(h− k)!
K1(p, q, ρ

′)
k
((q − 2)K2(p, q, ρ

′))
h−k

=

(K1(p, q, ρ
′) + (q − 2)K2(p, q, ρ

′))
h (18)

so that replacing (18) in (17) and collecting the terms raised
to theh and (N − h)-th powers respectively, we have

PL
e ≤

(
M − 1

L

)ρ′P
(

N∑

l=0

bl

(
vl
bl

)Q
)ρ′ P

Q (
1

2

)ρ′N

·

N∑

h=0

N !

(N − h)!h!

[

(1− p)
1

1+ρ′ K1(p, q, ρ
′)
]N−h

·

[(
p

q − 1

) 1
1+ρ′

K1(p, q, ρ
′) +

(
p

q − 1

) 1
1+ρ′

·

(q − 2)K2(p, q, ρ
′)

]h

. (19)
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Fig. 1. Comparison between the double exponential upper bound (21) and the new version (22) of the generalized SFB for thetransmission of theL-list
permutation invariant codes over a discrete memoryless BSCwith transition probabilityp under list decoding with fixed list sizeL.

Repeating the above arguments to the sum in the right hand
side of (19) and due to the definitions ofK1(p, q, ρ

′) and
K2(p, q, ρ

′) in (14), (16) is satisfied forq > 2. Similar
arguments validate (16) forq = 2.

We note here the upper bound of Theorem 2 can result
by direct application of (15) to (12). Furthermore, it is noted
that the bounds of Theorems 1 and 2 cannot result as special
cases of the bounding technique that leads to the DS2 bound
[9, eq. (8)], since in the latter no proper selection of the un-
normalized tilting measure can lead to the upper bound (12).

IV. A PPLICATIONS AND DISCUSSION

In order to simplify the calculation of the upper bounds of
Theorems 1 and 2 and afford coding exponents resembling the
random coding one, we proceed by removing the parameters
P,Q in the respective theorems. Specifically, we note that

1

N
ln

(
N∑

l=0

bl

(
vl
bl

)Q
) 1

Q

≤
1

N
ln max

0≤l≤N

(
vl
bl

)

= B(C).

(20)

Then, if we replace in (13) and (16) the upper bound (20) and
moreover allowP = 1 andQ → ∞, then we have respectively
for ρ′ ≥ 0

PL
e ≤

N∑

h=0

(
N

h

)

(1− p)
N−h

ph exp






1− exp







Lρ′

(M − 1)
ρ′ ·

(

(1 − p)
N−h

ph
) ρ′

1+ρ′

eNρ′B(C)
(
1
2

)ρ′N
K1(p, q, ρ′)

N
− 1













(21)

and

PL
e ≤ e−N(Eo(ρ

′)−ρ′(R− 1
N

lnL+B(C))). (22)

The nature of the above bounds under list decoding with
fixed list sizeL is illuminated by the following examples.

Consider the transmission of an arbitrary set of messagesM
over a discrete memoryless binary symmetric channel (BSC)
with error transition probabilityp. The 6-list permutation
invariantR(1, 4) code, presented in Table I is examined first.
The weight distribution of the specific code, illustrated inthe
first line of the matrix in Table I, facilitates the calculation
of the term in the right hand side of (20). Specifically, for
B(R(1, 4)) = 0.478523, the double exponential upper bound
(21) and the new version (22) of the generalized Shulman-
Feder bound are respectively optimized forρ′ ≥ 0. Results
are depicted in Fig. 1(a), where the tightness of (21) over (22)
is illustrated. For the aforementioned transmission procedure,
we consider next the Reed-MullerR(2, 5) code, where the cor-
responding coset weight distribution is depicted in [11, Table
11.4]. The specific code is not ML permutation invariant since
it does not satisfy propertyL1. On the other hand,L = 5 is the
minimum value under which conditionsL1,L2 are met. For
the previous valid fixed list size, the optimized versions ofthe
upper bounds (21) and (22) respectively are depicted in Fig.
1(b) for B(R(2, 5)) = 0.346574. Furthermore, in both Figs.
1(a), 1(b), the double exponential upper bound curves resemble
that of the double exponential functionexp(1− exp(x− 1)).

Finally, we perform a numerical comparison among the
double exponential bound (13) of Theorem 1, the new version
(16) of the generalized SFB of Theorem 2 and the DS2 bound
[9, eq. (8)]. Again, we consider the transmission ofL-list
permutation invariant codes over a discrete memoryless binary
symmetric channel (BSC) with error transition probabilityp,
performing list decoding with fixed list sizeL. Under the
previous setup, the DS2 bound is expressed for0 ≤ λ and
0 ≤ ρ ≤ 1 by

Pe|0 ≤

(
1

L

)ρ
(
∑

y

Pr(y|0)g(y)

)N(1−ρ)

·

(
N∑

d=dmin

Sd

(
∑

y

Pr(y|0)g(y)1−
1
ρ

)N−d

·



6 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. XX, NO. X, XXXX 2011

-5 -4 -3 -2 -1

-20

-15

-10

-5

0

log10HpL

lo
g 1

0H
P e
L

DS2 bound
New version of generalized SFB
Double exponential bound

(a) R(1, 4) with L = 6.
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(b) R(2, 5) with L = 5.

Fig. 2. Comparison among the double exponential upper bound(13), the new version (16) of the generalized SFB and the DS2 bound (23) for the transmission
of L-list permutation invariant codes over a discrete memoryless BSC with transition probabilityp under list decoding with fixed list sizeL.

(
∑

y

Pr(y|0)1−λ Pr(y|1)λg(y)1−
1
ρ

)d)ρ

. (23)

The optimized tilting measureg(y) in (23) is found by
numerical optimization for each value of the error transition
probabilityp. Numerical results are presented in Figs. 2(a) and
2(b) for the6-list permutation invariantR(1, 4) code and the5-
list permutation invariantR(2, 5) code respectively, where the
optimized versions of bounds (13) and (16) with respect to the
parametersρ′, P,Q and the optimized version of bound (23)
with respect toλ, ρ andg(y) are calculated. Furthermore, the
tightness of the double exponential upper bound over the new
version of the generalized Shulman-Feder bound as well as the
DS2 bound is clearly illustrated. In addition, even though the
generalized SFB results as a special case of the DS2 bound
by proper selection of the tilting measureg(y) [3, Ch. 4],
nevertheless for small values of the error transition probability
p, the new version of the generalized version of SFB is shown
to be tighter than the optimized version of the DS2 bound. This
is due to the fact that in the new version of the generalized
version of SFB optimization is performed with respect to all
ρ′ ≥ 0, in contrary to the standard generalized SFB, where
optimization is performed for0 ≤ ρ′ ≤ 1.
Discussion:

1) The calculation of the coset weight distribution matrixΓ
of (N,R) linear block codes is in general a computation-
ally hard problem. Nevertheless, the full knowledge of
every entry inΓ is not necessary for identifyingL-list
permutation invariant codes. Calculation of upper and
lower bounds for the terms in the first few columns are
sufficient for the previous identification. Such bounds
can be deduced for example by the degree approxima-
tion function in [13, eqs. (43), (44)], the coset weight
distribution inequalities by [14] or the modification of
Johnson bound [15, Ch. 3], and are currently under
investigation.
L-list permutation invariant codes exist also for longer
lengths. Consider for example the[56, 28, 12] self-dual

binary code of Table III in [16]. This code is44-list
permutation invariant since words of weight8 have at
most30 codewords at Hamming distance8, while words
of Hamming weight9 have either none or at least45
codewords at Hamming distance9. Furthermore, each
word of weight 8 has at distance10 more codewords
than at distance8 so that conditionL2 is satisfied. As
another example, we consider the family of extended
two-error correcting BCH code of lengthN = 2m

with m even and distance matrix that of [17, Cor. 6].
Selectingm = 8, we find that the specific code is2367-
list permutation invariant. Specifically, as is illustrated
in Table II(a), all words of weight4 have either none or
at least2368 codewords at distance4, while all words
of weight 3 have at most45 codewords at distance3.
Moreover, conditionL2 is satisfied since in each row
of the distance matrix, there exists at least one element
after column5 strictly greater than2368. Furthermore,
let the3-error correcting extended BCH code of length
128 with coset weight distribution matrixΓ depicted in
Table II(b), [18, Table 5]. The availability of the specific
distance matrix allows us to deduce that the specific
code is both1-list and 125-list permutation invariant.
In more detail, every word of weight3 has either none
or 1 codeword at distance3, while words of weight4
have either none or at least2 codewords of the specific
code at distance4 and at most32 codewords at the
same distance. In the meanwhile, words of weight5 have
either0 or at least126 at distance5. Moreover, property
L2 is satisfied since in each of the first two rows of the
code’s coset weight distribution matrix in Table II(b),
an entry greater or equal than774192 appears. This is
due to the fact that the specific BCH code has774192
codewords of weight8, where the last parity check bit
of each codeword is equal to the zero symbol.

2) Numerical simulations reveal that the double exponential
upper bound as well as the SFB are rather loose for
linear binary block codes that include the all ones
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TABLE II
COSET WEIGHT DISTRIBUTION MATRICESΓ.

(a) extended2-error correcting BCH code of length256

Number of vectors of given weight

Coset

Weight 0 1 2 3 4 5 6

0 1 0 0 0 0 0 5757696

1 0 1 0 0 0 134946 0

2 0 0 1 0 2646 0 5623443

3 0 0 0 37 0 134757 0

3 0 0 0 45 0 134253 0

4 0 0 0 0 2688 0 5623296

4 0 0 0 0 2368 0 5420800

4 0 0 0 0 2880 0 5377792

(b) Extended3-error correcting BCH code of length128

Number of vectors of given weight

Coset

Weight 0 1 2 3 4 5 6

0 1 0 0 0 0 0 0

1 0 1 0 0 0 0 0

2 0 0 1 0 0 0 2667

3 0 0 0 1 0 127 0

4 0 0 0 0 2 0 2648

4 0 0 0 0 4 0 2608

4 0 0 0 0 6 0 2568

4 0 0 0 0 8 0 2528

4 0 0 0 0 0 0 2488

4 0 0 0 0 32 0 2048

5 0 0 0 0 0 126 0

6 0 0 0 0 0 0 2688

vector 1, SN = 1. This is due to the fact thatN
is the maximizing term in the definition (20) and the
previous bounds are monotonic with respect toB(C).
The above restriction on the bounds’ effectiveness can be
circumvented by employing the Fano-Gallager bounding
technique [9, eq. (16)], either on the received or the code
vector space, without violating the conditionsL1 andL2

posed forL-list permutation invariant codes.
3) Lower bounds on the weight distribution of specific

codes are utilized properly in deriving upper bounds on
the reliability function of binary symmetric channels for
rate regions below the critical rate. Prior work towards
this direction is reported among others in [19] and
[20], where the exact value of the reliability function
is known for specific rate regions. On the other hand,
the upper bound of Theorem 2 facilitates the search for
tight lower bounds on the reliability function of binary
input, symmetric output discrete memoryless channels.
Asymptotic upper bounds on the weight distribution of
specific codes [21] are appropriate for this purpose.
Specifically, the channel reliability function is defined
as [2, eq. (5.8.8)]

E(R, p) = lim
N→∞

1

N
ln

1

minC∈C Pe|C(N,R)
(24)

whereC is the set of all(N,R) codes andPe|C(N,R)
the ML error decoding probability ofC ∈ C. Let a
specific sequence of1-list permutation invariant, linear
binary block codesCN

lb , whose rate tends toR as N
increases, while the corresponding sequenceB(CN

lb ), or
any upper bound of it, converges

lim
N→∞

B(CN
lb ) = B.

SinceCN
lb ⊂ C, it holds

min
C∈C

Pe|C(N,R) ≤ Pe|CN
lb
(N,R) (25)

so that combining (22) with (24) and (25) we have

E(R, p) ≥ lim
N→∞

U(R,N) (26)

where

U(R,N) = max
ρ′≥0

(
Eo(ρ

′)− ρ′
(
R+ B(CN

lb )
))

. (27)

Then, due to the parametric analysis in [2, Sec. 5.6]
and the above assumptions on the sequence of codes,
U(R,N) is a continuous function ofR + B(CN

lb ), so
that from (26) we have

E(R, p) ≥ max
ρ′≥0

(Eo(ρ
′)− ρ′ (R + B)) . (28)

Consequently, asymptotic theoretical upper bounds on
the weight distribution of1-list permutation invariant
binary linear block codes constitute a useful tool in
deriving tight lower bounds on the reliability function
of binary input, output symmetric channels.

V. CONCLUSION

Random coding performance measures for specific codes
are especially useful since they designate codes with optimum
characteristics and rates close to the channel capacity. Towards
this direction, the present work introduces a double exponen-
tial upper bound as well as a new version of the generalized
Shulman-Feder bound on the list decoding error probability
of L-list, permutation invariant, binary linear block codes,
transmitted over binary input symmetric output channels. The
specific analysis is motivated by the effort to smooth out
the influence of the union bound effect in the calculation of
the list decoding error probability of a specific code. The
former bound is tighter than the generalized Shulman-Feder
bound for theL-list permutation invariant codes. The latter
allows the study of the performance of the previous codes
with rates below the cutoff limit, and facilitates the search
for tight lower bounds on the channel reliability function.
Further research towards random coding bounds for specific
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codes includes the study of random coding mechanisms [22]
as well as the discovery of artificial ensembles of non-binary
codes [6], invariant to the list decoding error probability
measure, where the double exponential technique can be
applied. Another interesting question is whether the current
results can be extended to a more general symmetric channel
setting, such as the one considered in [23, Def. 1], and closed-
form expressions, analogous to those of Theorems 1 and 2, be
obtained for the error decoding probability.
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APPENDIX A
PROOF OFLEMMA 2

Proof: Since1/xρ is convex with respect tox > 0 for
ρ ≥ 0, application of Jensen’s inequality to the mean value of
(4) yields that

E [ΩL(y, C, λ, ρ)] ≥
Lρ Pr(y|c0)

λρ

(

E
[
∑

m 6=0 Pr(y|cm, C)λ
])ρ

=
Lρ Pr(y|c0)

λρ

(
∑

m 6=0 E [Pr(y|cm, C)λ]
)ρ . (29)

Since the codebooks are chosen randomly from the ensem-
ble E , a codewordcm of Hamming weightl in the original
binary codebookC is permuted uniformly in

(
N
l

)
distinct ways

in E and thus

E
[
Pr(y|cm, C)λ

]
=

1
(
N
l

)

(Nl )∑

j=1

Pr(y|cjm)
λ

(30)

where cjm denotes thej-th permutation of the codeword
cm. Moreover, since in the original binary codebookC, all
codewords of the same Hamming weightl are permutations
of each other, it holds

1
(
N
l

)

(Nl )∑

j=1

Pr(y|cjm)
λ
=

1
(
N
l

)

(Nl )∑

j=1

Pr(y|ǫl,j)
λ

=El

[

Pr(y|ǫl)
λ
]

, ∀m : wtH(cm) = l

(31)

whereǫl is anN -length binary vector of Hamming weightl.
Consequently, as in [9, pp. 3048], we have


E




∑

m 6=0

Pr(y|cm, C)λ









ρ

=

(
N∑

l=0

SlEl

[

Pr(y|ǫl)
λ
]
)ρ

.

(32)

In order to simplify the analysis and relate the distance
spectrum of the codeC to the fully random distance spectrum,
we introduce, as in [9, eq. (A12)], the probabilitiesvl, bl,
0 ≤ l ≤ N , provided in (11) in Lemma 2. Then, the right

hand side of (32) satisfies forP,Q ≥ 1 and1/P + 1/Q = 1
and allρ ≥ 0
(

N∑

l=0

SlEl

[

Pr(y|ǫl)
λ
]
)ρ

=

(M − 1)
ρ

(
N∑

l=0

bl

(
vl
bl

)

El

[

Pr(y|ǫl)
λ
]
)ρ

(α)

≤ (M − 1)
ρ
·

(
N∑

l=0

bl

(
vl
bl

)Q
) ρ

Q
(

N∑

l=0

bl

(

El

[

Pr(y|ǫl)
λ
])P

) ρ
P

(β)

≤

(M − 1)
ρ

(
N∑

l=0

bl

(
vl
bl

)Q
) ρ

Q
(

N∑

l=0

blEl

[

Pr(y|ǫl)
λP
]
) ρ

P

.

(33)

In (33), (α) is due to the variant of Ḧolder’s inequality in
[2, prob. 4.15(c)], while(β) is due to Jensen’s inequality for
P ≥ 1. Moreover, due to [9, eqs. (A3), (A4)], the last term
of the product in the innermost term in the right hand side of
(33) satisfies
(

N∑

l=0

blEl

[

Pr(y|ǫl)
λP
]
) ρ

P

=

(
∑

x∈IN

2−NPr(y|x)
λP

) ρ
P

.

(34)

Let

λ′ = λP, ρ′ =
ρ

P
, λ′ =

1

1 + ρ′
(λ′ ≥ 0, ρ′ ≥ 0). (35)

Then, combination of (32)-(35) yields for allρ′ ≥ 0


E




∑

m 6=0

Pr(y|cm, C)
λ









ρ

≤ (M − 1)
ρ′P

·

(
N∑

l=0

bl

(
vl
bl

)Q
) ρ′P

Q
(
∑

x∈IN

2−NPr(y|x)
1

1+ρ′

)ρ′

. (36)

Replacement of (36) in (29) completes the proof.

APPENDIX B
PROOF OFTHEOREM 1

Proof: Since the channel is memoryless, the sum in the
denominator in the double exponent in (12) equals
(
∑

x∈IN

2−NPr(y|x)
1

1+ρ′

)ρ′

=

2−Nρ′




∑

(x1,...,xN)∈IN

Pr(y1|x1)
1

1+ρ′ . . .Pr(yN |xN )
1

1+ρ′





ρ′

= 2−Nρ′

(
∑

x1∈I

Pr(y1|x1)
1

1+ρ′

)ρ′

· . . . ·

(
∑

xN∈I

Pr(yN |xN )
1

1+ρ′

)ρ′

. (37)
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Moreover, since the channel is symmetric, everyyi ∈ I, 1 ≤
i ≤ N satisfies

(
∑

xi∈I

Pr(yi|xi)
1

1+ρ′

)ρ′

= K1(p, q, ρ
′) (38)

while for everyyi ∈ J \ I, 1 ≤ i ≤ N , we have

(
∑

xi∈I

Pr(yi|xi)
1

1+ρ′

)ρ′

= K2(p, q, ρ
′). (39)

We group together ally with wtH(y) = h in the sum in (12),
to obtain

Pr(y|c0) =
N∏

i=1

Pr(yi|0) = (1− p)N−h

(
p

q − 1

)h

.

If the output alphabet is binary,J = I, then for all vectors
of the above group, (37) equals

(
∑

x∈IN

2−NPr(y|x)
1

1+ρ′

)ρ′

=2−Nρ′

K1(p, q, ρ
′)
N (40)

and thus the upper bound in (12) satisfies Theorem 1 forq = 2.
SupposeJ 6= I. Let ij denote the number of times the

symbol j appears iny. Then, the number of vectorsy with
Hamming weighth, (i0 = N − h) are exactly

h∑

i1=0

. . .

h∑

iq−1=0
︸ ︷︷ ︸

i1+...+iq−1=h

N !

(N − h)!i1! . . . iq−1!

since the distinct permutations ofy consisting of
i0, i1, . . . , iq−1, i0 = N − h symbols are

N !

(N − h)!i1! . . . iq−1!
.

Consequently, the upper bound in (12) is equivalently ex-
pressed as

PL
e ≤

N∑

h=0

(1− p)N−h

(
p

q − 1

)h h∑

i1=0

. . .
h∑

iq−1=0
︸ ︷︷ ︸

i1+...+iq−1=h

N !

(N − h)!
·

1

i1! . . . iq−1!
exp









1− exp









(M − 1)−ρ′P 2Nρ′

Lρ′P

(
∑N

l=0 bl

(
vl
bl

)Q
) ρ′P

Q

·

(

(1− p)
N−h

(
p

q−1

)h
) ρ′

1+ρ′

K1(p, q, ρ′)
N−h+i1K2(p, q, ρ′)

i2+...+iq−1
− 1

















. (41)

Rearranging the terms in the multiple sum in (41) we have

PL
e ≤

N∑

h=0

(1− p)N−h

(
p

q − 1

)h h∑

i1=0

N !

(N − h)!
·

1

i1!(h− i1)!
exp









1− exp









(M − 1)−ρ′P 2Nρ′

Lρ′P

(
∑N

l=0 bl

(
vl
bl

)Q
) ρ′P

Q

·

(

(1 − p)
N−h

(
p

q−1

)h
) ρ′

1+ρ′

K1(p, q, ρ′)
N−h+i1K2(p, q, ρ′)

h−i1
− 1

















·

h∑

i2=0

. . .

h∑

iq−1=0
︸ ︷︷ ︸

i2+...+iq−1=h−i1

(h− i1)!

i2! . . . iq−1!
. (42)

Due to the multinomial expansion, the innermost term in the
right hand side of (42) satisfies

h∑

i2=0

. . .
h∑

iq−1=0
︸ ︷︷ ︸

i2+...+iq−1=h−i1

(h− i1)!

i2! . . . iq−1!
= (q − 2)h−i1 . (43)

Combining (42) and (43), we establish Theorem 1 forq > 2.
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