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Tight Performance Bounds for Permutation
Invariant Binary Linear Block Codes over
Symmetric Channels
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Abstract—Random coding performance bounds forL-list per- The proposed bound relies on the double exponential fumctio
mutation invaria_nt binary linear block codes transr_nitted over rather than the standard exponentia| emp|0yed in the CHerno
output symmetric channels are presented. Under list decodd, bounding technique, as for example in [7]. The random coding

double and single exponential bounds are deduced by consiiieg . . .
permutation ensembles of the above codes and exploiting the rgument is employed in the analysis through the set of all

concavity of the double exponential function over the regio of POSSible symbol positions permutations of the given code D
erroneous received vectors. The proposed technique speeififixed to the symmetry of the channel and the specific structure of
list sizes L for specific codes under which the corresponding the treated codes, the list decoding error region is common t
list decoding error probability approaches zero in a double g codes of the ensemble. Furthermore, the relaxation ef th

exponential manner. The single exponential bound constites a b dt inal tial I the derivati
generalization of Shulman-Feder bound and allows the treahent new bound to a single exponential one, allows the derivation

of codes with rates below the cutoff limit. Numerical exampés of Of @ random coding bound for the previous category of codes
the new bounds for the specific category of codes are presedte with rates below the cutoff limit. This is in accordance t¢,[8
where lower bounds on the list decoding error probabiligy ar

Index Terms—Double exponential function, L-list permutation ~ derived for all code rates below capacity.

invariant codes, list decoding error probability, reliability func- In the rest of this work, Section Il provides a new upper
tion. bound on list decoding error probability and moreover intro
duces the notion of -list permutation invariant codes. The

[. INTRODUCTION random coding argument is applied to the previous class of

RROR probability is a significant indicator of the transE:Ode.S and in relat_lon with the new upper bounq it leads, in
o - . ) . Section 1ll, to a tight bound on thd-list decoding error
mission efficiency of coded information through a wide

variety of communication channels. Closed form expre&ioRrObabi”ty' Additionally, the extension of the generatiz
for the calculation of the error probability are hard to b version of Shulman-Feder bound (SFB) [9, eq. (A17)], [10]

in general, and thus tight analytical bounds are sought [ made feasible through the relaxation of the previous doun

) ection 1V provides numerical examples of the introduced
Classical treatments [2, Ch. 5] as well as modern approaches b b

. . bounds while discusses a way to lower bound tightly the
[3, Secs. 2-3] provide tight bounds mostly for random and_. ., .. . . . .
structured families of codes (turbo codes [4], LDPC cod r(gllabmty function of the considered channels. Finafgction

. . - concludes the present analysis and includes directions fo
[5]), since the latter are treated more easily than spedfies. P Y
. : L further research.
Thus the existence of at least one optimum code within these
families is ascertained, but its respective charactesisémain
unknown. On the other hand, random coding techniques, evidn PERMUTATION INVARIANCE AND ERROR PROBABILITY

though uncapable of finding optimum coding schemes, do ANALYSIS

provide bounds for information transmission rates up to theConsider the transmission of an arbitrary set of messages
channel capacity and thus are preferable. Preliminary wo with cardinality M, through a binary input, symmetric
towards combining random coding bounds for specific codesd'a,['put discrete memo;yless channel. Each méssa,gé) P
reported in [6], where artificial ensembles of codes, irasatrto < M — 1, is encoded to anV-length codeworde..
error decoding probability, are constructed. The develamum I?at_belongs {o a giveriN, R) binary, linear block codg’

- - . . . . t
of new tight bounding techniques is crucial to the design %hd is transmitted through the channel. The codewords of
specific codes with optimum characteristics which can awahiec are denoted bye, car_1, where ¢g is the all-zero

arbitrarily low error decoding probability with rates céoso codeword,c; € ZV,7 = {0,1}, while S;, 0 < [ < N with

the chgnnel’s capacity. . . .Sy = 1 denotes the distance spectrum f The minimum
In this paper, a new tight upper bound on the list decodi mming weight of the codewords @@ is denoted by,

error probability of specific classes of codes over binaWhiIe wtg(c;) is the Hamming weight of the binary vector

input symmetric output memoryless channels is deriveds It} The transition probability measure of the channel, given

motivated by the effort to smooth out the influence of thg'

. . . Nfhe transmitted message, is Pr(y|c,,), wherey is the
union bound effect in the evaluation of the error probapilit ..o ed vector at the output of the channel, aiso of length

; N
The authors are with the Department of Informatics and Defenunica- N. The output al.p_habet ig” and hen_ceJ € J". The err_or
tions, University of Athens, Greece (e-mafkxen,kalog @di.uoa.gr) transition probability of the channel js/(¢ — 1), whereq is
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TABLE |
COSET WEIGHT DISTRIBUTION MATRIXT" OF THEREED-MULLER R(1, 4) CODE.

Number of vectors of given weight

Coset

Weight 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
0 1 30 1
1 1 15 15 1

2 1 7 16 7 1

3 1 3 12 12 3 1

4 2 8 12 8 2

4 4 24 4

5 6 10 10 6

6 16 16

the cardinality of the channel’s output alphatgtAll vectors Moreover, if for A, p > 0 we set

of length N considered in the analysis are column vectors. Ap
LPPr(y|co, C)

Remark 1:Under the previous channel modeling setup, the Qr(y,C A\ p) = S (4)
proposed results apply either to a binary symmetric chan- (Zm#) Pr(y|cm,C)A)
nel (BSC) withq = 2 or to the more general case of a
binary-input, ternary-output channel with transition fpability ~ then, due to the definition in (2), we have fgre Y%,
P(0]1) = P(110) = p/(g — 1) and erasure probability L@ e 1
P(e|]1) = P(e|0) = p(q — 2)/(q — 1) (of courseP(0[0) = l<e™ (5)
P(1]1) =1 —p).

and thus the error decoding probabili in (1) is upper
The translatey + C = {y + ¢ : ¢ € C} of a binary linear pounded as gp Bfjo.c In (1) is upp

codeC by any vectory € J% is called a coset of the code,
while a vector of smallest weight within the coset is called a me_c < Z Pr(ylco,C)e
coset leader. The weight distribution of a coset is defined in yeYs,

th%z:?it?oﬁaly ?‘iéhio(iza\r/‘vc; i?egrg$rzgﬁ?:on (or distanceIn caseL = 1, (6) consists an upper bound on the maximum
' 9 }ikelihood (ML) error decoding probability. The current viko

matrix I' of a binary linear block cod€ is defined as the . fined to the followi i 7 . d
K x (N + 1) matrix having as rows all thé distinct coset IS confine to the fo meg”.' Ist per.mutanon |nvar|.ant codes.
Definition 2: An (N, R) linear binary codeC with coset

weight dIStI’Ib]l;I]'[IOI’lS ofC. The f|rs_t row ofI" is the distance eight distribution matrixC" is L-list permutation invariant if
spectrum{S; };* , of the code, while the other rows are sorte%/

according to the weight of their coset leaders (coset wiigh oth the foIIo_Wlng proporties are satisfied:

In the analysis following, matrix" is especially useful since™! - there exists avop; > [dmin/2] such that

it reveals the number of codewords a received vegtdras I — min Ty, —1>0

within distancewty (y). Namely, if a coset + y has weight KE[LKLT s g, 70

distribution{T,; ., } ¥_, for somex € [1, K], theny hasT ,,

codevv.ords. o’ at exgct distance. max Tyw<L+1.
Letting list decoding be performed at the output of the KE[L K], w<wopt

channel with fixed list sizd, the conditional error decoding

i . e e Lo Forall k € [1, K], there exists av? > w,,; such that
probability ofC, given the transmission of messagesatisfies Tyuyii1 = = Tpry = 0andT, o > L+ 1.

Pf\o,c _ Z Pr(yleo, C) 1) If the_ previous conditions are met qur: 1, then we call the
Se specific code ML permutation invariant.
Y=o Example 1:Consider the Reed-MulleR(1,4) code with
where the corresponding x 17 coset weight distribution matri¥x’,
shown in Table | [11, Table 11.7]. The possible valuesgf;
YO,LC —{ye IV Y, L #0: la:lndL, unde[rdwhi;:; cor;lditionﬂl,tﬂg are mft,f_a(rjefe?mirlled.
. Of Wopt = [dmin/2] = 4, property£; is satisfied forL = 1.
Pr(y|cli7c) Z Pr(y|COaC)a for a” (S [LL]} (2) Moreover, forw% — 8, ’U}% — 7, wé — 6, wzji — 5, U}% — 6,
wg = 8, wt = 5, andw} = 6, all corresponding entries in
T satisfy T, ,; > 2. Consequently, propertg, is also met
by the specific code an(1,4) is ML permutation invariant.
YEJLC —{ye TN H{Ii}iL:pli £0: If wope = 5, thenL = minﬁ_e[l,g] I'.5 —1 = 2 violates the
’ ) second part of conditiof;, sincemax,.c(1,g),w<s Lkw = 4 >
wtp(y + cm) < wty(y), forallie [LL}. 3) [ 1_3. FOr wop; = 6, L = minyep g5 T — 1 = 6 and

1769L(y,c,>\,p)71

(6)

and

Since the channel is memoryless and output symmd@'@,
is equivalently expressed as
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both conditionsg;, £, are satisfied. Thuf(1,4) is 6-list wheref is not necessarily equal to. Then, due to property
permutation invariant. £, PTy hasI‘aw? — 1> L codewords ofC, apart fromcy,
From anL-list permutation invariant cod€, we construct at Hamming distanceug < w£. Equality holds in the latter
an ensemble of code$ by considering all possible symbolyg|ation in case coseté + y andC + PTy have the same
position permutationV x N matricesP. A position permuta- weight distribution. Consequenty?”y € Y., while the
tion matrix P has a singlel in every row and every column yeight transformation (7) guarantees thaalso causes a list
and is orthogonalpP” = P*P = I, wherel is the N x N decoding error in the permuted co@e. Finally, in all other
identity matrix andP? the transpose matrix oP. Let for cgses whergy € YO% andwty (y) > wk for all x € [1, K],
example PTy always hasmin,cp; k] Ty . — 1 > L codewords ofC
C = {C(j; =000, CI{ =011, Cg =100, Cg _ 111} within dis.tance.th(y) and thusPTy S YEfC | .
In relation with the proof of Lemma 1, the proper selection
and 1 of fixed list sizeL, under property£,, guarantees that permu-
D 0 tations of erroneous received vectaysof minimum weight
- 0 are also erroneous. On the other hand, prop&gyassures
that all received vectors of weightty (y) > wep: Will have
Then, the permuted code is within distancewty (y) at leastL codewords ofC.

PC = {Pcj = 000,Pc{ =110,Pcj =001, Pcj =111}

= O O
OO

o I11. NEW TIGHT UPPERBOUNDS
and P corresponds to the symbol position permutatién=

{2,3,1}. The lemma provided below is crucial in the deriva- Due to the channel symmetry, the average list decoding error

tion of the new tight bound on the list decoding error probarobability P~ of any codeC, over all messages iM, equals

bility. Pf'O_C [12, Appendix C]. Thus, any bound oﬁfm_c is also
Lemma 1:For an (N, R) binary linear block code that a bound onP~. Moreover, for aL-list permutation invariant

is L-list permutation invariant, all codes in the permutedodeC, in all codes of the ensembi constructed in Section

ensemble€ have the same error decoding regiuf. Il, messaged is encoded into the all-zeros vecteg. Thus,

Proof: In the original L-list permutation invariant code Pr(y|c,,C) = Pr(y|co). Consequently, if we take the average

C, assume the received vectorgse Y, where the weight over& on both sides of (6), then due the error decoding region

distribution of the unique cosef + y is {I', ., }\\_,. Due invariance property stated in Lemma 1, we have

to the restriction imposed by conditio;, it must be that

Wty (Y) > wope. INdeed, ifwty (y) < wope, theny will have Pf‘o < Z Pr(ylco)E elfeQL(y’c'A'p)fl} ) (8)
at mostL — 1 codewords, not including the all zeros codeword yEY,L

¢p, within Hamming distancevt; (y) and thus will not cause ) )

a list decoding error. Note that the functiorexp(l — exp(x — 1)) is concave for

Let such a received vectey € Y%, with wty (y) = wey,. 0 = < 1 since
Theny hasT', ., ,, —1 > L codeword(s), different froney, Pel-e ! .
at Hamming distancev,,;. Let, for any permutation matrix — = e 1e T (—e4e") <0, for0 <z < 1.
P, the corresponding permuted vect®¥'y of y ¢ Y(fc. .
Vector PTy is also of weightw,,; while the coset weight Moreover, for anyy € Y, Q.(y,C,\,p) < 1. Therefore,
distribution of C + PTy is denoted by{T¢.,}2_,, where application of Jensen’s inequality to the right hand sid¢3)f
¢ does not necessarily equal Since L is selected as the gives
minimum non-zero term of thev,,; column of I' minus
landT,, < L foral x € [I,K],w < wep (property Pf< > Pr(yleg)e'*
£1), Py also hasL codewords{c;,}~ , of C, apart from yeY,r

the all-zeros codeword,, at distancewty (y) = wopt, i.€. ) ) ) ) o
wi (PTy_i_clv) = wty(y),i € [I,L]. Thus PTy € Y. The following technical lemma is useful in the derivation of

E[QL (y,C,A,p)] -1

9)

Moreover it is noted that a closed form upper bound aR*. The proof is provided in
. . Appendix A.
wty (P Y+ Cli) =wty (P (P Y+ Cli)) = Lemma 2: The mean value of the double exponent in (9) is
wtp (y + Pey,) = wtg(y). (7) lower bounded for alp’ > 0 by

The innermost equality in the right hand side of (7) indisate )

thaty also hasL codewords, apart fromyo, of the permuted  E[Q (y,C, ), p)] > .r'P pr(y|60)$p/ (M — 1)P'P .

codePC at distancewtr (y). Hence,y € Y7, causes a list

decoding error irPC. ,
Let y € Y% with weight wtm(y) = wf, for some N v\ @ g

v € [1, K], and the weight distribution of the corresponding Zbl (b_z)

cosetC +y, {T',.,}_,. For any permutation matri®, the

weight distribution of cosef+ Py is denoted by{T¢ ., } Y_,, (10)

’

(Z 2-NPr<y|w>1¢w>

zeIN

Qv

=0
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where
N) S
TN YTy o s ’
1 1
—+—==1, PQ>1. 11
prg=b Pez (11)

Combining Lemma 2 with (9) and passing frar* to the set
of all received vectory”, we get

oNv' [p'P
Pfg Pr(ylcp)exp | 1 —exp | ——— -
Z ( | ) (]\/f _ 1)p P

yeJN

Pr(y|co) T
= -1

O /

(ot (z—;)Q)pIQ (Laczv Prlyle)™7 )

(12)

l+p'
The previous analysis introduces a new double exponential<L) o ) + (¢ — 2)L
upper bound on the averadelist decoding error probability E ¢—1

of an (N, R) binary, linear block cod&. The proof of the
following theorem is provided in Appendix B.
Theorem 1:Consider ar(N, R) binary linear block cod€

which is L-list permutation invariant with distance spectrum

Si, 0 <1 < N and coset weight distribution matrR. C is
utilized in the transmission of an arbitrary set of messats

with cardinality M = 2V, over a binary input, symmetric

output discrete memoryless channelpff(¢ — 1) is the error
transition probability of the channel, then the averdgést
decoding error probability, over all messageshity P~ of C
is upper bounded for ajp’ > 0 as

Pt < ZN: <JZ>(1 -p)V " (ﬁ)h i (Z)

k=8(q—2)h
(M —1)~""PoNe' Lo'P
N vy Q p/%
ot (3)
v A
<(1—P) (q,—l) >

Ki(p,q, )N "R K( )

1 (13)
D, q, 0

where

Icl(paqvp/) = <(1 _p)rpl +

p \* 1 1
K:paQ7p/:<—) ) _+_:17 Panl
2 ) q P Q
1, ¢g=2

and d(g—2) = { 0, otherwise - (14)

We note that the upper bound of Theorem 1 fails to repro-

duce the random coding exponent for arist permutation

invariant codeC, as in [6, Th. 1]. Additionally, it does not

admit a closed form expression for continuous output chlanne

Nevertheless, since
el_ez—l S

, x>0 (15)

8|~

the upper bound in (13) is tighter than the generalized oarsi
of Shulman-Feder bound in [9, eq. (Al7)], [12, Cor. 8].
Moreover, for L-list permutation invariant codes, application
of (15) in (13) provides a new version of the generalized SFB,
which nicely complements the one presented in [9, eq. (A17)]
Theorem 2:Under the assumptions of Theorem 1, the fol-
lowing bound holds foi > 2 and allp’ > 0
Pl < 87N<Eo<p’>fp’ (P(Rf% mL)+5 43, bz(Z—;)Q))

€

where E,(p') = —In ((%)p ((1 — )T+

(16)

1 1
and Iz @ =1,
Proof: Forq > 2, application of (15) in (13) and grouping
of the terms(1 — p)N~" and (p/(q — 1))" yield

/P ,
M1V (L o\ Y

Pr< b (2 z )

()T () 6

=0

N _ =" |
Sla-p] hl(q%) ] (N_L;L).h.

h=0

PQ =1

h
_ h!
’Cl(p7Qapl)N g E k'(h— k_)'lcl(paqvp/)k'
k=0 )

(g — 2)Ka(p,q,0")" "

Moreover due to the binomial expansion formula it holds

17)
"oh . s
me(p,q,m (g — 2)Ka(p, g, )" " =
k=0 :

(Ki(p,q,0") + (q — 2)Ka(p, q,0))" (18)

so that replacing (18) in (17) and collecting the terms «hise
to theh and (N — h)-th powers respectively, we have

’ P/E ’
M-1\"" (X o\ 71N
L~ E: A - .
e _< L ) (l_obl(bl) (2)

N! 1
(N — h)!h! {(1 =) Ki(p,q,p')
. h)

_1 _1
p 1+p’ , P 14p/
L K P :

h
(q - 2)K2(p7 q, pl)‘| :

o

WE

| —

(19)
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OO0 e 0.0
e -0.5
—100 e -1.0
& -15f 5 -15
S S
o -2.0r o -2.0
—2.5F -25
3.0 New version of generalized SFB.... 3.0 New version of generalized SFB....
B Double exponential bound J— B Double exponential bound J—
-3.5¢ i i i i -3.5¢, i i i i i i
-5 -4 -3 -2 -1 -5.0 -45 -4.0 -35 -3.0 -25 -2.0
10g;4(P) 10g,(P)
(a) R(1,4) with L = 6. (b) R(2,5) with L = 5.

Fig. 1. Comparison between the double exponential uppend¢2l) and the new version (22) of the generalized SFB fortidwesmission of the.-list
permutation invariant codes over a discrete memoryless BBCtransition probabilityp under list decoding with fixed list sizé.

Repeating the above arguments to the sum in the right ha@dnsider the transmission of an arbitrary set of messages
side of (19) and due to the definitions &f (p,q,p’) and over a discrete memoryless binary symmetric channel (BSC)
Ka(p,q,p') in (14), (16) is satisfied forg > 2. Similar with error transition probabilityp. The 6-list permutation
arguments validate (16) far = 2. B invariantR(1,4) code, presented in Table | is examined first.
We note here the upper bound of Theorem 2 can resitihe weight distribution of the specific code, illustratecttive
by direct application of (15) to (12). Furthermore, it is @dt first line of the matrix in Table I, facilitates the calculati
that the bounds of Theorems 1 and 2 cannot result as speoiathe term in the right hand side of (20). Specifically, for
cases of the bounding technique that leads to the DS2 bous(dR(1,4)) = 0.478523, the double exponential upper bound
[9, eq. (8)], since in the latter no proper selection of the uif21) and the new version (22) of the generalized Shulman-
normalized tilting measure can lead to the upper bound (1Beder bound are respectively optimized fdr> 0. Results
are depicted in Fig. 1(a), where the tightness of (21) ovey (2
IV. APPLICATIONS ANDDISCUSSION is illustrated. For the aforementioned transmission prace,
e consider next the Reed-Mull®&(2, 5) code, where the cor-
gponding coset weight distribution is depicted in [11hl&a
4]. The specific code is not ML permutation invariant sinc
it does not satisfy propertg;. On the other hand, = 5 is the
minimum value under which conditiong;, £, are met. For
1 N 0\ @ 9 1 u the previous valid fixed list size, the optimized versionghef
—In (Z by <—> ) < —In max (—) = B(C). upper bounds (21) and (22) respectively are depicted in Fig.
N = \b N osisN \b 1(b) for B(R(2,5)) = 0.346574. Furthermore, in both Figs.
(20)  1(a), 1(b), the double exponential upper bound curves relgem

Then, if we replace in (13) and (16) the upper bound (20) af@t of the double exponential functiesp(1 — exp(z — 1)).
moreover allowP = 1 and@ — oo, then we have respectively Finally, we perform a numerical comparison among the
forp’ >0 double exponential bound (13) of Theorem 1, the new version
(16) of the generalized SFB of Theorem 2 and the DS2 bound

NN 1o [9, eq. (8)]. Again, we consider the transmission ofist

Pt < Z ( )(1 — p)N_hph exp|1—exp| ———— - permutation invariant codes over a discrete memorylesapin

h=0 h (M —1)" symmetric channel (BSC) with error transition probability

, performing list decoding with fixed list sizé. Under the

((1 —p)N’hph)ﬁ”/ previous setup, the DS2 bound is expressed(Ofet A and

1 (21) 0<p<1by

In order to simplify the calculation of the upper bounds of
Theorems 1 and 2 and afford coding exponents resembling f
random coding one, we proceed by removing the paramet
P, @ in the respective theorems. Specifically, we note that

eNoBE (1) Ky (p, g, 0) Y

0 N(1-p)
and Peo < (%) (Z Pr(y|0)g(y)> :

PL < efN(Eo(p')fp’(RfﬁlnL+B(C)))' (22) y
¢ - N N-d
The nature of the above bounds under list decoding with ( Z S, (Z Pr(y|0)g(y)1_/1)> .
fixed list size L is illuminated by the following examples. dedin "
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—10F

10g;0(Pe)
10g;0(Pe)

_15| /,f

DS2 bound —
New version of generalized SFB.....
Double exponential bound —

—20-

5 _z _3 ) _1
l0g,4(p)
(@) R(1L,4) with L = 6.

—10-

—15+

-20}

DS2 bound —
New version of generalized SFB.....
Double exponential bound —

=z -3 ) -1
l0g;4(p)
(b) R(2,5) with L = 5.

Fig. 2. Comparison among the double exponential upper b@L@)d the new version (16) of the generalized SFB and the sRd (23) for the transmission
of L-list permutation invariant codes over a discrete memsg/BSC with transition probability under list decoding with fixed list sizé&.

dy p
(ZPr(yIO)lAPr(yll)Ag(y)l‘5> ) . (29

Y

The optimized tilting measurg(y) in (23) is found by
numerical optimization for each value of the error traositi
probabilityp. Numerical results are presented in Figs. 2(a) and
2(b) for the6-list permutation invariariR (1, 4) code and thé-
list permutation invarianR (2, 5) code respectively, where the
optimized versions of bounds (13) and (16) with respect¢o th
parameters’, P,Q and the optimized version of bound (23)
with respect to\, p andg(y) are calculated. Furthermore, the

tightness of the double exponential upper bound over the new

version of the generalized Shulman-Feder bound as welleas th
DS2 bound is clearly illustrated. In addition, even thoulé t

generalized SFB results as a special case of the DS2 bound

by proper selection of the tilting measugéy) [3, Ch. 4],
nevertheless for small values of the error transition pindiga

p, the new version of the generalized version of SFB is shown
to be tighter than the optimized version of the DS2 bounds Thi
is due to the fact that in the new version of the generalized
version of SFB optimization is performed with respect to all
o > 0, in contrary to the standard generalized SFB, where
optimization is performed fod < p’ < 1.

Discussion:

1) The calculation of the coset weight distribution mafrix
of (IV, R) linear block codes is in general a computation-
ally hard problem. Nevertheless, the full knowledge of
every entry inI" is not necessary for identifying-list
permutation invariant codes. Calculation of upper and
lower bounds for the terms in the first few columns are
sufficient for the previous identification. Such bounds

can be deduced for example by the degree approxima-

tion function in [13, egs. (43), (44)], the coset weight
distribution inequalities by [14] or the modification of

investigation.
L-list permutation invariant codes exist also for longer
lengths. Consider for example th&s, 28, 12] self-dual

binary code of Table Ill in [16]. This code id4-list
permutation invariant since words of weig8ithave at
most30 codewords at Hamming distan8ewhile words

of Hamming weight9 have either none or at leadb
codewords at Hamming distan® Furthermore, each
word of weight8 has at distancé0 more codewords
than at distanc® so that condition’, is satisfied. As
another example, we consider the family of extended
two-error correcting BCH code of lengtv = 2™
with m even and distance matrix that of [17, Cor. 6].
Selectingm = 8, we find that the specific code 2367-

list permutation invariant. Specifically, as is illustrate
in Table ll(a), all words of weight have either none or
at least2368 codewords at distancg while all words

of weight 3 have at mostt5 codewords at distancg
Moreover, conditionZ, is satisfied since in each row
of the distance matrix, there exists at least one element
after column5 strictly greater thar2368. Furthermore,

let the 3-error correcting extended BCH code of length
128 with coset weight distribution matriX' depicted in
Table li(b), [18, Table 5]. The availability of the specific
distance matrix allows us to deduce that the specific
code is bothl-list and 125-list permutation invariant.

In more detail, every word of weigt has either none
or 1 codeword at distanc®, while words of weight4
have either none or at leagtcodewords of the specific
code at distancel and at most32 codewords at the
same distance. In the meanwhile, words of weighave
either0 or at leastl 26 at distances. Moreover, property
Lo is satisfied since in each of the first two rows of the
code’s coset weight distribution matrix in Table II(b),
an entry greater or equal thait4192 appears. This is
due to the fact that the specific BCH code 174192
codewords of weigh8, where the last parity check bit
of each codeword is equal to the zero symbol.
Johnson bound [15, Ch. 3], and are currently under 2) Numerical simulations reveal that the double exponéntia
upper bound as well as the SFB are rather loose for
linear binary block codes that include the all ones
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TABLE Il

COSET WEIGHT DISTRIBUTION MATRICEST.

(a) extended-error correcting BCH code of lengtt56

(b) Extended3-error correcting BCH code of lengtt28

Number of vectors of given weight

Number of vectors of given weight

Coset Coset
Weight 0 1 2 3 4 5 6 Weight 0 1 2 3 4 5 6
0 1 0 0 0 0 0 5757696 0 1 0 0 0 0 0O 0
1 0 1 0 0 0 134946 0 1 01 0 0 0 0 0
2 0 0 1 0 2646 0 5623443 2 001 0 0 0 2667
3 0 0 0 37 0 134757 0 3 0 0 0 1 o0 127 0
3 0 0 0 45 0 134253 0 4 00 0 0 2 0 2648
4 0 0 0 0 2688 0 5623296 4 0 0 0 0 4 0 2608
4 0 0 0 0 2368 0 5420800 4 0 0 0 0 6 0 2568
4 0 0 0 0 2880 0 5377792 4 00 0 0 8 0 2528
4 00 0 0 0 O 2488
4 0 0 0 0 32 0 2048
5 0 0 0 0 0 126 0
6 0 0 0 0 0 0 2688
vector 1, Sy = 1. This is due to the fact thafv so that combining (22) with (24) and (25) we have

is the maximizing term in the definition (20) and the
previous bounds are monotonic with respectB(t).
The above restriction on the bounds’ effectiveness can be
circumvented by employing the Fano-Gallager bounding
technique [9, eq. (16)], either on the received or the code
vector space, without violating the conditiofigs and £,
posed forL-list permutation invariant codes.

3) Lower bounds on the weight distribution of specific
codes are utilized properly in deriving upper bounds on
the reliability function of binary symmetric channels for
rate regions below the critical rate. Prior work towards
this direction is reported among others in [19] and
[20], where the exact value of the reliability function
is known for specific rate regions. On the other hand,
the upper bound of Theorem 2 facilitates the search for
tight lower bounds on the reliability function of binary
input, symmetric output discrete memoryless channels.
Asymptotic upper bounds on the weight distribution of
specific codes [21] are appropriate for this purpose.
Specifically, the channel reliability function is defined
as [2, eq. (5.8.8)]

E(R,p) = lim !

24
N—oo N nmiHCGCPe‘C(N,R) ( )

whereC is the set of all( N, R) codes andP, ¢ (N, R)
the ML error decoding probability of € C. Let a
specific sequence df-list permutation invariant, linear
binary block code<’}), whose rate tends t& as N
increases, while the corresponding sequeB@&) ), or

E(R,p) > lim U(R,N) (26)

where

U(R,N) =
P
Then, due to the parametric analysis in [2, Sec. 5.6]
and the above assumptions on the sequence of codes,
U(R,N) is a continuous function of? + B(C}), so
that from (26) we have

wx (Eu(0') — o (R+B(CY)). @7)

E(R.p) > max (Bo(s/) =4 (R+5).  (28)
Consequently, asymptotic theoretical upper bounds on
the weight distribution ofl-list permutation invariant
binary linear block codes constitute a useful tool in
deriving tight lower bounds on the reliability function
of binary input, output symmetric channels.

V. CONCLUSION

Random coding performance measures for specific codes
are especially useful since they designate codes with optim
characteristics and rates close to the channel capacitkarts
this direction, the present work introduces a double expene
tial upper bound as well as a new version of the generalized
Shulman-Feder bound on the list decoding error probability
of L-list, permutation invariant, binary linear block codes,
transmitted over binary input symmetric output channele T
specific analysis is motivated by the effort to smooth out

the influence of the union bound effect in the calculation of
the list decoding error probability of a specific code. The
former bound is tighter than the generalized Shulman-Feder
bound for theL-list permutation invariant codes. The latter
allows the study of the performance of the previous codes
with rates below the cutoff limit, and facilitates the sdarc
for tight lower bounds on the channel reliability function.
Further research towards random coding bounds for specific

any upper bound of it, converges
. N o
lim B(CR) = B.
SinceC} c C, it holds

Eneigpe\C(Nv R) < Pe\C{X (N7 R) (25)
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codes includes the study of random coding mechanisms [22]nd side of (32) satisfies fd?,@Q > 1 and1/P+1/Q =1
as well as the discovery of artificial ensembles of non-lyinaand allp > 0

codes [6], invariant to the list decoding error probability , .
measure, where the double exponential technique can b ZSzEz {Pr (yl€)) D
applied. Another interesting question is whether the aurre

=0
results can be extended to a more general symmetric channe

N p
setting, such as the one considered in [23, Def. 1], and dlose (M — Z <ﬂ) B Pr y|€ ) } (g) (M — 1)
form expressions, analogous to those of Theorems 1 and 2, be =0 ! -

obtained for the error decoding probability. & N 2
Zbl (U—) Zbl (El |:PI' y|€ :|)P (é)
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0
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to the anonymous reviewer for Remark 1 and timely review. (33)
In (33), () is due to the variant of Blder's inequality in

APPENDIXA [2, prob. 4.15(c)], while(3) is due to Jensen’s inequality for

PROOF OFLEMMA 2 P > 1. Moreover, due to [9, egs. (A3), (A4)], the last term

Proof: Since1/z” is convex with respect ta > 0 for of the product in the innermost term in the right hand side of
p > 0, application of Jensen’s inequality to the mean value ¢83) satisfies

(4) yields that B S o . %
E[QL(y,C,\ p)] Z(E [Zmionylocm,CV])p (; ! l[ r(yle’) D = <m§N r(y|e) )(34-1)
__ Prlyle)™ o hg) et
(Sono B [Priylen, )" N=aP f=L vt (vso0 /20, @39

Since the codebooks are chosen randomly from the ensem- P’ L4y
ble £, a codeworde,, of Hamming weight! in the original Then, combination of (32)-(35) yields for gl > 0
(%)

binary codebook is permuted uniformly in(") distinct ways o
( [Z Pr(ylem, C) ) < (M-1)""
E [Pr(ylem,C) Z ylel)”  (30) N or

in £ and thus
m##0
= " Q\ @ : o
_ > by (—) > 2 VPr(ylz) e | . (36)
where ¢/, denotes thej-th permutation of the codeword —o by weIN

¢. Moreover, since in the original binary codebo6k all

codewords of the same Hamming weighére permutations Replacement of (36) in (29) completes the proof. u
of each other, it holds
" APPENDIXB
1 i 1 () 3y PROOF OFTHEOREM 1
J;’ ; Hylen)” = J;’ E r(yle") Proof: Since the channel is memoryless, the sum in the

denominator in the double exponent in (12) equals
[ (yl€h) }, Vm :wtg(em) =1 ,

P
(31) ( Z 2_NPr(y|w)1+1p’> _

wheree! is an N-length binary vector of Hamming weiglht zeIN

Consequently, as in [9, pp. 3048], we have o
i’ N )’ 2= Nr ( Z Pr(y]e1) #7 ---Pr(yN|€UN)”1p')
E Z Pr(ylem,C)* = (Z S1Ey [Pr(y|el) }) . (@1, N)ETN
m#£0 1=0 /

p
(32) —2_Np/<z Pr(y1|x1)1+]ﬂ’>

In order to simplify the analysis and relate the distance w1€Z
spectrum of the codé to the fully random distance spectrum, N\’
< Pr(yn|zy W)
rNEL

/

we introduce, as in [9, eq. (A12)], the probabilities, b;, (37)

0 <1 < N, provided in (11) in Lemma 2. Then, the right
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Moreover, since the channel is symmetric, evgrye Z, 1 < Rearranging the terms in the multiple sum in (41) we have

1 < N satisfies

al wl P\ N!
, Pr < 1 £ v
o fe 00" () X e
[ — = 11:
<Z Pr(yilwi)lﬂ/) =Ki(p,q,p") (38)
z, €L
; 1 (M —1)""FoNo'Lo'P
while for everyy; € 7\ Z, 1 <i < N, we have m exp | 1 —exp ~F
AL Q\ @
N v
I3 (Zl—o b (b_f) >
1
> Pr(yile) T | = Ka(p, g, 0). (39) i
el ((1 -V " (&) )
. . . _ — —1
We group together aly with wit g (y) = h in the sum in (12), K NN =Rt g Nh—i1
to obtain 1(p,q,0") 2(p. ¢, ')
N—h p " h h h —ip)!
R e R o @
cig—1!
190=0 ig—1=0 a-

If the output alphabet is binary7 = Z, then for all vectors
of the above group, (37) equals

’i2+...+iq71:h7i1

Due to the multinomial expansion, the innermost term in the

o right hand side of (42) satisfies

_No N
=2 Ne ICl (p7 q, p/)

(40)

> 2 VPr(yla) 7

zeIN

and thus the upper bound in (12) satisfies Theorem § for2.
SupposeJ # I. Let i; denote the number of times the

— | .
7'1 2)}7,—7,1.

ZZ

’LQ =0 Zq 1—

,:(q—

—1-

(43)

ig+...+ig—1=h—i1

symbol j appears iny. Then, the number of vectorg with Combining (42) and (43), we establish Theorem 1 for 2.

Hamming weighth, (ip = N — h) are exactly

h h
N!
2 D

i1:0 lq71:O

(1]
(2]
(3]

Cig1!

i1+...4+ig_1=h

since the distinct permutations ofy consisting of
10,41, .. .,%q—1, %0 = IN — h symbols are
NI (4]
N —h)lig! . iyl
( i lg—1 [5]
Consequently, the upper bound in (12) is equivalently X,
pressed as
(7]
N » \" h h
L —h
PP - () N Y e
h=0 11=0 Tg— 1—0
i1+...+ig_1=h
El
N R O D A
X — X
il gl P p 77 [10]

(2ton (2)°) "
(0-p =)")

K1 (p, q, p/)th#’il 1Co (p7 q, p’)i2+”'+iq*1

[11]

[12]

1 (41)

(23]
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