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ABSTRACT A discrete-time queueing system sup-
porting two classes of customers (packets of informa-
tion) with different priorities is analyzed. Unlike the
head of the line priority policy, the priority policy con-
sidered here provides for limited service to the low
priority class, even in the presence of high priority cus-
tomers (considerate system). At the same time, it
guarantees that no low priority customer will be served
before a previously arrived high priority one
(guaranteed policy fairness). The proposed policy can
be seen as a compromise between the head of the line
priority policy and the classical gated / limited service
priority policy. A general methodology is developed
for the analysis of this policy.

I. INTRODUCTION

Discrete-time queueing models have been widely
adopted for the analysis of packet communication net-
works, where packet processes are described by
discrete time stochastic point processes [1]-[3].
Queueing systems are formulated in the networks due
to the sharing of these resources by many users. The
proliferation of services provided by today’s network-
ing systems and the prevailing trend to provide all ser-
vices through a common integrated services network,
have increased the complexity of the protocols govern-
ing the network operation. As a result, the queueing
models adopted for the description of the operation of
certain network elements have become more complex.
The latter is due to the increased complexity in the
description of both the packet arrival processes, gen-
erated by sources with widely different characteristics
and the service policy, necessary for the accommoda-
tion of different requirements. Queueing systems with
priorities are examples of systems with increased com-
plexity due to the service policy. Such systems are for-
mulated, for example, in the buffer of the transmitting
end of a network link supporting packetized informa-
tion with different delay requirements.
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Priority queueing systems have been studied
extensively in the past, [3]-[8]. A queue operating
under two priority levels can be seen as consisted of
two distinct queues. Let #—Q and .£—Q denote the
high and the low priority queues, respectively. The
server switches between the queues in accordance with
the service discipline. Under the Head Of the Line
(HOL) policy, the server moves to £ —Q only if #—Q
is empty; it switches back to 4—Q as soon as this
queue becomes non-empty. As a result, this policy is
inconsiderate to the low priority customers, which
may suffer unfairly long delays.

A more considerate policy to the low priority cus-
tomers is the gated / limited service policy. According
to this policy, only the customers found in #—Q at the
switching instant of the server to that queue, are
served (gated service). Then, the server switches to
£ —Q and provides some limited service to that queue.
Although this policy provides faster service to the high
priority class, it is not completely fair to that class.
The unfairness is due to the fact that high priority cus-
tomers may be served after simultaneously (or at a
later time) arrived low priority ones, even if only one
customer limited service is provided to .£—Q at each
server visit. For instance, if £ —Q is left empty upon
switching to .#—Q and both a low and a high priority
customer arrive after the switching instant and before
the completion of the gated service to #—Q, then the
low priority customer will be served before the high
priority one, even if the latter had arrived before the
former.

The queueing system considered in this paper
(Section II) is a modified version of the gated / limited
service policy. This policy guarantees fairness in the
service, in the sense that no low priority customer will
be served before a high priority one, which arrived at
an earlier time (or simultaneously). In addition to
this, the limited service to .£—Q does not distinguish
among low priority customers which arrived simultane-
ously. In the slotted, discrete-time environment
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considered in this paper, the previous is reflected by
the provision of service to all low priority customer
arrivals within the same time unit (slot), before the
server leaves £ —Q.

The proposed queueing system is a discrete-time
version of that formulated in [9] as a queueing model
for a station in the DQDB (IEEE 802.6) Metropolitan
Area Network [10]. Exact analysis of the continuous-
time system in [9] and the one proposed here have not
been carried out in the past. As described in [9],
<£—Q may be seen as the queue at a tagged DQDB
station which is allowed to transmit only after all the
reservations (high priority customers) made before
have been served. The proposed priority service pol-
icy can be applied to establish fairness to a gated / lim-
ited type of service discipline and improve the perfor-
mance of the high priority class.

II. THE QUEUEING SYSTEM

The queueing system considered in this paper is
now described. Let 4 denote the class of packets
which are favored (given priority) by the service policy
of the system. Let £ denote the class of packets
which do not belong in class 4. To facilitate the
description of the operation of the system and the
adopted service policy, it may be assumed that new
arrivals from a certain class join a specific queue
(buffer) assigned to that class. As a result, two
queues are formed, as shown in Fig. 1. Let #—Q and
<L—Q denote the high and the low priority queues,
respectively.

Time is assumed to be slotted and the service
time deterministic and equal to one slot. The packet
arrival processes associated with the two classes are
assumed to be mutually independent discrete-time
arrival processes. For each priority class, the number
of packet arrivals over a slot follows a general distribu-
tion. Packet arrivals over consecutive slots are
assumed to be independent. A group of L-packets
(H-packets) is defined to be the set of all '-packets
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Fig. 1 The queueing system.
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(JJ—packets) arriving over the same slot. Events
(packet arrivals and service completions) are assumed
to occur at the slot boundaries.

The service policy considered in this paper is a
discrete-time version of that formulated in [9]. The
server switching time between the queues is assumed
to be zero. The service discipline is described by the
following rules:

(a) The system is work conserving (WC). That is, the
server is never idle when a packet is in the system
and the discipline does not affect the amount of
service time or the arrival time of any customer.

(b) When the system is empty the server is con-
sidered to be in a neutral position. If an -
packet (L-packet) arrives to a previously empty
system, the server visits and starts serving 4 —Q
(L —Q) at the beginning of the next slot. If both
H-packets and .L-packets arrive to a previously
empty system, the server starts serving X/ —Q;
then, it operates as the policy indicates.

(c) Packets within each queue are served according to
a FIFO (First in-First Out) service policy.

(d) The server switches from £—Q to X —Q after
serving the group of packets which contains the
packet at the head of the £ —Q (limited 1 group
service).

(e) If upon switching to #—Q, L—Q is left non-
empty, then the server serves all _#—packets
present in #—Q at the switching instant. Then it
switches back to .£'—Q.

(f) If upon switching to #—Q, L—Q is left empty,
then the server remains at #—Q and serves all
the #-packets which arrived prior to or over the
same slot with the next f-packet. Then, the
server switches back to £ —Q.

It should be noted that the above described ser-
vice policy guarantees that /-packets will be served
before any ./-packet which arrives over the same or at
future time slots (guaranteed policy fairness). This is
not the case with the classical gated / limited service
policy, as discussed in Section I. The HOL priority
has the fairness property, as defined before, but it is
very inconsiderate to the /~packets. The adopted pol-
icy guarantees that one group of /-packets (if £L—Q is
non-empty) will be served after the gated service of
the #—Q (limited 1-group service).

In view of the above discussion, it should be clear
that the adopted service policy is a compromise
between the classical gated and the HOL priority
queueing disciplines.

III. ANALYSIS OF THE QUEUEING SYSTEM
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In this section the performance of the adopted
queueing discipline is evaluated. The analysis
approach developed for this purpose is based on
renewal and regenerative theory arguments. A similar
approach has been applied in the past for the analysis
of distributed queueing systems, [13]-[15], as they are
formulated in random-access multi-user communica-
tion networks. This is the first time that such a
methodology is applied for the analysis of priority
queueing systems. The most difficult part in applying
this. methodology to the analysis of random-access
multi-user protocols is related to the establishment of
the system stability region and the conditions for the

existence of a non-negative and finite solution to an
infinite dimensional system of linear equations. This is
trivially carried out in the case of priority queueing
systems, as long as the service policy is non-
preemptive and work-conserving (NP-WC). The sup-
porting theory and the general methodology are
presented in this sub-section.

Let the equivalent FIFO system be defined as the
queueing system which has the same characteristics
with the (priority) queueing system under considera-
tion, but it operates under the FIFO service policy.
Quantities associated with the equivalent FIFO system
will be marked with the superscript FIFO. The fol-
lowing propositions present basic results from queue-
ing theory for WC queueing systems, [S], [6], [11].
They are presented here in a discrete-time slotted con-
text to be directly applied to the study of the queueing
system described earlier. The continuous-time ver-
sions, if different at all, present only minor technical
differences.

P ition 1

The busy and idle period processes of a WC sys-
tem and its equivalent FIFO systems are identical for
all realizations. O

Let x be the random variable which describes the
length (in slots, or discrete-time units) of the time
interval between two consecutive instants when the
WC system is empty. The following Lemma is obvious
in view of Proposition 1.

Lemma 1

For a WC system x=x""° for all realizations and
thus X=X"FO  where X=E{x} and E{-} denotes the
expectation operator. O

Let A and E{s} denote the arrival rate and the
mean service time of the arrivals in the equivalent
FIFO systems; let p=AE{s} denote the utilization of the
system. Then, under the condition, [5],

p<1 and E{s%}<w , 6}

the queue is stable, the induced delay in the system is
finite and p is equal to the fraction of time that the
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server is idle or the system is empty. The latter is also
given by 1/XFIFO_ Since the stability condition of a
WC queueing system is not affected by the order of
service, the following Lemma can be easily proved, in
view of Proposition 1 and Lemma 1.

Lemma 2
For a WC queueing system, X is given by

=1—1-<w , under the stability conditions (1) (2)
-p

and the operation of the system induces renewal points
of finite mean cycle length. O

Lemma 2 will be used for the establishment of the
existence and the actual calculation of lower bounds
on the delay associated with each of the priority
classes of a NP-WC priority system. Then, upper
bounds will be derived by using the Corollary to the
next Theorem, under the conditions stated in the
Theorem.

Theorem 1
Consider a NP-WC priority queueing system sup-
porting K priority classes. Let \' denote the arrival
rate of the i priority customers. Under the assump-
tion that the customer service requirements do not
depend on their priority class, [5], [6], [11],
K . . K .
)\DFIFO= ExlDl , 7\=E)\l (3)
i=1 i=1
where D' denotes the mean delay of the iﬂ'-priority
customer.

Let Dlio, 1=<i=<K, denote a lower bound on the
mean delay of the i™ priority customers in a priority
queueing system, as described in Theorem 1. The fol-
lowing Corollary provides for an upper bound on
D', 1=i<K; its proof is evident in view of Theorem 1.

Corollary 1

An upper bound, D,ilp, on Di, 1=i=K, for the
priority queueing system described in Theorem 1, is
given by
1 K
D=~ [xDF‘FO— > ADE o @
A k=1,k#i

Note that the above theory is valid for a NP-WC
queueing system supporting fixed length packets with
different priorities. From now on, the customers will
be considered to be fixed length packets whose service
time is equal to 1 slot, independently of the priority
class in which they belong. Packet arrivals associated
with each priority class are assumed to form an
independent and identically distributed process. These
processes are assumed to be mutually independent.

Let {z;};>; denote the sequence of slot boundaries
at which the queueing system is empty; {z;};= is a
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renewal sequence with mean cycle length given by (2),
under the stability conditions (1). Let {x;}=1 denote
the sequence of the lengths of these cycles. Let ¢
denote the cumulative delay of the i priority packets
which arrived (were transmitted) over the j cycle.
Under stability conditions, {cji}jao is a regenerative
process with respect to the renewal process {z}}j=o with
E{¢j}=C'<w. Thus, the mean delay of a il priority
packet can be obtained from, [13], [14],

e _1-p
Dl:E_ \i c 5)

To compute the expected value of the cumulative
delay of the i™ priority packets, the specific priority
discipline has to be taken into consideration. This is
carried out in the sequel for the queueing system
described in the previous section. The approach can
potentially be applied to other two priority queueing
systems. It turns out that the computation of C'
requires the solution of an infinite number of linear
equations. A lower bound on C', Cy,, is obtained by
solving a truncated, finite set of these equations; then,
a lower bound on D', Dy,, is obtained by substituting
Cj, in (5). Finally, Corollary 1 is invoked for the com-
putation of an upper bound on D, D,ilp, by utilizing
the lower bounds on D', for 0<i<K. By considering a
sufficiently large number of equations in the truncated
version, arbitrarily close bounds can be obtained. The
approach is illustrated and justified in the sequel,
where lower bounds on the mean -packet and -
packet delays are obtained for the system described in
Section II.

IIL2. Mean packet delay bounds for the 2-priority
system

Consider the 2-priority NP-WC queueing system
described in Section II. The deterministic packet ser-
vice time (one slot) is adopted as the time unit.
Packet arrivals and departures are declared at the end
of the slots. The slot boundaries determine the
discrete-time axis which is the time reference for all
processes involved in the analysis of the system.

L-axis

H-axis

Fig. 2 Time axes for the definition of the state of the

system.
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system axis

For reasons which become clear later, the mean
cycle length X, given by (2), is computed first. The
developed approach will be directly applied to the cal-
culation of C* (Ch, where C* (CY is the expected
value of the cumulative #-packet (.L-packet)) delay
within a cycle.

Let {t,};~, denote the sequence of time instants at
which the service of the #—packets found upon the k't
visit to the #—Q is completed. At a time instant ¢,
let j,, 0=j, <, denote the length (in slots) of the unex-
amined interval on the _/-axis; that is, _/-packets
which arrived over j, have not been considered for ser-
vice by f, (Fig. 2). Let i +j,, 0=<i, <%, describe the dis-
tance from ¢, of the group of the ./-packets which con-
tains the packet at the head of the .£—Q at time ¢,.
Let {ryJy=o be a stochastic process embedded at {t,},~¢
with state space S={(i,j) : 0=i<w, 0=j<o}, where i
and j are the values of i, and j, at the current instant
telth>1. Since packet arrivals over consecutive slots
are independent, it is easily established that {r}., is a
Markov chain embedded at {f},~,. The following
quantities are used in the analysis.

¥(@,j) : A random variable describing the length of
the time interval (in slots) between some
time instant # (as defined above) when the
System is in state (i,j), and the first time in
the future when the system becomes empty,
i=0, j=0 and i+j#0.

¥(0,0) : A random variable describing the length of
the time interval between two consecutive
instants when the system is empty; notice
that y(0,0) is the same as x, defined earlier.

Y(@,j) : Expected value of y(i,j) , i=0, j=0.

l: A random variable describing the number of
L-packets arrived over a slot. Let
g'(k), 0=k=M'<w, and M denote its proba-
bility mass function and its expected value,
respectively.

I : A random variable describing the number of
L-packets arrived over a slot, given a group
of L-packets has arrived over this slot. Let
gl(k), 1=k=M, and p/ denote its probability
mass function and its expected value, respec-
tively.

h: A random variable describing the number of
M-packets arrived over a slot. Let
g'(k), 0sk=M"<w, and A" denote its pro-
bability mass function and its expected
value, respectively.

h: A random variable describing the number of
M-packets arrived over a slot given that a
group of _H-packets has arrived over this
slot. Let gl(k), 1=k=M*, and p* denote
its probability mass function and its expected
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value, respectively.

h: A random variable describing the number of
M-packets arrived over k slots. Let
h(k,j), 0=<j<kM”, denote its probability
mass function which is given by the k-fold
convolution of g*( ).

a : A random variable indicating the location
(time instant t) of the first #-packet arrived
over an unexamined interval of length k; the
value of a, is equal to the number of slots
between t and the current time.

b, : Same as a, applied to .L-packets.

JG,j): A random variable describing the cumulative
delay of all ./-packets which are transmitted
between £, when {r},-, is in state (i,j), and
the first time in the future when the system
becomes empty. In other words, c(i,j)
denotes the number of ./~packets transmitted
over y(i,j), i=0, j=0, i+j#0.

c(0,0) : As before, referring to a period x=y(0,0).

C!G,j) : Expected value of c\(i,j), i=0, j=0.

c(i,j) : Same as J(i,j) applied to _V-packets,
i=0, j=0.

C"(i,j) : Expected value of c¥(i,j), i=0, j=0.

At this point a procedure is developed for the
computation of Y(0,0)=X. Although the latter quan-
tity may be computed from (2), an alternative compu-
tation approach is followed, for two reasons. First,
the bounds computed through this approach are
required for the derivation of tight bounds on the
mean packet delay, as presented in the last section.
Second, it is conceptually easier to present this
approach by applying it to the process y(i,j), i=0, j=0.
Based on this approach and some of the derived
results, C' and C* will then be computed in a straight-
forward manner. The latter quantities are required for
the mean packet delay calculation in (5).

It is easy to establish that the length of the time
interval between two consecutive instants (slot boun-
daries) in which the system is empty is given by (see

Fig. 3(a)).

{1 if a,+b;=0 .
y(0,0) =X = ]+h‘+y(b1,hl) if al+bl$0 ( a)
where (see Fig. 3(b)) for i=1, j=0,

lc if bi—1+j+lc+hj+lg=0(6b)

y@.i) = Ity 4y (B sty otherwise

and (see Fig. 3(c)) for i=0, j=1,

0 if aj+bj=0
hety(by.a;-1+h,) if a=b;, a;>0

Equation (6a) is easily explained by considering
Fig. 3(a). Let ¢t be a (slot boundary) discrete-time
instant at which the buffer is empty. The next such
time instant will be ¢ if no arrivals take place over the
slot (t,t'), that is, if a,+b,;=0; in this case x=1. If h,
M-packets arrive over (t,t'), that is if a,>0, then these
packets will be transmitted over the next A, time slots.
The completion time, #'', of these transmissions

e || L
. 1 -axis
[ — h’ —
7 \u/ 'R system axis
‘l‘\—w | } H-axis
\J
a;
(@
' \* I L-axis
LN o Y ey
o _—\-’i/\-/ ;i system axis
t
Ir \ H-axis
—
(b)
b,
YU N 4
I ‘t ’d—hr-——b
l L ;_. t N~
P19 [ % /
atal puls i
(c.1) (c.2)

Fig. 3 Tllustration of the derivation of the equations in
(6); mark * indicates a potential time instant in
{ty=0; mark o indicates the boundary between the
examined (on the left) and the unexamined (on the
right) intervals on the corresponding axes; mark A
indicates packet arrivals; system axis is the real time
axis.
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corresponds to a time instant from the sequence
{t,}i=0, on which the Markov chain {r.h=, has been
defined. At time ¢’ the unexamined interval on the
M-axis is hy. If a group of .L—packets have arrived over
the examined interval of the W-axis (2,¢'), then b,=1;
by=0 if no such packets have arrived over that interval.
Thus, the state of the system can be defined to be
(b1,hy). By definition, y(b,,h,) slots are required for
the system to become empty after ¢'. Thus, if
a,+b,#0, the time required for the system to reach an
empty buffer state, starting from an empty buffer state
at t, is given by 1+h+y(b;h,). The values of
¥(i,j), i=0, j=0 and i+j#0 are given by the linear equa-
tions 6(b) and 6(c).

When i>0, there is always some ./-packet to be
served after instant te{t,},~, (Fig. 3). Let 1.>1 denote
the number of these packets. If no -packet arrived
over the unexamined interval of length j+i, (h;,,=0)
and no {-packet arrived over the unexamined interval
i=1+j+1; (biq4,,=0) then the system is empty at #'* and,
thus, y(i,j)=l,. If, on the other hand, hj,, #0, then the
H-packets which arrived over the interval of length j+/,
are served. The time instant of the completion of this
service, t', corresponds to a point in {#},.;. Thus, in
this case, y(i,j) equals lethi +y(biyyjuhyn).  When,
h;,,=0 but b, ,,;,, #0 then t""eft,},~, and y(i,j) is equal to
Ic+}’(bi—l+j+lc’ 0).

When i=0, j=1, then no .[-packet, which arrived
over the examined interval on the ¥-axis, is in £ —Q.
Since te{t,}, the server will serve the oldest group of
packets independently of the class in which they
belong, according to step (f) of the priority policy. If
no packet arrived over the interval of length j, then ¢
corresponds to an empty buffer time instant and thus,
¥(0,j)=0. If a group of .[-packets have arrived first
over that interval, that is, if b>a; , b;>0 (Fig. 3(c.1)),
then the server moves to £ —Q at ¢ and the state at
that instant can be described as (1,bj—l). Thus,
y(0,j)=y(1,b;-1). If a group consisting of h, #-packets
have arrived first (or simultaneously with some group
of J[-packets) over the interval of length j, that is, if
a;>b;, ;>0 (Fig. 3(c.2)), then the server serves the
group of the #-packets and then is ready to move to
L—Q. Thus, ¥(0,j)=hety(by,a;-1+h), where b;=1 if a
group of l-packets arrived simultaneously with that
group of #-packets and b,=0 otherwise.

By applying the expectation operator to both
sides of the equations in (6), the following infinite
dimensional system of linear equations is obtained.

Y(i.j)=eli) + 3 Sbiini)Y(i) (7

1120 ip=0
The constants e(i,j)=0 and b(,j,i;,i;)=0 for
1,j,i1,1=0, may be found in [17]. The following
Lemma provides for the existence of a nonnegative
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and finite solution to the system in (7). Its proof is
evident in view of the fact that the solutions of (7) are
nonnegative and finite, under stability conditions, [12].

Lemma 3
If A4A"<1, then the system in (7) has a unique
nonnegative and finite solution. O

The following Theorem provides for a lower
bound on X=Y(0,0).

Theorem 2

For M4A’<1, a lower bound on Y=X=Y(0,0) is
given by Yi,=Y,(0,0), where Y,(0,0) is the solution
for Y(0,0) of the finite system of linear equations

N, N,
Y(i,j)=e(i,j)+2 2 b(i’j!ilaiZ)Y(IhIZ) (8)
=0 ;=0
for some Nj<® and N,<o, where Y;,(0,0) increases
monotonically to Y(0,0) as N;, Ny->,

Proof

For AMAl<1, the infinite dimensional system in
(7) has a unique nonnegative finite solution (Lemma
3). Thus, the truncated version of (7), shown in (8),
has solutions, Y.(i,j), which satisfy Yi,(i,j)=Y(,j)
and  lim  Yy(i,j) = Y(i,j), for 0=<i=N;, 0=j<N,,

N;, N>
[12].

Theorem 2 establishes a lower bound, Y,(0,0),
on Y(0,0). Numerical results verify that for suffi-
ciently large Ny, Ny, Y,(0,0) is very close to the true
value X, as given by (2).

The previous approach can be applied directly for
the calculation of lower bounds on C” and C/, which
are unknown. These quantities are computed from
the following equations, which are easily derived in
view of the equations in (6).

if a;+b,=0

9
bk it @b, #0 (O2)

c,0) =

where, for i=1, j=0,

. 1 .
l+j—1)lc+;lc(lc+1) s if By q4jathj =0

JGj) = ] (9b)
(Dl L1 )+l (bissjarshie) > otherwise

(where, %lc(lc+1)=1+2...+lc) and, for i=0 , j=1,

0 if ai+bj=0
cGi.j) = {¢(1,b-1) it b;>a;, b>0 (%)
Hbar1+h) if a=b, a>0
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The  corresponding set of equations for
(i,j) for i=0, j=0 are given by
if a;+b;=0

(00 = if a,+b,#0 (102)

1
Jhelhet1) + by )
where, for i=1 , j=0,
0, if byyyjuthyy =0
i) = { (ti-1)hy 4 (h

) = 1 2(c+.|" ) j+lc+2 j+l=( j+lc+1)+ (10b)
+c"(bH+i+,c,hj+,=) , otherwise
and, for i=0, j=1,
0, if aj+bj=0

b1y , if b>a;, b>0
Ch(i’j) =3 1 (10c)
(aj—l)hc+;hc(hc+1)+c"(b,,a]—1+hc)

. if a=b;, a>0

The explanation of some of the above equations is
given in [17]. By applying the expectation operator to
both sides of the equations, two sets of infinite dimen-
sional systems of linear equations are obtained. These
systems of equations are of the form of that shown in
(7). In fact, the coefficients of the unknowns are
identical to those in (7). It is only the constants which
are different from e(i,j), i, j,=0; these constants are
denoted by e/(i,j) or ¢”(i,j) and they may be found in
(17]

Tight lower bounds on C'=CY0,0) and
Ch=C*(0,0), denoted by CL and ct, respectively, can
be obtained by solving truncated versions of the
corresponding infinite dimensional systems of linear
equations (Theorem 2). Under the stability condi-
tions for the queue, C’(i,j) and C(i,j) is finite since
Y(i,j) are finite, for all finite i and j. Then, lower
bounds on the mean packet delay can be obtained for
each priority class from (see (5))

1 1
Dl}:fThEC]Z and Dl,o=_xlgcllo (11)

Finally, upper bounds on the mean packet delay for
each class can be obtained from (4), provided that the
mean packet delay for the equivalent FIFO queueing
system is known. The latter quantity is given by,

FIFO_ g-A
DFIFO-14 TEVR (12)
where o denotes the second moment of the cumulative
number of packet arrivals per slot. Equation (12) is a
known result which can be obtained, for instance, by
applying the analysis in [16] for independent packet
arrival processes.

IV. NUMERICAL RESULTS

In this section the performance of the proposed
priority policy is evaluated, in terms of the induced
mean packet delay for each priority class. Since the
derivation of exact results requires the solution of
infinite dimensional systems of linear equations, upper
and lower bounds on the induced mean packet delay
are computed. To improve the accuracy of the com-
puted results, some techniques are developed for the
derivation of tight bounds. The new developments
will be presented with respect to quantities associated
with the /-packets, but they hold for the correspond-
ing quantities associated with the “-packets, as well.
The following definitions are useful for the discussion
of this section. Let R={(i;,iy): 0<i;=<Nj, 0=<i,<N,}
denote the solution region for the system of linear
equations in (8); let R denotes its complement. Let
D={(i,iy) : i;=N; and / or i,=N,} denote the boundary
of the solution region R.

When the traffic load A=AP4)\ is small or
moderate (e.g., A<.6 ), then the computed lower
bounds C{:, and C,’o are very close to the true values of
Ch=C"(0,0) and C’=C/(0,0) This is justified in view of
the observed tightness of the resulting lower and upper
bounds on D* and D/, computed from (11) and (4).
C{"J and C{o are computed by solving (8) for some finite
N; and N,, where e(i,j) is replaced by e”(i,j) and
¢,9), 0=i=N; and 0=<j=<N,, respectively. The results
for N;=100, N,=15 and symmetric packet traffic,
defined by g.(1)=.5, g.(2)=.25, g.(3)=.25, are shown in
Fig. 4. Notice that the bounds become loose for total
packet rate greater than .95. The latter is shown in
more detail on Fig. 5 for D’ and Fig. 6 for D” (curve
(4)). The observed (erroneous) decrement of the
lower bounds, as the load increases beyond .95, is due
to the truncation effect on the infinite dimensional sys-
tem in (7). This behavior of D{o is explained in the
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next paragraph. The behavior of the bounds on D*
can be similarly explained.

From the definition of C¥(i,j) it is evident that the
following monotone behavior is expected: for some
fixed ipand j Jos Clip.i)) = Cllip,iz) for ji=j, and
Cli1,jo) = Clliz.jo) for iy=<i,. This behavior is clearly
not present in the results computed by (8). For
instance, a typical behavior of Cl.(ig,j) for 0=j=N, is
shown in Fig. 7 (curve (1)), for ip=0, Ny=60 and
N,=20. The values of C{o(io,j) for j close to the trun-
cation boundary D (j=N,) decrease, as j increases.
This is easily explained in_view of the fact that the
values of d(lo,]) for (10,])eR (]>N2) which affect the
computation of the values of Cl(ip,j) close to the
boundary D, are set equal to zero in (8). When the
traffic load is low or moderate and Ny, N, are suffi-
ciently large, then the states (i,j) which are close to
the boundary D are visited very rarely. As a result,
therr (maccurate) contribution to the computed value
CIO(O 0) is insignificant and the resulting bounds on D!
are tight.

For large traffic loads (e.g., A>.9) the boundary
effect becomes significant and the bounds become very
loose, unless N; and N, are very large. Under such
traffic conditions, the values of C'(x,]) for (1,])eR are
set to be equal to the value C'(i,j), instead of zero;
(3,) denotes the state on D with the minimum distance
from (i,j). The latter is implemented by increasing the
values of b(i,j,i,ip) for (iy,ip)eD, to include the weight
of the coefficients b(i,j,i;,iy) for (i1,iy)eR. The result-
ing new coefficients b(i,j,i; i,) may be found in [17].
The values of Clo(l,]) computed from (8), by incor-
porating the new coefficients b(i,j,i iz), present the
monotone behavior of the exact values C'(i,j),
obtained from the solution of (7). A typical behavior
is shown in Fig. 7 (curve (2)). The smaller the solu-
tion region R of (8), the larger the improvement on
the tightness of the bounds on D' achieved by utilizing
the increased values of the coefficients on the boun-
dary D. The values Cl(,j) computed from this
approach are lower bounds on the true values C'(i,j),
since lower bounds on C(l],lz) have been used for
(rl,rz)eR This is formally proven in [17]. The result-
ing improvement on the bounds on the delay is shown
in Fig. 5 (curve (3)).

Further improvement on Clo(l,]) can be achieved
by boosting the values of C'(i,j) for (1,])eR This is
achieved by setting the values of CXi,j) for (1,])eR to
be equal to the value of C(l,j), plus a term which
increases with i and / or j; this term is a lower bound
on the difference between the true value C'(i,j) and
the representing value Ccld,j). This approach is
described in [17], where the resulting increased con-
stants  &/(i,j), 0<1<N, 0=<j=<N,, are computed.
Again, the values Clo(l,]) computed from this
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approach are lower bounds on C/(i,j), since lower
bounds on C'(iy,i,) for (i1,iz)€R are used. Curve (3) in
Fig. 7 shows the improved values of Cl(O,j) for
0=j=20. Curve (2) in Fig. 5 shows the resulting lower
bound on D/,
Finally, tight bounds on D’ and D”* can be

obtained from the expressions

& ct

2 | Di—2 13)
)‘lYlo lo

where Cf,, Cft and Y,, are computed by using constant
(nonzero) values for CI(ij), C*(i,j) and Y(i,j) for
(i,j)eR, as explained above. By using the concept of
dominant systems it is easily shown that Dy satisfies
the following inequalities (see [17]).

D{,<D{m=D' , Dfi=<Di <D" (14)
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Curve (1) in Fig. 5 shows the resulting improvement in
the lower bound. The bounds on C’ and C* computed
from (14) are the tightest for the case considered here.
The mean delay results for each priority class, com-
puted from (14), are shown in Fig. 8, for 0=A=.90,
and Fig. 9 for 0=A=1. Notice that the upper and
lower bounds coincide for A<.90, in this case.
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