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Résumé
Nous présentons une nouvelle représentation pour les objets géométriques et une application de cette représenta-
tion. Elle permet de représenter non seulement les opérations booléennes sur des primitives CSG (unions, intersec-
tion, complément) mais aussi des opérations plus complexes comme des projections, des sommes de Minkowski et
des extrusions. Le système algébrique obtenu est résolu par un solveur utilisant l’arithmétique d’intervalle. Nous
montrons comment le solveur peut être optimisé pour cette application spécifique et comment les algorithmes
topologiques existants peuvent bénéficier de cette nouvelle représentation, ce qui étend leur portée.

We present a new representation for geometric sets and an application of this representation. It allows us to des-
cribe not only boolean operations of CSG primitives (union, intersection, complement), but also more complicated
sets such as projections, Minkowski sums and extrusions. The algebraic system is solved by interval arithmetic. We
show how the interval solver can be tuned for this particular application and how existing algorithms for topology
computation can benefit from the new representation, allowing them to deal with more types of sets.

Mots-clés : Modélisation géométrique, geometric set, in-
terval arithmetic, CSG, projection

1. Introduction

In this work we propose a new representation for geome-
tric sets that is general enough to cover wide variety of sets
that appear in geometric modeling such as CSG construc-
tions, projections, extrusions and Minkowski sums. Given a
d-dimensional working space Rd , the term geometric set re-
fers to some subset A of Rd . A large family of these sets are
semi-algebraic sets that can be described by a quantifier free
boolean formula with atoms P < 0, P = 0, P ∈ P with P a
finite set of polynomials. These sets can be combined with
operators ¬,∨,∧ (denoting complement AC, intersection ∩
and union ∪), allowing us to describe CSG constructions.

Previous works study topological properties of semi-
algebraic sets. In [Col75] an algorithm called Cylindrical
Algebraic Decomposition is presented that partitions the set
into semi-algebraic subsets homeomorphic to open boxes
and a triangulation homeomorphic to the semi-algebraic set
is computed in a second step. In [SH97] interval analysis
and Morse theory are combined to compute the topology of
an implicit surface in R3.

Our motivation comes from Delanoue, Jaulin and Cotten-

ceau’s method [DJC07,NDC06]. A a CSG tree is given as in-
put and a simplicial complex homotopic to the geometric set
defined by the CSG tree is obtained. The nodes of the CSG
tree carry boolean operations : unions and intersections. The
leaves of the CSG tree define geometric primitives with an
implicit inequation, like x2 + y2 + z2−1≤ 0 for the unit 3D
sphere. Inequations can also use transcendental functions,
trigonometric or exp.

The main idea of the DJC method is to recursively sub-
divide a bounding box of the set E described by the CSG
tree, until the studied box B is empty, or B contains a point
S ∈ E∩B which "sees" all other points p of E∩B : all points
of the segment [S, p] belong to E∩B ; it is said that the point
S is a star for E∩B. Delanoue, Jaulin and Cottenceau remark
that if S is a star for two sets E1∩B and E2∩B, then it is also
a star for (E1 ∩E2)∩B and for (E1 ∪E2)∩B ; this remark
permits to reduce the star test to primitives only : S is a star
for E ∩B when S is a star for all primitives intersecting B.
Now S is a star for the primitive set E = {X ∈R3 | f (X)≤ 0}
iff f (S)< 0 and there is no solution X ∈ B to the system :

f (X) = 0, ∇ f (X) · (X−S)< 0

The latter system is solved with interval analysis ; each inter-
val is represented with its two bounds, the lower bound and
the upper bound, represented by floating point numbers. The
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Figure 1: The point S is not a star for B∩ E (in gray) :−→SX ·∇ f (X)< 0.

interval solver may output three possible answers : either it
proves that there is no such X (thus S is a star), or it finds a
counter example X (thus S is not a star, and B must be sub-
divided), or the solver terminates but can not conclude, due
to limitations of interval analysis ; in this case also, the box
B is subdivided.

Actually, all boundary faces F (edges for dimension 1,
... hyperfaces for dimension d − 1) of a studied box B in
dimension d must be either empty, or they must contain a
point SF which is a star for E ∩F . It may happen that a box
which has a star needs to be subdivided because of one of its
faces. It is then easy to build a star complex, and Delanoue,
Jaulin and Cottenceau proved that this simplicial complex is
homotopic to E.

The DJC method takes into account only CSG trees des-
cribing "fat sets" ; a fat set is equal to the adherence of its
interior ; computationally, we can fill it with full dimensio-
nal boxes. Delanoue’s method does not terminate, or fails,
for CSG trees describing sets which are non fat. This implies
also that the method fails when, by accident, the set E is tan-
gent to some subdividing (hyper)plane supporting a face F .
Then F ∩E is an isolated point, the coordinates of which do
not lie in F, the set of floating point numbers. To avoid that,
the initial bounding box can be perturbed with some random
noise. Also, it can be a problem if the set E contains parts
which are too thin, with width smaller than the resolution of
the set of floating point numbers, but in practice the program
falls short of memory in such cases.

Another limitation of Delanoue’s method is that it does
not take into account objects defined by projection. Pro-
jections occur for instance with parametric solids, descri-
bed with : x = X(u,v,w),y = Y (u,v,w),z = Z(u,v,w) and
(u,v,w) ∈ [0,1]3 where X ,Y,Z are polynomials or rational
functions most of the time. Delanoue’s method can output
a simplicial complex in the 6D-space x, y, z, u, v, w which
is non relevant for us : we want the topology of the projec-
tion of this object in the x,y,z space for 3D aplications (or in
the x,y space for 2D applications). We call this final, visible,
space V (for visible space, or visualization space).

Is it possible to extend Delanoue’s method to also account
for objects defined by projection ? We studied this problem.
It turns out that equations of the star test for the initial DJC

method are very simple, but they are no more obvious when
projections, projections of intersections, intersections of pro-
jections, etc are considered. We realized that a representation
of geometric sets is needed to automatically generate sys-
tems of equations for the star tests. But which functionalities
an ideal representation of geometric sets should provide ?

First, a representation of geometric sets should permit to
represent :

– primitives geometric sets, i.e. the leaves of CSG trees
in CADCAM. These primitives must be fat. In general,
it is not a problem in the CADCAM field. A classical
example of a 3D primitive set (i.e. defined with some
polynomial inequality f (x,y,z)≤ 0) which is not fat is
Whitney umbrella.

– the complement of a set. Remark that, in our context, a
set and its complement share their boundary. This fea-
ture pertains to the notion of regular sets, and regula-
rization of boolean operations, introduced by A. A. G.
Requicha and R. B. Tilove [RT78] in CADCAM.

– the intersection, the union, and the difference of two
sets. Remark that the intersection of two fat sets can be
a non fat set, in degenerate cases, for example when the
two sets are externally tangent to each other. In such
case, the interval solver will fail, i.e. it will terminate
but will not be able to decide if the set is empty or not :
it will return an "I do not know" answer.

– the projection of a set, and the projection cylinder of
a set (see Figure 3 ; for instance the projection of the
3D sphere x2 +y2 + z2−1≤ 0 orthogonally to the Oxy
plane is a disk ; the projection cylinder of this 3D sphere
is a cylinder, it is the volume swept by the sphere, or
the circle, when they are moved along the z or the y
axis respectively. Note, however,that extending DJC to
projections does not need this notion of sweep volumes.
Projections are treated in Sec. 4.2.

– the Minkowski sum of two sets. The minkowki sum of
A and B is the set of points a+b where a∈ A and b∈ B.
See Figure 2.

– the extrusion or sweep of a set, illustrated in 2D in Fi-
gure 3. In 3D, each affine transformation (translation,
rotation, scaling) is typically represented by a 4×4 ma-
trix, thus the motion is described by an explicit function
t ∈ [0,1]→M(t) where t is the time variable and M(t)
the affine transformation at time t. Sometimes, extru-
sion can be described of a Minkowski sum of the tra-
jectory curve and the object. However, we do not use
the Minkowski sum, first because the trajectory curve
is not a fat set, and second, Minkowski sum does not
permit to rotate or scale objects. Remark that the pro-
jection cylinder can be represented by an extrusion.

Second, a representation of geometric sets should permit
to decide if a set is empty or not. An interval solver will be
used for deciding. The interval solver will always terminate.
It has three possible outputs : (1) either the set is empty, or
(2) it is not empty and a point (sometimes called a witness)
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is provided ; actually, the solver can even output a non empty
box which is completely included in the set ; or (3) the solver
can not decide : for example the set is not fat (it has measure
0), or the accuracy of the underlying floating point arithmetic
used by the interval solver is non sufficient, or the solver
falls short of memory space because the set contains parts
too thin.

Third, a representation of geometric sets should permit
to pose constraints on sets : it should permit to specify that
some sets are empty, and that some other sets are non empty.

2. Representation of geometric sets

This section presents the principle of our new represen-
tation for a first family of geometric sets : primitives, and
boolean operations.

Each fat set is represented by a system of equations (i.e.,
no inequality) and a characteristic variable. In the next para-
graph, we consider the case of primitives, of unions of two
sets, of intersections of two sets, of differences of two sets.
We will not need a special treatment for sets defined by pro-
jection, for extending the DJC method. We postpone the re-
presentation of projections, Minkowski sums and extrusions
to section 4.

We use variables x,y or x,y,z for coordinates in the visible
space V . Possibly we use x1, y1, z1, x2, y2, z2 when we need
several points in the visible space. Other identifiers (u, v, w,
t, or ui, . . ., ti) are used for the non visible variables.

2.1. Representations of primitives

Each primitive is represented by one equation (i.e. no in-
equality) and a characteristic variable. For instance the 3D
sphere x2 + y2 + z2− 1 ≤ 0 is represented with a variable s
and the equation : x2 + y2 + z2 − 1− s = 0. The points of
the sphere fulfill : s≤ 0. The points of the boundary fulfill :
s = 0. The points of the complement of the sphere fulfill
s≥ 0 (again, remark that the boundary belongs to the sphere
and its complement : it is the regularization idea by Tilove
and Requicha).

Let C(E) denote the number of equations used for des-
cribing a geometric primitive E in the above representation.
Clearly C(E) = 1.

We assume that a bounding box in the visible space for
the studied set is known. The interval solver we use needs a
bounding interval for each variable. An interval for the cha-
racteristic variable s is computed by the evaluation with in-
terval arithmetic : s = x2+y2+z2−1. Note that this interval
needs not be very sharp.

Second example. The half space primitive x ≤ 0 is repre-
sented with a variable h and the equation : h− x = 0. The
points inside the half space fulfills h ≤ 0, the points on the
boundary fulfil : h = 0. The points of the complement of the

half space fulfill h≥ 0. A starting bounding interval for h can
be computed from the bounding box of the visible variable x
with interval arithmetic.

Here is an example where projections and intersections
occur. A thick arc, with given thickness 2ρ, of a parame-
tric curve defined by : x = f (t)+ [−ρ,ρ],0 ≤ t ≤ 1, is re-
presented by the intersection of four primitives : a primitive
set for 0 ≤ t, a primitive set for t ≤ 1, a primitive set for
f (t)−ρ ≤ x, a primitive set for x ≤ f (t)+ρ. The intersec-
tion is treated in Sec.2.3.

2.2. Representation for unions E = E1∪E2

Suppose now we have two geometric objects E1 with va-
riable e1, E2 with variable e2. E1 is described with systems
of equation E1(e1,x,y,z, . . .) = 0, and similarly E2 is descri-
bed with systems of equation E2(e2,x,y,z, . . .) = 0. Points in
E1 fulfill e1 ≤ 0, points in E2 fulfill e2 ≤ 0.

The object E = E1 ∪E2 is described by a new variable,
e, and a system of equation which will guarantee that e =
min(e1,e2).

Clearly e = min(e1,e2) is equivalent to maximize e with
constraints e ≤ e1, e ≤ e2 ⇒ e+α

2
1 = e1, e+α

2
2 = e2 for

some α1 ∈ R, α2 ∈ R

Then we consider the Lagrangian :

L : e+λ1(e+α
2
1− e1)+λ2(e+α

2
2− e2)

The solution fulfills this min(e1,e2) system :

L′
e : 1+λ1 +λ2 = 0 L′

α1 : 2λ1α1 = 0
Lλ1

: e+α
2
1− e1 = 0 L′

α2 : 2λ2α2 = 0
Lλ2

: e+α
2
2− e2 = 0

Indeed, when e1 < e2, the previous system has the solu-
tion e = e1, α

2
1 = 0, α

2
2 = e2− e1, λ1 = −1, λ2 = 0. This

solution is unique, except for α2 =±
√

e2− e1.

Symmetrically, when e2 < e1, the system has the solution
e = e2, α

2
2 = 0, α

2
1 = e1−e2, λ1 = 0, λ2 =−1. This solution

is unique, except for α1 =±
√

e1− e2.

The system has both solutions when e1 = e2.

Thus the set E = E1 ∪E2 is described by the variable e ;
its system of equations is the concatenation of the system
for E1, the system for E2 and the system equivalent to e =
min(e1,e2). Points inside E fulfill e ≤ 0, points inside the
complement of E fulfill e ≥ 0, points on the boundary of E
fulfil e = 0.

For the interval solver, we need to initialize a bounding
interval for the variable e ; it is min(e1,e2) computed with
interval analysis form the bounding intervals from e1 and e2.
We remind that min([a,b], [a′,b′]) = [min(a,a′),min(b,b′)].
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The bounding interval for α
2
1 is (e1− e)∩ [0,+∞), compu-

ted again with intervals ; then the bounding interval for α1 is
the square root of the interval for α

2
1. For instance, if e1−e=

[−6,4], then the interval for α
2
1 is [−6,4]∩ [0,+∞) = [0,4]

and the interval for α1 is [0,2]. We proceed similarly for ini-
tializing the bounding intervals for α

2
2 and α2. Finally, for

λ1 and λ2, they both lie in the interval [−1,0].

A possible optimization replaces λ2 by its value −1−λ1
and removes the first equation L′

e = 0. We also leave to the
reader another optimization possible when, inside the stu-
died box, the bounding interval for e1 is strictly lower than
the bounding interval for e2, or vice-versa.

Assuming that λ2 has been eliminated, we have that
C(E) =C(E1)+C(E2)+4.

Now we present an alternative representation for the
union. The idea is that e1,e2 are considered as roots of a po-
lynomial of degree 2. If ∆ is the discriminant of this polyno-
mial, then it holds that ∆ = (e2− e1)

2 and if e = min(e1,e2)
then 2e = (e1 + e2)−

√
∆ (while if e = max(e1,e2) then

2e = (e1 + e2)+
√

∆.) This leads to the following system :

δ
2− (e2− e1)

2 = 0

2e− (e1 + e2)+δ = 0

with δ standing for
√

∆, therefore δ ∈ [0,
√

∆]. In this alge-
braic number approach we have C(E) =C(E1)+C(E2)+2,
which is more efficient in the number of equations and unk-
nowns introduced, although performing variable elimination
in the lagrangian approach may also lead to a similar system.

2.3. The representation for intersections E = E1∩E2

We just replace min in the previous paragraph by max,
because E = E1∩E2 will be represented by the variable e =
max(e1,e2).

Clearly e=max(e1,e2) is equivalent to minimizing e sub-
ject to constraints :

e1 ≤ e,e2 ≤ e⇒ e1 +α
2
1 = e,e2 +α

2
2 = e

Then we consider the Lagrangian :

L = e+λ1(e1 +α
2
1− e)+λ2(e2 +α

2
2− e)

We know the solution fulfills this max(e1,e2) system :

L′
e : 1−λ1−λ2 = 0 L′

α1 : 2λ1α1 = 0
Lλ1

: e1 +α
2
1− e = 0 L′

α2 : 2λ2α2 = 0
Lλ2

: e2 +α
2
2− e = 0

When e1 < e2, the previous system has the solution e =
e2,α

2
1 = e2− e1, α2 = 0, λ1 = 0, λ2 = 1.

Symmetrically, when e2 < e1, the previous system has the
solution e = e1,α

2
1 = 0,α2

2 = e1− e2, λ1 = 1, λ2 = 0.

The system has both solutions when e1 = e2.

Thus the set E = E1 ∩E2 is described by the variable e ;
its system of equations is the concatenation of the system
for E1, the system for E2 and the system equivalent to e =
max(e1,e2). Points inside E fulfil e ≤ 0, points inside the
complement of E fulfill e ≥ 0, points on the boundary of E
fulfil e = 0.

The initialization of intervals for e, α1,α2,λ1,λ2 is very
similar to the previous case of union. The interval for e is
max(e1,e2), computed from intervals for e1 and e2. Remind
that max([a,b], [a′,b′]) is [max(a,a′),max(b,b′)]. The inter-
val for α

2
1 is the interval (e− e1)∩ [0,+∞), etc. This time

λ1 and λ2 both lie in [0,1].

Optimizations : A first possible optimization replaces λ2
by its value 1− λ1. Again, if the interval for e1 and e2 are
disjoint, some straightforward optimization and simplifica-
tion are possible and left to the reader. The second formu-
lation with the discriminant differs in only one sign compa-
red to the union : we just replace the second equation with
2e− (e1 + e2)−δ = 0.

2.4. The representation for the complement

Let E1 be a set defined with the system of equations
E1(e1,X) = 0 and having characteristic variable e1. To de-
fine the complement E1 of the set E1, we introduce a new
variable e1, which will be the characteristic variable of E1,
and the system of equations defining E1 is the concatena-
tion of the system E1(e1,X) = 0 and of the new equation :
e1 + e1 = 0. It holds that C(E1) =C(E1)+1.

Variant : replace e1 in the definition of E1 with−e1 to get
the definition of E1. In this case we have C(E1) =C(E1).

2.5. The representation for differences E = E1−E2

The representation of E = E1−E2 is left to the reader :
E = E1−E2 is just E1 ∩ (E2). For the lagrangian approach
we have that C(E) =C(E1)+C(E2)+4 =C(E1)+C(E2)+
5, while for the algebraic number approach we have that
C(E) =C(E1)+C(E2)+3.

3. Using the equations based representation to
formulate predicates about sets

Let E be a set defined by its variable e and a system of
equations E(X) = 0. X is the set of all unknowns, of course e
is one of the variables in X . Space variables x,y in 2D (x,y,z
in 3D), i.e. coordinates in the visible space V are variables in
X .

We will follow DJC method, except that we recursively
subdivide in the visible space. For example, if we are interes-
ted in the topology of a 3D objects the points of which have
coordinates x,y,z, but there are other variables u,v,w, . . . in
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Figure 2: The Minkowski sum of a disk and a rectangle.

the system which defines E, we will recursively subdivide a
3D box in the x,y,z space. To find a point S in E, even if co-
ordinates x,y,z of S are given (since we try the center and the
vertices of the box, as DJC), the other variables u,v,w, . . . are
unknown. Of course, the interval solver, which is called as a
subroutine by our extension of DJC, will probably subdivide
along the dimensions u,v,w, . . ..

So we solve with interval analysis the system E(X) =
0,e ≤ 0. If we want only equations, we can solve E(X) =
0,e+ γ

2 = 0 where γ is a new, auxiliary, real unknown.

Remark : instead of imposing e ≤ 0, we can rather com-
pute the smallest e such that E(X) = 0. The solver will give
a list of boxes enclosing local minima. If the interval of the
smallest minima is completely negative, we are sure that E
is non empty. If the interval of the smallest minima is com-
pletely positive, we are sure that E is empty. If the interval of
the smallest minima contains 0, we can not decide. We will
subdivide the studied box.

When we know a potential star S ∈ E, we need to prove
that it is a star, or that it is not. We define the set of counter
examples (which prove that S is not a star) as follows : we
need 2 points X1 and X2 inside the studied box B, such that :
S,X1,X2 are aligned (in this order) in the visible space, X1
is outside E (thus inside the complement of E), and X2 is
inside E. The system of equations straightforwardly follows.
We solve the system with some interval solver. If there is no
counter example, then S is a star. If the solver does not know,
or provides a counter example, then we can not prove that S
is a star, so we subdivide the box.

4. Representation for some other sets

4.1. The Minkowski sum

The Minkowski sum of two 3D sets E1 and E2 is
the set of points E = {(x,y,z) = (x1 + x2,y1 + y2,z1 +
z2) | (x1,y1,z1) ∈ E1,(x2,y2,z2) ∈ E2} When E1 is defined
with the variable e1 and the system of equations E1, and si-
milarly for E2, then the set E = E1⊕E2 is defined with a
new variable e, the concatenation of systems for X1 ∈ E1,
for X2 ∈ E2, and x1 +x2−x = y1 +y2−y = z1 + z2− z = 0.
Moreover e = min(e1 + e2). With this definition, the boun-
dary of E is characterized by e = 0 ; points strictly inside E
are characterized by e < 0 ; points strictly outside E are cha-
racterized by e > 0. This is not quite true however, since e

may attain its minimum value with e1e2 < 0. Therefore we
impose an extra constraint that e1e2 ≥ 0. It is still an open
problem to express e with a single symmetric expression that
can be evaluated efficiently.

Now we present the corresponding system for the minimi-
zation problem. Let E0 be the Minkowski sum of two geo-
metric sets E1 and E2 in dimension d. That is

z ∈ E0 ⇐⇒ ∃x,y,z ∈ Rd : z = x+y∧x ∈ E1∧y ∈ E2.

Let Si be the ordered set of equations used in the descrip-
tion of geometric set Ei, i = 0,1,2. Let fk(Si) denote the
k-th equation of Si. Let Vi be the set of variables in Si,
i = 0,1,2. In general, |Vi|= |Si|+d. Let si ∈ Vi be the slack
variable of set Ei. We want to minimize s1 + s2. To do so
we shall use the Fritz John conditions along with a norma-
lization condition. Fritz John conditions allow for inequality
constraints and also handle the case where the constraints
are linearly dependent at the minimum. The normalization
condition provides trivial bounds for the multipliers. †

The John conditions can be generated with the aid of
the following quantity J, similar to a Lagrangian : J :=
µ0(s1+s2)+µ1s1+µ2s2+∑

|S1|
i=1 ui fi(S1)+∑

|S2|
i=1 vi fi(S2)+

w · (z−x−y)

Now S0 contains ∂J
∂a , ∀a ∈ Vi, i = 1,2 (|S1|+ |S2|+ 2d

equations in general), as well as the following equations :

zi− xi− yi = 0, i = 1, . . . ,d

µisi = 0, i = 1,2

fi(S1) = 0, i = 1, . . . , |S1|
fi(S2) = 0, i = 1, . . . , |S2|

µ0 +µ1 +µ2 +
d

∑
i=1

w2
i +

|S1|

∑
i=1

u2
i +

|S2|

∑
i=1

v2
i = 1, µi ≥ 0

s0− s1− s2 = 0,

with the normalization condition implying that µi ∈ [0,1] and
wi,ui,vi ∈ [−1,1]. It also follows that C(E0) = 2C(E1) +
2C(E2)+3d +4.

4.2. The projection of a set

We present the projection through an example. Let E be
the 3D set {(x,y,z) | E(x,y,z,e) = 0,e ≤ 0}. We consider
the set Ep which is the projection of E orthogonally to the
plane Oxy. In other words, Ep = {(x,y) | ∃z,E(x,y,z,e) =
0,e ≤ 0}. It can be formulated as a minimization problem :
(x,y) lies in Ep if for the z which minimizes e for this x,y,
it holds that e is negative or 0. Thus the system for Ep is
the concatenation of the system which defines E, plus the
system for : ep = mine, which is managed as in section ?? ;
the variable ep is the variable which characterizes Ep ; note

†. One should also check that inequalities apply ! In our case this
is handled by the bounds on si.
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Figure 3: Left : a projection of a disk. Right : an extrusion
of a rectangle.

that x,y are "given" parameters (they are coordinates in Y , in
the notation of section ??), and the minimization is done on
z.

This projection "forgets" the coordinate z ; for sets para-
metrized with parameters u1,u2, ...up, we want to "forget"
all parameters ui ; the generalization is left to the reader.

4.3. The extrusion

Figure 3 illustrates an extrusion of a 2D rectangle.

Let E be a set defined by the system E(e,X) = 0 and the
variable e. Let M(t),0 ≤ t ≤ 1 be the matrix of an affine
transformation, at time t. For example, for rotating around
the z axis :

M(t) =


cos(2πt) sin(2πt) 0 0
−sin(2πt) cos(2πt) 0 0

0 0 1 0
0 0 0 1


E is extruded, or swept, along M(t). It gives the set E′.
The points x′,y′,z′ of E′ are defined by (x′,y′,z,′ 1) =
(x,y,z,1)M(t). The variable e′ characterizing E′ is mine
such that (x′,y′,z,′ 1) = (x,y,z,1)M(t).

Here E was moved basically along a curve (the time pa-
rameter t in [0,1]). It is possible to move E along a surface
patch, parametrized by two parameters u and v, or inside a
volume parametrized by three parameters u,v,w. It suffices
to concatenate the definition of this parameter space, to get
the full definition of E′.

5. Implementation

Using SAGE [S+12], we have implemented the proposed
modeling of geometric sets. The advantage of SAGE is that it
provides a very powerful programming environment through
Python, with interfaces to various open source scientific li-
braries. We implemented generation of the corresponding al-
gebraic systems which are then solved (more precisely, a co-
vering of the solution space is computed until a specified
resolution is reached) using :

(a) a naive-solver that performs search in Rd

(b) Quimper [CJ09]

(c) an Interval-Newton solver written in C++ [Kub12]
Solver (a) provides a testbed for ideas and experiments and
was implemented within SAGE. We implemented four varia-
tions : (a0) naive search in full Rd , (a1) full search with a
trivial contractor for algebraic expressions, (a2) subdivision
in visible space along with the trivial contractor for other di-
mensions, (a3) reduced-dimension search exploiting depen-
dencies between variables which are indicated a priori.

Solvers (b) and (c) are used as external programs, called
within our script. We also added support for graph visualiza-
tion and analysis in order to perform the DM-decomposition
[AaJM93] via the corresponding bipartite graph or partitio-
ning through the variable graph [WBL09] (we aim to inves-
tigate the use of such techniques in future work).

We performed benchmarks concerning the following geo-
metric primitives :

set equation type x× y

E1
1
3 x2 + y2 < 1 elliptic disk [−2,2]× [−2,2]

E2 (x− 3
4 )

2 + (y− 3
4 )

2 < 2
3 disk [−2,2]× [−2,2]

E3
1
5 x2 + y2 < 2

5 elliptic disk [−2,2]× [−3,1]

E4 x2 + y2 < 1
5 disk [−2,2]× [−1,1]

E5
1
5 x2 + (y+ 1

2 )
2 < 2

5 disk [−2,2]× [−2,2]

These primitives were used to describe the following geo-
metric sets :

set description sys. size
(i) E1 simple primitive 1× 3

(ii) E1 complement 2× 4
(iii) E1 ∩E2 intersection (Lagrangian) 6× 8
(iv) E1 ∩E2 intersection (algebraic number) 4× 6
(v) (E3−E4)∩E5 more complex set 8× 10
(vi) E3⊕E4 Minkowski sum ; x for E4 is [−1,1] 14× 16

which are then solved using solvers (a), (b) and (c), as shown
in Fig. 4, 5 and 6. The top two rows show the covering of the
geometric set with precision 0.1, as computed by solvers a0,
a1, a2, a3, b, c in this order. For convenience, only the visible
space (x,y) is displayed (which is often what we are interes-
ted in), however the dimension is much bigger, e.g. the Min-
kowski sum of two primitives involves 16 variables, compa-
red to only 3 for a single primitive. Red boxes show rejected
boxes, blue boxes show non-rejected boxes, and green boxes
show boxes that are guaranteed to contain at least one solu-
tion. This is currently implemented only for solver (a) with
a simple Miranda test [Vra89], but we aim to improve the
test in the future, so that all boxes within the interior of a set
are green and only boxes on the boundary are blue. The left-
most figure of the bottom row displays runtimes with varying
precision. Bars in each cluster correspond to the six bench-
marked solvers. In the middle figure of the bottom row, the
coresponding bipartite graph is displayed [AaJM93] : One
vertex for each equation and one vertex for each variable is
created, with an edge joining an equation with a variable iff
the equation contains that variable. The rightmost graph is
the variable graph [WBL09] : Each vertex represents a va-
riable and two vertices are connected iff the corresponding
variables appear together in some equation.



Tzoumas, Kubicki, Michelucci et Foufou / Article Journées du GTMG 7

We set a maximum run-time limit of 10 minutes. From the
benchmarks we can observe the following properties.

For sets (i) and (ii) (simple primitives and their comple-
ments), solvers (b) and (c) are very efficient. When high pre-
cision is requested, (c) appears to be slightly more efficient
than (b). Then variation (a3) follows, which in fact hard-
codes the dependency of the slack variable on the visible
space ((x,y) in our examples). The difference in runtime is
due to the fact that the implementation of (a3) is in Python,
while (b) and (c) are in C++.

For (iii) and (iv) (intersections), the number of unknowns
increases. For (iv), we notice a remarkable performance of
(b) contrary to the competition. For (iii) which is using the
lagrangian approach, the runtime of (b) increases by an or-
der of magnitude, and the number of unknowns rises from
6 to 8. We also observe that the naive 8-dimensional search
of (a0) timed out, while (a2) and (a3) perform very well,
which suggests that focusing on the visible space and/or ex-
ploiting dependencies between variables may be the way to
go. However, the current version of (a2) is still experimen-
tal, as it may fail to reject empty boxes for Minkowski sum
computations (vi).

For the complex set (v), again (b) outperforms all other
solvers. Solver (c) timed out for the first time (with 10 unk-
nowns).

Finally, for the Minkowski sum (vi), only (b) managed to
run accurately within time, (a2) performed relatively well,
but failed to reject many boxes.

Solver (c) looks promising but needs to be extended so
that it exploits the dependencies between variables in order
to be efficient in high dimensions.

Finally, we would like to mention that we have not treated
yet an equally important problem : testing the emptyness of
a set. For this problem, one may follow two approaches :

– Modify existing solvers to stop when a solution is en-
countered.

– Augment the under-constrained system in a way that it
becomes well-constrained and then solve the new sys-
tem. This can be done for example by computing a
point in the solution set that lies closest to the origin,
by solving an optimization problem.

6. Conclusion

The DJC method initially applies only to boolean com-
binations of primitive sets. This new representation of geo-
metric sets permits to extend significantly and easily the
scope of DJC : it now applies to any combination of boo-
lean operations, projections, Minkowski sums, extrusions,
deformations. The new representation of geometric sets li-
kely permits to extend the scope of other geometric algo-
rithms. Its main feature is to provide a language for speci-
fying constraints about geometric sets, and for interrogating

geometric sets. Interval analysis is used to solve the auto-
matically generated systems of equations. Indeed, with this
new representation, it seems that numerous geometric pro-
blems are reduced to solving a system of equations, or sol-
ving a system of optimization problems. Regarding optimi-
zation problems, we are still working on open problems such
as the number of constraints that have to be taken into ac-
count, whether nested optimizations can be avoided, whe-
ther bounds for Lagrange multipliers can be computed effi-
ciently and finally, whether it is possible to completely avoid
Lagrangians by expressing optimality in other ways.

The implications for interval solvers.

First of all, the examples are in accordance with the theory
and confirm that the modeling through the proposed alge-
braic systems is correct. Current benchmarks suggest that
the built-in contractor of Quimper (b) performs amazingly
well and at the same time, we might benefit if we exploit de-
pendencies between variables. Thus future work includes :

– Using Bernstein-based solvers in the hope that they will
produce more efficient pruning of boxes. In this direc-
tion we have already implemented a parser for multiva-
riate polynomials to be used along with [Dje12] (which
concerns an efficient LP solver for sparse problems) to-
wards an efficient implementation of [FMF10].

– Applying techniques in [AaJM93] and [WBL09] in or-
der to exploit dependencies between variables and the
fact that the generated systems are rather sparse (each
equation contains only a few unknowns, compared to
the total number of unknowns). In [WBL09] a parti-
tioning technique has been successfully used to attack
cryptanalysis problems.

– Implementing the emptiness test. This can be done
as mentioned either by stopping at the first solu-
tion encountered, or by solving an appropriate well-
constrained system (cf. Sec. 5).

– Implementing second derivative tests for generic opti-
mization problems (though not required so far).

Improvements of DJC.

The DJC method provides a simplicial complex homoto-
pic to the studied set. The Hausdorff distance between the
studied set and the simplicial complex can be large ; for ins-
tance, a simplicial complex made of a single vertex is homo-
topic to any (topological) ball. It seems possible to modify
DJC, to account for some threshold on the Hausdorff dis-
tance. Another question is : is it possible to get a simplicial
complex isotopic (instead of just homotopic) to the studied
set ?

What about the fat set constraint ? For instance a square
in the plane, minus a circle (which is not fat set) inside the
square, is a fat set, with two components (the inside disk, and
the outside). Further, is it possible to account for pieces of
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Figure 4: E1

boundary : parametric arcs of 2D curves in 2D, or parametric
surface patches in 3D ? We would like to study the topology
imposed by a set of boundary pieces : for instance do they
delimit a boundary or not ? It should be used to prove that a
given Brep (a Boundary Representation) is valid.
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