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Abstract

This pap er studies the problem of analyzing and designing optimal pla y out adaptation

p olicies for pac k et video receiv ers (PVR) that op erate in a dela y jitter inducing b est-e�ort

net w ork, lik e the curren t in ternet. The dev elop ed system mo del is built around the E

k

=D

i

= 1 = N

phase-t yp e queue and allo ws for the e�ectiv e mo deling of k ey design and system parameters,

suc h as: the lev el of dela y jitter, the p erformance metrics and the emplo y ed pla y out p olicy . The

optimal pla y out p olicy is deriv ed under k-Erlang in terarriv als b y form ulating and solving an

optimization problem. The (theoretical) optimal solution is transformed in to an appro ximately

optimal one that utilizes observ able information and it is, th us, feasible. Numerical results

are deriv ed under the optimal p olicy and compared against those under the optimal p olicy

that assumes a �xed lev el of jitter as determined b y P oisson arriv als, as w ell as against the

deterministic service that applies no pla y out adaptation. Based on this w ork, a PVR is prop osed

that adapts to v arying net w ork dela y jitter and tries to induce a p erformance that appro ximates

the deriv ed theoretical optimal one.

1 In tro duction

The transmission of video streams, real-time or pre-stored, o v er b est-e�ort net w orks has b een an

in teresting researc h area for o v er a decade. An imp ortan t ob jectiv e of the researc h comm unit y

has b een to devise metho ds that cop e with the v ariations of the net w ork dela y { also called dela y

jitter { that are an inheren t c haracteristic of b est-e�ort net w orks. Jitter destro ys the temp oral

relationships b et w een the p erio dically transmitted video frames th us hinders the comprehension of

the stream. Pla y out adaptation algorithms undertak e the lab or of the temp oral reconstruction of

the stream to a form that resem bles as m uc h as p ossible its initial structure, as enforced b y the

enco ding pro cess. The intr astr e am synchr onization qualit y of the stream quan ti�es the exten t of
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this temp oral reconstruction and is directly related to the p erceiv ed presen tation qualit y at the

receiving end.

A pac k et video receiv er (PVR) consists of a pla y out bu�er, for the temp orary storage of incoming

frames, and a pla y out sc heduler, for the determination of the presen tation initiation time and the

presen tation duration of eac h frame. The pla y out sc heduler is giv en the abilit y to regulate the

presen tation duration of a video frame (whic h normally is �xed and equal to the in v erse of the

frame pro duction rate) in an attempt to smo oth-out the e�ects of net w ork jitter. The general

principle that driv es the op eration of the sc heduler is that large discon tin uities b et w een consecutiv e

frames are undesirable as they are easily detected b y h uman users and, therefore, it is desirable to

break them in to discon tin uities of smaller duration that ma y b e unnoticed due to h uman p erceptual

limitations in the detection of motion.

By manipulating the duration of frames, the pla y out sc heduler also a�ects the n um b er of bu�ered

frames. Unpresen ted frames that w ait in the pla y out bu�er increase the end-to-end dela y of eac h

newly arriving frame. The end-to-end dela y measures the time b et w een the enco ding of a frame

at the sender and its presen tation at the receiv er. Applications that ha v e a dialogic nature (e.g.,

video conferencing) call for a small end-to-end dela y so that they can o�er the required in teractivit y

to the comm unicating parties.

This pap er is concerned with the p erformance ev aluation and optimization of bu�er-oriente d

pla y out sc hedulers, whic h p erform their task without the use of timing information (clo c ks and

timestamping of frames), as opp osed to time-oriente d sc hedulers whic h utilize suc h information.

The systems that are considered here use the curren t o ccupancy of the pla y out bu�er as an implicit

indication of jitter and base all regulatory actions on that information. The t w o main con tributions

of this w ork are: the dev elopmen t of an analytical p erformance ev aluation mo del for pac k et video

receiv ers, capturing k ey design and en vironmen tal parameters suc h as the lev el of dela y jitter, the

op eration of the pla y out sc heduler, and the considered qualit y metrics; and the dev elopmen t of an

analytical optimization mo del that has the p oten tial of deriving the optimal PVR design, under

appropriate qualit y metrics, for di�eren t lev els of dela y jitter.

The remainder of the pap er is organized as follo ws. In Sect. 2 w e examine some relev an t w ork

from the literature. In Sect. 3 w e discuss issues related to the mo deling of frame arriv als at the

PVR. A queuing mo del for PVRs and the asso ciated p erformance metrics are dev elop ed in Sect. 4.

Section 5 form ulates a Mark o v Decision problem whose solution is the theoretical optimal PVR

for a giv en lev el of dela y jitter. Some n umerical results from the optimized systems along with a

comparison with earlier systems are presen ted in Sect. 6. In Sect. 7 w e sho w ho w to apply the

theoretical optimal solution to a real w orld PVR. In Sect. 8 w e describ e the o v erall arc hitecture of

a p oten tial implemen tation of the system and prop ose a w a y to adapt to 
uctuating dela y jitter.

2 Related w ork

A surv ey of prop osed pla y out sc hedulers, b oth time and bu�er orien ted, has b een presen ted in [1].

Here w e selectiv ely presen t some bu�er-orien ted sc hemes that are of particular in terest to the curren t

w ork.

The fundamen tal idea that the lev el of dela y jitter can b e implicitly deduced b y observing the
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o ccupancy of the pla y out bu�er has b een demonstrated with a system that implemen ts the queue

monitoring (QM) algorithm [2]. Under QM, a sequence of video frames that has b een presen ted in

a con tin uous manner { meaning that the queue w as nev er found empt y follo wing the completion of

a presen tation { is used as an indication of reduced dela y v ariabilit y and triggers a reduction of the

end-to-end dela y of the stream b y discarding the new est frame from the bu�er. The con�guration

of the algorithm is empirical, based on traces of real frame in terarriv als. Although QM handles

the basic con tin uit y-latency tradeo� it do es not try to \smo oth out" the disruptiv e e�ects of this

pro cess. It allo ws the natural build-up of the bu�er with (detectable

1

) under
o ws, while it decreases

the dela y with frame discards (whic h can also b e detectable, esp ecially in the case where the frame

has a signi�can t duration, e.g., in lo w frame rate enco ding).

New er systems try to a v oid long lasting discon tin uities . The thr eshold-slowdown sc heduler of [3]

applies a more general regulation sc heme go v erned b y the selection of the slo wdo wn-threshold T H .

F rames are presen ted with a normal duration when the bu�er o ccupancy , i , is greater than the (�xed)

threshold, and with extended duration, b y a factor equal to T H =i , when the bu�er o ccupancy is

smaller than the threshold. In essence, the sc heduler attempts to prev en t an imp ending under
o w,

when the o ccupancy of the bu�er is small, b y applying gradually reduced pla y out rates. In [4] w e

examined some of the implications of net w ork jitter in the selection of an appropriate threshold

v alue and pro vided algorithms that mo dify this v alue on the 
y , in resp onse to c hanging jitter.

The w ork that is most relev an t to the curren t is [5]. It di�ers from [3, 4] in that instead of

using a heuristic metho d (lik e the aforemen tioned threshold) for the regulation of the pla y out rate,

it applies the b est p ossible pla y out p olicy (for the assumed en vironmen t) whic h emanates from the

analytical solution of an appropriate optimization problem. This pla y out p olicy , ho w ev er, deliv ers

the desired optimal p erformance only under the assumed lev el of dela y jitter. One con tribution of

the presen t w ork is that it extends the metho ds and the results of [5] so that they ma y b e applied

to di�eren t lev els of dela y jitter, allo wing for the exploitation of the system in real-w orld PVRs that

op erate under 
uctuating dela y jitter.

3 Mo deling dela y jitter

Video frames are p erio dically transmited b y a sender at a rate �

f

whic h is sp eci�c to the emplo y ed

video format, usually at 25 or 30 frames/sec. The spacing b et w een consecutiv e frames at the sender

and the duration of eac h frame, T , are equal, giv en b y the in v erse of the frame pro duction rate, i.e,

T = 1 =�

f

.

Due to the v ariable net w ork transfer dela y of b est-e�ort net w orks, frames arriv e at the PVR at

non-regular in terv als that ma y deviate signi�can tly from the frame p erio d T . The v ariabilit y of the

in terarriv al in terv als is directly related to the v ariabilit y in the net w ork transfer dela ys (net w ork

jitter). The i th frame in terarriv al, X

i

, is giv en b y: X

i

= T + D

n;i

� D

n;i � 1

, where D

n;i

denotes

the net w ork dela y of the i th frame. If D

n;i

= D

n;i � 1

the in terarriv al spacing is equal to the

in terdeparture spacing. If D

n;i

> D

n;i � 1

the t w o frames drift apart ( X

i

> T ) otherwise they

approac h eac h other ( X

i

< T ). F or D

n;i � 1

= D

n;i

+ T the t w o frames arriv e concurren tly at

1

W e mean \detectable" under the motion detection capabilities of a h uman end-user.
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the PVR, a phenomenon called clustering of frames. Due to the high degree of aggregation of

the tra�c that co-exists with the video stream in the net w ork, it b ecomes reasonable to assume

indep enden t and iden tically distributed (i.i.d.) net w ork transfer dela ys, that is, D

n;i

s, th us giving

rise to the follo wing observ ations: the exp ected duration of in terarriv als is E f X g = T ; the v ariance

of in terarriv als is V ar f X g = 2 � V ar f D

n

g ; the distribution is symmetrical around its mean v alue.

See [6] for more details on these observ ations.

Previous studies of bu�er-orien ted pla y out sc hedulers ha v e used the P oisson [3, 4, 5, 7], or the

in terupted P oisson pro cess [8, 4], for the mo deling of frame arriv als. The exp onen tially (h yp erexp o-

nen tially) distributed in terarriv als, that are implied b y the P oisson (in terrupted P oisson) pro cess,

ha v e some prop erties that limit their v alue as mo dels of the true in terarriv als of p erio dic streams

that ha v e b een reshap ed b y jitter. First, the exp onen tial distribution is not symmetrical around its

mean v alue, as required b y the indep endence of D

n;i

s. The symmetrical nature of the in terarriv al

times do es not only stem from the i.i.d. assumption made for the net w ork dela ys but it has also

b een v eri�ed exp erimen tally on real net w orks [6, 9, 10]. Second, the exp onen tial distribution is m uc h

more v ariable than measured in terarriv al distributions, making it appropriate only under conditions

of extreme dela y jitter that results in highly v ariable in terarriv als at the PVR. These observ ations

apply , to a greater exten t, also for the in terrupted P oisson pro cess.

Under \normal" net w ork conditions, frame in terarriv als tend to b e m uc h more regular than

what the exp onen tial distribution pro vides. T o capture this increased regularit y w e use throughout

the rest of this w ork the k -Erlang distribution for the mo deling of frame in terarriv als. A k -Erlang

distribution, b eing a k -fold con v olution of an exp onen tial distribution, is k times mor e r e gular

than the exp onen tial distribution of the same mean. A k -Erlang in terarriv al X with mean v alue

T is giv en b y: X =

P

k

i =1

Y

i

, where Y

i

, for 1 � i � k , is an exp onen tially distributed random

v ariable with mean T =k . F or the random v ariables X and Y w e ha v e: E f X g = k � E f Y g =T;

V ar f X g = k � V ar f Y g = T

2

=k ; V ar f Y g =E

2

f Y g = 1 =k . The last ratio denotes the regularit y of the

distribution. The exp onen tial distribution has a reference regularit y equal to one and is k times less

regular than the corresp onding k -Erlang of same mean. The k -Erlang can approac h the regularit y

of a deterministic distribution b y increasing k so that the ratio approac hes 0. Also for su�cien tly

large k the k -Erlang is almost symmetrically distributed around its mean v alue.

T o iden tify the range of in terarriv al v ariabilit y that should b e mo deled b y the k -Erlang distribu-

tion w e ha v e transmitted a p erio dic stream of \dumm y" frames, at 30 frames/sec, and ha v e logged

the in terarriv als at the receiving host. The stream has crossed the data path from the Univ ersit y

of A thens (UoA), Greece, to the Arizona State Univ ersit y (ASU), USA. The Mgen/Drec suite of

to ols [11] w as used for the creation of the test tra�c and for the logging of the in terarriv al trace.

Figure 1 illustrates the measured v ariance of in terarriv als at ASU, o v er 10 min ute in terv als, through-

out an en tire w orking da y . In the y-axis instead of marking the actual measured v ariance, w e mark

the p oin ts that corresp ond to the v ariance of k -Erlang for 1 � k � 32. The results indicate that the

measured v ariance corresp onds to a range of regularities from P oisson (high jitter at 10:00-11:00)

do wn to 34-Erlang (m uc h more regular in terarriv als), with sev eral in termediate lev els in-b et w een.

Although k times more regular than P oisson, a k -Erlang input stream in the aforemen tioned

range w ould lead to p o or pla y out qualit y if not handled b y an appropriate pla y out algorithm, suc h

as the one dev elop ed here. In the follo wing w e pro vide an example to supp ort this claim using
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Figure 1: The v ariance of in terarriv als of a test stream (with 30 frames/sec) from UoA to ASU. The x-axis marks the

b eginning time of eac h 10 min trace. The y-axis marks the p oin ts that corresp ond to the v ariance of in terarriv als of k -Erlang

distributed in terarriv als (with 30 frames/sec mean rate). The logged in terarriv al corresp ond to jitter lev els from sligh tly

higher than P oisson, to as lo w as 34-Erlang.
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Figure 2: Steady-state bu�er o ccupancy distribution for a receiv er that can hold up to 30 frames. The input pro cess is

20-Erlang. DS and EO(33) pla y out p olicies are considered.

k = 20. This v alue is a frequen tly encoun tered one in the measuremen t exp erimen t. Figure 2

sho ws the steady-state bu�er o ccupancy distribution of a receiv er that is fed b y a 20-Erlang input.

The receiv er can hold up to N = 30 frames. Tw o cases are ploted: (i) DS, whic h amoun ts to a

deterministic service, where all frames are presen ted at their normal duration; (ii) EO(33), whic h is

an example of the pla y out p olicies dev elop ed here and aims at a v oiding discon tin uities due to bu�er

under
o ws and o v er
o ws. The o ccupancy distribution is deriv ed for frame presen tation completion

instances. Observ e that under DS a 0.5% of presen ted frames are follo w ed b y an under
o w, whereas

the corresp onding p ercen tage for EO(33) is almost equal to zero. The 0.5% under
o w p ercen tage

of DS amoun ts to 30 � 60 � 0 : 005 = 9 under
o ws p er min ute for a 30 frames/sec stream. Suc h a rate

of under
o ws is considered to b e v ery high [2] th us resulting in p o or pla y out qualit y . T o this rate

of discon tin uities, one should add a substan tial rate of bu�er o v er
o ws. Indeed, observ e that the

DS pla y out often leads to high o ccupancies { where o v er
o ws o ccur { whereas the EO(33) p olicy

e�ectiv ely a v oids high o ccupancies, th us a v oiding frame o v er
o ws.

In the sequel w e dev elop some new pla y out p olicies b y using the k -Erlang distribution as a mo del

whic h matc hes the �rst t w o momen ts of real frame in terarriv al distributions. It should b e noted that

the curren t w ork do es not striv e to mo del frame in terarriv als as accuretly as p ossible, as has b een

done b y tra�c mo deling w orks [12, 13]. The �nal ob jectiv e here is to iden tify the optimal pla y out

p olicy for di�eren t lev els of dela y jitter, th us, only the macro dynamics (�rst t w o momen ts) of the
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input tra�c are mo deled, therefore, Erlang arriv als su�ce. It is p ossible to use a more elab orate

in terarriv al pro cess lik e a PH[14 ] or a (B)MAP[15, 16], though it remains to b e seen whether the

optimal pla y out p olicy can b e determined b y the v alue iteration algorithm in an e�cien t manner.

The n umerical results of Sect. 6 are based on jitter lev els that corresp ond to k -Erlang distribu-

tions, 1 � k � 50, motiv ated b y the measured v ariances in the UoA-ASU exp erimen t. The selected

range, ho w ev er, need not b e tak en as a \standard" range of jitter 
uctuation; other ranges of dela y

jitter, corresp onding probably to ev en more regular arriv als ( k > 50) could b e examined as required

b y the targeted net w ork en vironmen t. In fact w e ha v e obtained the optimal pla y out p olicies for

m uc h larger k (ab o v e 150) that corresp ond to almost deterministic in terarriv als. The scalabilit y of

the prop osed algorithm for obtaining the optimal pla y out p olicy should not p ose a problem as it

is unnecessary to optimize for v ery large k , e.g., k = 1000, since for m uc h smaller k the optimal

pla y out p olicy already reduces to deterministic pla y out (all frames are presen ted at their normal

duration).

A �nal note on the jitter that is rep orted b y our measuremen ts is that this is only the net w ork

part of the o v erall jitter that is presen t at the application la y er of a PVR. The end-system jitter,

in tro duced b y the op erating systems of the end-systems, is missing. This jitter conp onen t in man y

cases can b e quite large, p ossibly dominating the net w ork p ortion of jitter, esp ecially when o v er-

loaded video-on-demand serv ers are used for the streaming of the con ten t. This means that ev en

a small net w ork jitter do es not necessarily mak e the prop osed pla y out p olicies obsolete, as there is

still the end-system jitter that needs to b e smo othed out.

4 P erformance analysis of pac k et video receiv ers under k -

Erlang arriv als

This section dev elops an analytical mo del that has the p oten tial to capture the c haracteristics

of a considerable n um b er of bu�er-orien ted pla y out sc hedulers and pro vide for their p erformance

ev aluation across di�eren t lev els of dela y jitter. Along with the in tro duction of the queueing mo del,

the in v olv ed p erformance metrics are presen ted and justi�ed in a subsequen t section. The analysis is

carried out at the application la y er of a PVR; it fo cuses on solid video frames that b ecome a v ailable at

the application la y er from the underlying la y ers and uses the in terarriv al of frames at the application

la y er to capture the aggregate e�ect of the end to end dela y jitter (net w ork and end-system parts).

Implemen tation sp eci�c issues suc h as video enco ding and net w ork lev el pac k etization sc hemes are

not discussed in order to preserv e the generalit y of the prop osed pla y out p olicies. It is exp ected

that with minor mo di�cations the prop osed algorithms should b e applicable to a v ariet y of enco ding

sc hemes (ra w, MPEG, H263) and pac k etization formats. Finally , it is noted that although net w ork

pac k et losses are not considered in this w ork their e�ect on the o v erall stream qualit y is exp ected

to b e m uc h smaller as compared to that of dela y jitter. Loguino v and Radha con�rm this claim in

their recen t large scale study of in ternet dynamics and its e�ect of video streaming [17] where it

is rep orted that 98.9% of bu�er under
o w ev en ts in a PVR w ere due to dela y jitter and only the
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tin y remainder due to pac k et loss

2

. Based on these rep orts and accoun ting that lost pac k ets can b e

reco v ered/concealed b y emplo ying forw ard error correction tec hniques at the receiv er it is b eliev ed

that the presen ted jitter orien ted assessmen t of pla y out qualit y will appro ximate su�cien tly the

qualit y in an op erational system in the presence of some pac k et loss.

In the follo wing a PVR is mo deled as an E

k

=D

i

= 1 = N queueing system, i.e., a queue with the

follo wing prop erties: an Erlang arriv al pro cess ( E

k

), appropriate for the mo deling of jitter-dep enden t

frame in terarriv als; a deterministic state-dep enden t pla y out p olicy ( D

i

), mo deling the op eration of a

general bu�er-orien ted pla y out sc heduler whic h applies frame durations that dep end on the curren t

queue o ccupancy i ; a �nite pla y out bu�er for N video frames. In the next section, w e obtain the

steady state o ccupancy distribution for the E

k

=D

i

= 1 = N queue up on service initiation times

3

b y

using the metho d of phases [18]. This metho d, commonly used to analyze the E

k

=D = 1 = N queue

whic h is one of the simplest queues in the family of P H =G= 1 queues [19], is straigh tforw ard to

generalize to the E

k

=D

i

= 1 = N queue.

4.1 The em b edded Mark o v Chain

F rame in terarriv als are assumed to follo w a k -Erlang distribution with mean rate �

f

= 1 =T , i.e., the

n th in terarriv al X

n

is comp osed of k i.i.d. in terv als Y

j

, all follo wing the exp onen tial distribution

with parameter � = k �

f

, suc h that: X

n

=

P

k

j =1

Y

j

. The passage of eac h exp onen tial in terv al Y

j

is

referred to as \completion of a phase" { with a single frame arriv al o ccurring when k phases ha v e

b een completed.

Let f I

n

g

n> 0

denote the n um b er of frames in the bu�er at time t

n

whic h is the time prior to

the presen tation of frame n and let f

~

I

n

g

n> 0

b e the n um b er of phases in the system at t

n

. f

~

I

n

g

n> 0

coun ts the n um b er of phases in the system accoun ting for the bu�ered frames (eac h frame is seen

as a batc h of k phases) and the n um b er of phases th us far completed b y the ongoing arriv al. The

v alue of I

n

can b e directly obtained from the v alue of

~

I

n

, whic h has I

n

em b edded in it. F ormally ,

~

I

n

= k I

n

+ J

n

, where f J

n

g

n> 0

is a discrete time sto c hastic pro cess that coun ts the n um b er of phases

completed b y the arriv al pro cess in the in terv al from a

n

, the time of the last arriv al prior to t

n

, up

to t

n

(see Fig. 3). The kno wledge of

~

I

n

not only pro vides for the exact n um b er of frames in the

bu�er prior to the presen tation of the n th frame (since I

n

= b

~

I

n

=k c ), but also adds information

concerning the next arriving frame. The extra information (memory) is used for the appro ximation

of non-memoryless in terarriv al distributions, suc h that are t ypical of p erio dic streams that ha v e

b een reshap ed b y net w ork jitter. Finally , it is imp ortan t to notice that

~

I

n

is a Mark o v c hain, that

is,

~

I

n +1

do es not dep end up on

~

I

m

, for m < n , pro vided that

~

I

n

is kno wn.

Next, w e indicate ho w to obtain the transition probabilit y matrix P of the Mark o v c hain

~

I

n

. The

v alue of

~

I

n

v aries b et w een k and ( N + 1) k � 1: k is the minim um n um b er of phases (corresp onding to

one complete frame) that m ust b e in place in bu�er for the next presen tation to b egin; ( N + 1) k � 1

phases corresp ond to the case of a full bu�er ( N complete frames whic h are represen ted b y k N

phases) and k � 1 phases ha ving b een completed b y the ongoing arriv al. The ev olution of the

n um b er of phases in the system can b e seen as a queue with a w aiting ro om for ( N + 1) k � 1

2

In their study they ha v e used retransmissions for the reco v ery of lost pac k ets but rep ort that ev en without them the

main disruptiv e cause w ould still b e the dela y jitter not the pac k et losses.

3

Hereafter also called pr esentation initiation or de cision instances, dep ending on the fo cus of the discussion.
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customers { where eac h phase represen ts a customer { with the follo wing c haracteristics: (1) the

customers arriv e according to a P oisson pro cess with rate k �

f

; (2) the customers are serv ed in

batc hes of size k , where the service time D

i

of a batc h is deterministic and dep ends on the n um b er

of phases i found in the w aiting ro om prior to service initiation; (3) if a customer �nds the queue

full up on arriv al, it is dropp ed and k � 1 other customers immediately lea v e the queue. Notice that

the serv er serv es the customers in batc hes of size k , therefore, it will not commence un til there are

at least k customers in the w aiting ro om. This requiremen t, along with the fact that the system

is observ ed up on frame presen tation initiation instan ts, mean that the system can nev er b e found

empt y (with less than k phases) up on an observ ation instan t.

With the aforemen tioned system description, the expression of the phase transition probabilities,

denoted as p

ij

( D

i

) = P r ob f

~

I

n

= j j

~

I

n � 1

= i; D

i

g , is simpli�ed. D

i

denotes the service duration for

the k -sized batc hes; it dep ends solely on the n um b er of phases in the w aiting ro om prior to service

initiation. Before pro ceeding, w e presen t three examples of deterministic service disciplines: the

deterministic service (DS) with constan t duration T indep enden t of phase o ccupancy; the threshold

slo wdo wn (TS) algorithm of [3]; and the P oisson-optimal (PO) service discipline deriv ed in [5] whic h

selects a duration �

n

4

: 1 � n � N , n b eing the frame o ccupancy (equal to n = b i=k c here).

D

i

=

8

>

>

<

>

>

:

T ; k � i � ( N + 1) k � 1 (DS )

max(

T H

b i=k c

� T ; T ) k � i � ( N + 1) k � 1 (TS)

�

b i=k c

; k � i � ( N + 1) k � 1 (PO)

(1)

Also note that the QM algorithm [2] (brie
y discussed in Sect. 2) can b e studied with the afore-

men tioned mo del b y appropriately augmen ting the de�nition of the state so that in addition to the

curren t o ccupancy it also includes the n um b er of con tin uous unin terrupted frame pla y outs.

Based on the three c haracteristics of the size ( N + 1) k � 1 queue men tioned ab o v e, w e get the

follo wing transition matrix P , where the ( i; j )

th

elemen t of P is denoted as p

ij

( D

i

):

p

ij

( D

i

) =

8

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

:

P

2 k � i

� =0

P f � ; D

i

g k � i < 2 k ; j = k

P f j � i + k ; D

i

g k � i < 2 k ; k < j � N k � 1

P

1

� =0

P f j � i + k + � k ; D

i

g k � i < 2 k ; N k � j � ( N + 1) k � 1

P f j � i + k ; D

i

g 2 k � i � ( N + 1) k � 1 ; i � k � j � N k � 1

P

1

� =0

P f j � i + k + � k ; D

i

g 2 k � i � ( N + 1) k � 1 ; N k � j � ( N + 1) k � 1

0 elsewhere

(2)

4

The v alue of �

n

, for 1 � n � N , is deriv ed as the solution of an appropriate Mark o v decision problem assuming P oisson

frame arriv als and studying the system up on service completions.

frame

n
a

n
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n
E

n-1 n

time

t

Figure 3: Timing diagram: t

n

, the time prior to the

presen tation initiation of frame n ; a

n

, time of last arriv al

prior to t

n

; E

n

, the elapsed time since the last arriv al,

E

n

= t

n

� a

n

.

n

���
���
���

���
���
���

D
i

S(    )

������

�������� ������

����
����
����

����
����
����

���
���
���

���
���
���

���
���
���

���
���
���

����
����
����

����
����
����

i
D

i

underflow: n+1 remains on display

i

frame

time

n+1

Figure 4: Time diagram of an under
o w o ccurring

during the presen tation of frame n + 1. As a consequence

of the under
o w, frame n + 1 remains on displa y for a

total duration equal to D

i

+ S

i

( D

i

).
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where P f m; X g is the P oisson distributed probabilit y of m new phase arriv als o ccurring in an

in terv al of duration X . The �rst �v e lines of equation (2) corresp ond to the follo wing cases: (i)

there is only one frame a v ailable in the bu�er (at time t

n

) and an under
o w follo ws its presen tation

at t

n

+ D

i

(pla y out recommences when k phases b ecome again a v ailable th us j = k ); (ii) there is

only one frame a v ailable in the bu�er (at time t

n

) and no o v er
o w(s) o ccur during its presen tation;

(iii) there is only one frame a v ailable in the bu�er (at time t

n

) and p ossible o v er
o w(s) o ccur during

its presen tation; (iv) more than one frames are a v ailable in the bu�er (at time t

n

) and no o v er
o w(s)

o ccur during the imminen t presen tation; (v) more than one frames are a v ailable in the bu�er (at

time t

n

) and p ossible o v er
o w(s) o ccur during the imminen t presen tation.

Let ~�

j

, k � j � ( N + 1) k � 1, b e the steady-state probabilities of f

~

I

n

g

n> 0

; then �

i

, 1 �

i � N , the distribution of the em b edded pro cess f I

n

g

n> 0

, is readily a v ailable since it holds that

�

i

=

P

( i +1) k � 1

j = ik

~�

j

. The 1 � N k steady-state v ector ~� is obtained as follo ws. De�ne the N k � N k

matrix Q as P � I , where I is the unit y matrix of dimension N k . The matrix Q can b e seen as an

in�nitesimal generator of a con tin uous time Mark o v c hain and Q can b e written in a lo w er blo c k-

Hessen b erg form b y relab eling the states appropriately . Therefore, w e can calculate the unique

sto c hastic v ector ~� for whic h ~� Q = 0, i.e., ~� P = ~� , in an e�cien t manner using the Latouc he-

Jacobs-Ga v er algorithm [20], whic h has a time complexit y of O ( k

3

N

2

) and a space complexit y of

O ( k

2

N ).

4.2 In trastream sync hronization (con tin uit y) metrics

Expanding or shortening the duration of a frame presen tation, as done b y the pla y out p olicies

of equation (1) or an y other pla y out p olicy , in tro duces a discon tin uit y { a loss of in trastream

sync hronization { quan ti�ed b y the di�erence b et w een the selected frame duration and the normal

frame duration T . Let d

i

( D

i

) denote the disc ontinuity that is incurred when the next frame (frame

n ) is presen ted with a duration D

i

and the curren t phase o ccupancy is f

~

I

n

g = i .

d

i

( D

i

) = j D

i

� T + S

i

( D

i

) j (3)

The term D

i

� T quan ti�es the discon tin uit y incurred b y c ho osing a pla y out duration other than the

normal one, T . In addition, the metric has to cater for a p ossible under
o w that migh t follo w the

completion of the nominal duration D

i

. Suc h an under
o w w ould o ccur if the bu�er is found without

a complete frame, D

i

time units after the initiation of the n th presen tation. In that o ccassion frame

n will remain on the displa y for an additional in terv al S

i

( D

i

) un til the next frame b ecomes a v ailable.

This brings up its duration to D

i

+ S

i

( D

i

) (see Fig. 4). The absolute v alue is used in (3) b ecause

the quan tit y D

i

� T + S

i

( D

i

) ma y assume negativ e v alues. Suc h is the case when D

i

< T and no

under
o w o ccurs. Also note that a truncated duration and an under
o w ma y cancel eac h other.

Th us a truncated duration, D

i

= T = 2, follo w ed b y an under
o w with duration T = 2 inadv erten tly

lead to a normal presen tation duration and no discon tin uit y .

The under
o w in terv al S

i

( D

i

) dep ends on the curren t bu�er o ccupancy i , the selected presen-

tation duration D

i

, and also the n um b er of new phase arriv als o v er D

i

, y . Under k -Erlang arriv als:

E f S

i

( D

i

) j y g =

(

( k � ( i � k + y )) � T =k ; i � k + y < k

0 ; i � k + y � k

(4)
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In the �rst case the system is left with i

0

phases at t

n

+ D

i

whic h amoun t to less than a complete

frame, th us an additional k � i

0

phases m ust arriv e. The exp ected time for that is ( k � i

0

) � T =k .

In the second case the bu�er is non-empt y at t

n

+ D

i

th us no under
o w o ccurs and the next frame

( n + 1) is displa y ed exactly D

i

time units after the initiation of frame n .

W e de�ne a more generalized con tin uit y metric { called the Distortion of Pla y out metric (ab-

breviated DoP) { whic h includes the notion of discon tin uit y as in (3) but also accoun ts for an y lac k

of con tin uit y due to bu�er o v er
o ws o v er the curren t presen tation in terv al.

D oP

i

( D

i

) = d

i

( D

i

) + L

i

( D

i

) � T ; (5)

where L

i

( D

i

) is a random v ariable that denotes the n um b er of newly arriv ed frames that are

dropp ed/lost, due to bu�er o v er
o ws, o v er the curren t frame presen tation duration D

i

, giv en that

the n um b er of phases in the system w as i at t

n

:

P [ L

i

( D

i

) = x ] =

(

P

k � 1

j =0

P f ( N + x ) k � i + j; D

i

g ; x > 0

P

j < ( N +1) k � i

P f j; D

i

g ; x = 0

(6)

Note that the DoP metric measures time; it adds the duration of all time in terv als during whic h the

smo oth pla y out of frames is disrupted. A basic idea re
ected in the de�nitions of b oth d

i

( D

i

) and

D oP

i

( D

i

) is that the p erceptual cost of an idle time gap b et w een t w o frames (o ccurring when the

�rst frame sta ys on displa y for more than T ) is equal to the p erceptual cost of a loss-of-information

discon tin uit y (an o v er
o w or a fast-forw ard) of equal duration. This is based on recen t p erceptual

studies [21] where it is sho wn that jitter degrades the p erceptual qualit y of video nearly as m uc h as

pac k et loss do es. F or an example in supp ort of this claim, w e ma y think that an under
o w with a

duration T , degrades stream con tin uit y , nearly as m uc h, as do es a lost frame.

It m ust also b e noted that there is a delicate seman tic di�erence b et w een o v er
o w disruptions and

all other cases of disruption (under
o ws, mo di�ed pla y out durations). The latter are immediately

exp erienced during the presen tation of frame n whereas an o v er
o w, although o ccurring during the

presen tation of frame n , is exp erienced in the future (when the pla y out skips one or more o v er
o w ed

frames). With the curren t form ulation (equation (5)) the disruption caused b y an y o v er
o ws during

the presen tation of frame n is added to the o v erall disruption of this frame instead of a future one.

This is required in order to preserv e the tractabilit y of the mo del. Otherwise v arious states should

b e in tro duced, adding the required memory that allo ws for the asso ciation of past o v er
o ws to the

curren tly presen ted frame.

5 Deriv ation of the optimal pla y out sc heduler for di�eren t

lev els of net w ork jitter

In this section w e dev elop a Mark o v decision mo del whic h leads to the deriv ation of the optimal

pla y out sc heduler for di�eren t lev els of net w ork jitter, as captured b y the v arious k v alues of the

assumed k -Erlang arriv al pro cess.
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5.1 The Mark o v decision pro cess

In Section 4 the Mark o v c hain f

~

I

n

g

n> 0

w as used in the con text of the E

k

=D

i

= 1 = N queue for the

deriv ation of the steady-state b eha vior for a giv en { o ccupancy dep enden t { pla y out p olicy ( D

i

).

In this section, f

~

I

n

g

n> 0

is generalized in to a discrete time Mark o v decision pro cess (MDP) with

the aim of deriving the optimal pla y out p olicy for di�eren t jitter lev els (captured b y the Erlang

parameter k ). Let f

~

I

�

n

g

n> 0

b e the MDP obtained from the f

~

I

n

g

n> 0

Mark o v c hain b y adding an

action follo wing eac h observ ation instan t (at the time prior to the next pla y out). This action

explicitly de�nes the pla y out duration for the next frame and b y doing so it incurs an immediate

cost and also a�ects the probabilit y la w for the next transition. F or the formal de�nition of the

MDP one needs to de�ne a tuple hS ; A ; P ; C i , where S is the set of p ossible states, A is the set of

p ossible actions, P : S � A � S ! [0 ; 1] is the state transition function sp ecifying the probabilit y

P f j j i; a g � t

ij

( a ) of observing a transition to state j 2 S after taking action a 2 A in state i 2 S

and, �nally , C : S � A ! < is a function sp ecifying the cost c

i

( a ) of taking action a 2 A at state

i 2 S .

The state space S of f

~

I

�

n

g comprises all p ossible phase o ccupancy lev els, th us tak es v alues in

[ k ; ( N + 1) k � 1]. An action is de�ned to b e the c hoice of an in teger v alue a that explicitly determines

B ( a ), the presen tation duration for the next frame through:

B ( a ) = T �

a

�

(7)

� de�nes the basic adjustmen t quan tum whic h is equal to T =� . The action space for the problem

is A = [1 ; M ], where M is an in teger v alue that results in the maxim um allo w able pla y out duration

B ( M ). Notice that in (7) when a > � ( a < � ) the resulting pla y out duration is larger (smaller)

than the normal frame duration. When altered pla y out durations (larger/smaller) are applied to

a series of consecutiv e frames, they constitute a transien t alternation of the pla y out rate (an e�ect

that resem bles a slo wdo wn/fast-forw ard op eration in a V CR). The transition probabilities of the

MDP are \decision-dep enden t"; they are describ ed b y equation (2), but with service durations that

are not a priori kno wn, as in the case of a kno wn state dep enden t service, but dep end on the c hosen

action, i.e., t

ij

( a ) � p

ij

( B ( a )).

The goal of the decision mo del is to prescrib e a pla y out p olicy { a rule for c ho osing the duration

of the next frame based on the curren t state. In the general case a p olicy R � f D

ia

: i 2 S ; a 2 Ag is

a mapping: S � A ! [0 ; 1]; it is completely de�ned for a giv en tuple hS ; A ; P ; C i b y the probabilities:

D

ia

, P f action = a j state = i g . The deriv ed optimal p olicy , under the considered minimization

ob jectiv e and the selected solution metho d (describ ed in App endix A), alw a ys prescrib es the same

action whenev er at the same state, i.e., the optimal p olicy is non-randomized (see [22] for details).

Under a non-randomized p olicy the probabilities D

ia

are either 0 or 1. In view of this observ ation, the

exact de�nition of the non-randomized p olicy R reduces to the de�nition of the function A

i

( R ) = a

whic h for ev ery i 2 S returns the selected action a .

As men tioned earlier, c

i

( a ) denotes the cost incurred when action a is tak en when the phase

o ccupancy pro cess is in state i . The optimal p olicy R

opt

is de�ned to b e the p olicy that minimizes

E

R

f c g , where E

R

f c g denotes the long-run a v erage cost induced under some p olicy R . If ~�

i

( R )

denotes the steady state probabilit y that the Mark o v c hain f

~

I

n

g , with D

i

= ( A

i

( R ) =� ) T , is in state
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i , then

R

opt

= arg min

R

E

R

f c g with E

R

f c g =

( N +1) k � 1

X

i = k

c

i

( A

i

( R )) � ~�

i

( R ) (8)

A n um b er of tec hniques are kno wn for the deriv ation of the optimal p olicy of (8); these include

exhaustiv e en umeration (only for small systems), linear programming, p olicy-iteration, and v alue

iteration. The curren t MDP problem w as solv ed b y using a v alue-iteration algorithm (describ ed in

App endix A) whic h tak es as input the action-dep enden t transition probabilities, t

ij

( a ) = p

ij

( B ( a )),

and the state-action costs, c

i

( a ) (de�ned in detail in 5.2), and returns R

opt

.

5.2 Cost assignmen t

An appropriate MDP cost is describ ed in this section; it \p enalizes" the lack of c ontinuity that ma y

arise from a certain action. This lac k of con tin uit y ma y b e directly exp erienced as in the case of a

frame presen tation with a duration smaller or larger than T . In addition, the con tin uit y cost also

accoun ts for an y lac k of con tin uit y due to o v er
o w ed (lost) frames o ccurring during that in terv al.

A candidate for the con tin uit y cost is: D oP

i

( a ) = E f D oP

i

( B ( a )) g , i.e., the exp ected v alue of

D oP

i

( D

i

) with resp ect to the n um b er of new arriv als, with D

i

= B ( a ) (see de�nition of D oP

i

( D

i

)

in (5)). D oP

i

( a ) is a legitimate MDP cost as it dep ends only on the curren t state i , and the

selected action a . Suc h a cost assignmen t returns an E f D oP g -optimal p olicy , i.e., a p olicy that

minimizes: E

S

f D oP g =

P

i 2S

~�

i

( R ) � D oP

i

( A

i

( R )) o v er all the p olicies R de�ned in S � A . The

results presen ted in [5] sho w that R

T

, the static deterministic p olicy with constan t presen tation

durations equal to the frame p erio d, is E f D oP g -optimal under P oisson frame arriv als. The same

applies also to the case of k -Erlang arriv als (see the results of Sect. 6).

The minimization of E

S

f D oP g calls for the minimization of the a v erage amoun t of sync hroniza-

tion loss whic h is due to: under
o w discon tin uities, slo wdo wn discon tin uities, o v er
o w discon tin uities

and fast-forw ard discon tin uities. The minimization of E

S

f D oP g is a righ tful ob jectiv e but cannot

guaran tee the p erceptual optimalit y , as it only caters to the minimization of the a v erage loss of

sync hronization, without pa ying an y atten tion as to ho w this loss of sync hronization spreads in

time. It has b een realized that the h uman p erceptual system is more sensitiv e to a small frequency

of long-lasting disruptions than to a higher frequency of short-liv ed disruptions [3]. This is due to

h uman p erceptual inabilit y to notice small deviations of presen tation rate. As a result, a b etter p er-

ceptual qualit y can b e exp ected b y replacing large con tin uit y disruptions (under
o ws and o v er
o ws)

with shorter ones (slo wdo wns and fast-forw ards), ev en when the latter lead to a higher v alue for

E

S

f D oP g . Th us, a pla y out p olicy should b e allo w ed to increase E

S

f D oP g if this increase pro vides

for a smo other spacing b et w een sync hronization-loss o ccurrences, th us help in concealing them. W e

pursue this idea b y de�ning the state-action cost to b e:

c

i

( a ) = � � D oP

i

( a ) + (1 � � ) � D oP

(2)

i

( a ) (9)

where D oP

(2)

i

( a ) = E f ( D oP

i

( B ( a )))

2

g is the exp ected square v alue of D oP

i

( B ( a )) with resp ect

to the n um b er of new arriv als. The w eighing factor � is a user-de�ned input that con trols the

relativ e imp ortance b et w een the t w o minimization ob jectiv es: the minimization of E

S

f D oP g , and
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the minimization of E

S

f D oP

2

g

5

. Setting � = 1 leads to the minimization of E

S

f D oP g without an y

regard for the v ariabilit y of the duration of sync hronization loss o ccurrences. Setting � = 0 leads

to the minimization of E

S

f D oP

2

g and the resulting E

S

f D oP

2

g -optimal p olicy induces smo other

sync hronization losses than the E

S

f D oP g -optimal p olicy . As it will b e sho wn later, the reduction

of E

S

f D oP g comes at the cost of an increased E

S

f D oP

2

g and vice v ersa. V alues of � that fall

b et w een the t w o extremes (0 and 1) pro vide v arious lev els of compromise b et w een min

�

E

S

f D oP g

	

and min

�

E

S

f D oP

2

g

	

. The optimalit y of this tradeo� stems from the fact that for a giv en v alue

of one of the con tin uit y comp onen ts, the deriv ed optimal solution will pro vide a minimal v alue for

the other con tin uit y comp onen t. In essence, the designer of the PVR selects a � that results in a

desired v alue of E

S

f D oP

2

g ( E

S

f D oP g ) and kno ws that for that v alue of E

S

f D oP

2

g ( E

S

f D oP g )

there cannot exist a p olicy that pro vides a smaller E

S

f D oP g ( E

S

f D oP

2

g ) than the E

S

f D oP g

( E

S

f D oP

2

g ) pro vided b y the prop osed pla y out p olicy (since that p olicy minimizes a cost expression

that in v olv es b oth E

S

f D oP

2

g , E

S

f D oP g ).

As a �nal commen t on the emplo y ed cost w e note that although lossed are assigned to the

ongoing presen tation instead of a future one (as discussed in Sect. 4.2) E

S

f D oP g and E

S

f D oP

2

g

represen ted meaningful con tin uit y metrics. It can b e easily sho wn that E

S

f D oP g is imm une to

the mapping of losses to frames; it only dep ends on the n um b er of losses. On the other hand,

E

S

f D oP

2

g is a�ected b y the exact mapping of losses to frames due to the existence of the square

p o w er. Ho w ev er, due to the fact that o v er
o w con tin uit y disruptions are generally m uc h larger

(esp ecially when batc h losses o ccur) than all other kinds of disruptions that ma y o ccur under high

o ccupancies, the di�erence b et w een the emplo y ed approac h and the more accurate, but complicated

one, is rather marginal.

6 Numerical results and discussion

In this section w e apply the dev elop ed optimization mo del to deriv e the optimal pla y out p olicy

as de�ned in (8). In all the examples the duration of a frame will b e equal to 33 msec (implying

30 frames/sec). Unless stated otherwise, the pla y out bu�er capacit y N will b e equal to 30. Tw o

gran ularities are used for the adjustmen t of frame durations: 3.3 msec (corresp onding to � = 10),

and 1 msec (corresp onding to � = 33).

6.1 Optimal pla y out p olicies for di�eren t lev els of net w ork jitter

The con tin uit y w eigh t � w as in tro duced in equation (9) for the regulation of the relativ e imp or-

tance b et w een the mean v alue and the v ariabilit y of D oP

i

( a ). In [5] w e assumed P oisson arriv als

and sho w ed that b y letting � tak e v alues in [0 ; 1] w e can ac hiev e v arious tradeo�s b et w een the

minimization of the a v erage DoP and its v ariabilit y . F or � = 1 the deriv ed optimal pla y out p olicy

mandated that all frames b e pla y ed at their normal duration, that is, the deterministic service (DS)

w as sho wn to b e E f D oP g -optimal. F or � = 0 w e obtained the E f D oP

2

g -optimal p olicy whic h

applied a considerable amoun t of pla y out regulation to w ards the t w o extremes of the o ccupancy of

the pla y out bu�er.

5

W e are referring to the minimization of

P

i 2S

~�

i

( R ) � D oP

(2)

i

( A

i

( R )) o v er all the p olicies R de�ned in S � A .
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Figure 5: The prescrib ed optimal action A

i

( R

opt

) (on the y-axis) for eac h phase o ccupancy (on the x-axis), for the cases

of � = 0 and � = 1 and di�eren t k (on the z-axis). The normal frame duration is obtained with A

i

( R

opt

) = 33, i.e., the

adjustmen t gran ularit y is � = 33. The pla y out bu�er has a capacit y for N = 30 frames.

The aforemen tioned b eha vior generally applies also to the p olicies deriv ed for k -Erlang arriv als,

nev ertheless, the amoun t of pla y out regulation required b y a giv en � is a�ected b y the Erlang

parameter k . F or increased net w ork jitter (small k ), the deriv ed p olicies apply an increased amoun t

of pla y out regulation, ev en tually reac hing the b eha vior under P oisson for k = 1. As frame arriv als

b ecome more regular (with larger k ), the amoun t of pla y out regulation required to minimize the

a v erage cost, for a selected � , decreases. This is on a par with the in tuitiv e guess that pla y out

manipulation ough t to \smo oth-out" as jitter drops.

Figure 5 sho ws the structure of the deriv ed pla y out p olicies for � = 0 and � = 1 and for di�eren t

lev els of dela y jitter. Due to the fact that k a�ects the state-space of the Mark o v decision problem,

the n um b er of phases (on the x-axis), gro ws with k (on the z-axis) despite that all systems ha v e

the same pla y out bu�er

6

( N = 30). The left graph illustrates the structure of pla y out p olicies for

� = 0. This pro duces p olicies that minimize E

S

f D oP

2

g b y applying a substan tial amoun t of pla y out

regulation at bu�er extremes. As it ma y b e seen, the amoun t of pla y out regulation reduces with k

(note ho w the prescrib ed actions, at the edges of the bu�er, tend to b e less sev ere with increasing

k .). The righ t graph corresp onds to � = 1 whic h leads to p olicies that minimize E

S

f D oP g . Suc h

p olicies apply almost no pla y out regulation, except in the last few phases (whic h ho w ev er ha v e a

v ery small probabilit y of b eing visited under steady state), th us are appro ximated v ery closely b y

the deterministic service that presen ts all frames at their normal pla y out duration. In termediate

v alues, 0 < � < 1, lead to p olicies that fall b et w een the t w o extreme cases. In the sequel w e will

b e fo cusing in � con�ned in the initial range 0 < � < 0 : 1. Notice that the t w o comp onen ts that

con tribute to the c

i

( a ) cost of equation (9) ha v e di�eren t units th us only small v alues of � lead

to a balanced tradeo� b et w een the t w o cost comp onen ts. V alues of � larger than 0.1 turn almost

en tirely in fa v or of minimizing E

S

f D oP g th us amoun t almost to the presen ted b eha viour for � = 1.

The t w o plots of Fig. 6 illustrate the p erformance results of the deriv ed Erlang-optimal (EO)

p olicies. F or a particular p olicy , R ( � ; k )

7

, b oth E

S

f D oP g and E

S

f D oP

2

g impro v e (reduce) with

the regularit y of arriv als (that is, with k ). Giv en a jitter lev el k , a small � fa v ors the reduction of

E

S

f D oP

2

g , while a large � fa v ors the reduction of E

S

f D oP g . Figure 7 is iden tical to Fig. 6 but

6

F or k = 5 a total of N k = 150 phases are required to �ll the pla y out bu�er with 30 frames, while for k = 10 the required

n um b er of phases is 300.

7

E.g., R (0 : 2 ; 10) denotes the optimal p olicy if w e set � = 0 : 2 and k = 10.
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Figure 6: The E

S

f D oP

2

g , E

S

f D oP g p erformance of EO p olicies for di�eren t v alues of the con tin uit y w eigh t � and for

di�eren t k ( � = 33 ; N = 30).
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Figure 7: The E

S

f D oP

2

g , E

S

f D oP g p erformance of EO p olicies for di�eren t v alues of the con tin uit y w eigh t � and for

di�eren t k ( � = 33 ; N = 10).

corresp onds to a smaller bu�er, N = 10; notice that b oth con tin uit y metrics deteriorate as a result

of the smaller o�ered bu�er capacit y .

The selected range for k has b een limited to v alues up to k = 50 stim ulated mainly b y the

measuremen t exp erimen ts. An imp ortan t question is whether the optimization mo del is \solv able"

for larger k v alues in a \practical" time. W e ha v e solv ed the mo del for k up to 150 in a reasonable

time (for an o�-line computation). Larger k 's are probably not necesary to consider for the follo wing

t w o reasons: (1) the measured in terarriv al traces w ere not that regular; (2) most signi�can tly , for

suc h a small dela y jitter it is not necessary to deriv e the EO p olicy { its su�cien t to use the

deterministic service (DS). The latter observ ation stems from the fact that the amoun t of pla y out

regulation reduces with dela y jitter (see Fig. 5, as w ell as Fig. 10 in the sequel) and th us ev en tually

the b est pla y out p olicy is to pla y all frames at their normal duration.

6.2 Con trolling the bu�ering dela y

The prop osed Erlang-optimal (EO) pla y out p olicies can b e con�gured to suit the dela y requiremen ts

of di�eren t streaming applications. The simplest w a y to do so is b y limiting the size of the pla y out

bu�er. The maxim um bu�ering dela y of a presen ted frame is appro ximately equal to N � T , since

the a v erage pla y out duration applied b y EO p olicies is appro ximately equal to T . It is kno wn [1]
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Figure 8: The E
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f D oP

2

g , E

S

f D oP g p erformance of EO p olicies for di�eren t v alues of the bu�er capacit y N and for

di�eren t k ( � = 33 ; � = 0).

that a maxim um net w ork jitter

8

, j

max

, can b e completely remo v ed b y accum ulating a pla y out bu�er

of equal duration. With the pla y out bu�er for 30 frames and a frame rate of 30 frames/sec, the

system can completely eliminate the jitter, if this jitter is con�ned b elo w N � T = 1 sec. The jitter,

ho w ev er, can b e larger, esp ecially if w e also include the serv er-induced jitter (e.g., in an o v erloaded

video-on-demand serv er); also the dela y requiremen ts of the application could require a smaller

maxim um bu�ering dela y (e.g., up to 330 msec, ac hiev ed with N = 10). In suc h cases under
o ws

and o v er
o ws migh t o ccur (since j

max

> N � T ) and the EO pla y out p olicy will try to conceal them

b y manipulating the duration of frames at the extremes of the bu�er.

The inheren t tradeo� b et w een con tin uit y-qualit y and dela y also applies to the prop osed EO

p olicies. When the (mean/maxim um) bu�ering dela y decreases, e.g., b ecause a smaller pla y out

bu�er is a v ailable, the o v erall stream con tin uit y (b oth comp onen ts, E

S

f D oP g and E

S

f D oP

2

g )

deteriorates. The t w o plots of Fig. 8 sho w that for a giv en k , a smaller bu�er capacit y N alw a ys

pro vides a w orse E

S

f D oP g , E

S

f D oP

2

g .

A more sophisticated dela y con trol metho d has b een presen ted in [5] b y asso ciating an appro-

priate dela y cost to the state-action cost of equation (9). Under this mo del, the pla y out p olicy in

some cases applies an increased pla y out rate with the aim to reduce the o ccupancy of the bu�er

and, hence, the bu�ering dela y as w ell. This metho d is readily applicable to the EO p olicy as w ell.

6.3 Comparison of pla y out p olicies: Erlang-optimal vs. P oisson-optimal

and deterministic service

In this section a comparativ e study of the p erformance of the Erlang-optimal (EO), the P oisson-

optimal (PO) and the deterministic service (DS) p olicies is presen ted. It is assumed that the true

in terarriv al pro cess is i.i.d. and k -Erlang distributed. As it is clear for earlier discussions, suc h

an arriv al pro cess ma y induce a wide range of dela y jitter, from no jitter ( k = 1 , deterministic

arriv als) to the (high) lev el corresp onding to P oisson arriv als ( k = 1). Th us, a wide range of real

net w ork dela y jitter (second momen t of in terarriv als) can b e matc hed with that under a k -Erlang

distribution for some k .

Since the in terarriv al pro cess is i.i.d. and k -Erlang distributed, the EO p olicy will lead to the

8

The maxim um net w ork jitter is de�ned as the di�erence b et w een the largest and the smallest net w ork dela y , i.e.,

j

max

= max

i

D

n;i

� min

i

D

n;i

.
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b est p ossible p erformance, as this p olicy is the one optimized for suc h an in terarriv al distribution.

When the PO p olicy is emplo y ed when the in terarriv als are i.i.d. and k -Erlang distributed the

resulting p erformance cannot outp erform that under the EO p olicy . The same holds true if the DS

p olicy is emplo y ed when the in terarriv als are i.i.d. and k -Erlang distributed.

The general observ ation is that, when the frame arriv als are more regular than P oisson, PO p oli-

cies (for di�eren t con tin uit y w eigh ts � and/or adjustmen t gran ularities � ) b ecome sub optimal since

they apply an excessiv e amoun t of pla y out regulation. In suc h cases, the corresp onding EO p olicies

pro vide an o v erall impro v ed p erformance b y applying an appropriate amoun t of pla y out regulation.

The DS service pro vides for the minimal E

S

f D oP g , but has a large E

S

f D oP

2

g , esp ecially with

small k . F or the purp ose of comparison, normalized, rather than absolute p erformance metrics will

b e presen ted. The normalization is carried out b y dividing the E

S

f D oP

2

g ( E

S

f D oP g ) p erformance

of an EO or PO p olicy with the p erformance of DS for the same k . A v alue smaller (larger) than 1

means that the corresp onding p olicy p erforms b etter (w orse) than DS for the in v olv ed metric. This

normalization sc hemes leads to a sub jectiv e ev aluation of p olicies whic h quan ti�es ho w m uc h b etter

or w orse they w ould p erform as compared to DS, under the same lev el of dela y jitter.

Figure 9 illustrates the normalized p erformance, in terms of E

S

f D oP

2

g and E

S

f D oP g , of the

follo wing pla y out p olicies: the E f D oP

2

g -optimal

9

( � = 0) PO( � ), the E f D oP

2

g -optimal ( � = 0)

EO( � ). The plots sho ws that DS is constan tly inferior in terms of the v ariabilit y of discon tin uit y

o ccurrences to b oth EO and PO. EO guaran tees a lo w er E

S

f D oP

2

g compared to the corresp onding

PO of the same � , for all k in the presen ted range (compare the couples EO(10)-PO(10) and

EO(33)-PO(33)). By increasing the gran ularit y of pla y out manipulation b oth EO and PO impro v e

signi�can tly; PO(33) is b etter than PO(10) and EO(33) is b etter than EO(10). Notice that � = 33

leads to an adjustmen t quan tum of 1 msec, whic h is equal to the b est timing gran ularit y that most

general op erating systems supp ort. A larger � w ould lead to a smaller gran ularit y and an impro v ed

p erformance but this p erformance w ould only b e a theoretical one, since the corresp onding p olicy

w ould not b e implemen table in practice. Th us the presen ted results for � = 33 should b e view ed as

the optimal attainable ones.

DS incurs long-lasting discon tin uities b y not applying an y pla y out regulation at the bu�er ex-

tremes, but ac hiev es the b est E

S

f D oP g (see, the righ t graph of Fig. 9). EO(10) and EO(33) follo w

closely , while PO(10) and P(33) are m uc h w orse.

In conclusion, the follo wing should b e noted: (1) there is a c onsistent p erformance tradeo�

b et w een DS and EO, with the former (latter) pro viding a sup erior E

S

f D oP g ( E

S

f D oP

2

g ), across

all k ; (2) EO clearly outp erforms PO since it pro vides a b etter p erformance with resp ect to b oth

comp onen ts of con tin uit y , E

S

f D oP g and E

S

f D oP

2

g . Referring bac k to Fig. 9 it ma y b e seen that

EO(33) pro vides for a large reduction of v ariabilit y of discon tin uities. F or most k , an E

S

f D oP

2

g

that is only 6% of the corresp onding v alue of DS is ac hiev ed (the corresp onding PO is limited to

around 40-50% of DS). The cost for pro viding this large reduction of v ariabilit y is a small increase

b y a factor of 1.02 (2% w orse) of E

S

f D oP g as compared to DS (here PO p erforms p o orly , as

m uc h as 8 times w orse than DS). These results indicate that EO(33) could pro vide a signi�can tly

impro v ed p erceptual qualit y as compared to all other p olicies. Finally , although omitted for brevit y ,

it can b een sho wn that EO is m uc h b etter than the threshold slo wdo wn (TS) p olicy (in [5] w e ha v e

9

This is a p olicy that minimizes the v ariabilit y of DoP under P oisson arriv als. It has b een in tro duced in [5].
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Figure 9: The normalized E

S

f D oP

2

g and E

S

f D oP g p erformance of di�eren t pla y out p olicies with resp ect to DS, for

di�eren t v alues of k : PO(10), PO(33), EO(10), EO(33). The Erlang and P oisson p olicies are E

S

f D oP

2

g -optimal, i.e., they

ha v e b een optimized for the minimization of v ariabilit y of DoP b y selecting � = 0. A pla y out bu�er for 30 frames is used in

all the examples.

compared PO and TS).

7 Applying the phase-a w are optimal p olicy to a real-w orld

video receiv er

The obtained EO pla y out p olicies indicate that the amoun t of pla y out regulation required to obtain

the optimal p erformance v aries with the regularit y , that is, v ariation, of the frame arriv al pro cess.

This observ ation suggests that an implemen ted receiv er should also v ary the exten t of pla y out

regulation with v arying net w ork jitter.

T o apply the analytically deriv ed optimal pla y out p olicy of Sect. 5 to a real-w orld PVR, the

implemen ted v ersion of the deriv ed optimal pla y out sc heduler m ust b e a w are of the total n um b er

of phases in the system up on a presen tation completion instan t (sa y of the n th frame). In the

aforemen tioned analytical mo del the phase o ccupancy pro cess f

~

I

n

g pro vided that exact information

b y accoun ting for b oth the phases corresp onding to the n um b er of frames already in the bu�er ( k I

n

phases), as w ell as the phases completed b y the ongoing arriv al ( J

n

phases). In an implemen ted

system f

~

I

n

g is only p artial ly observable , since only one of its comp onen ts is directly measurable {

k I

n

, the n um b er of phases that corresp ond to the bu�ered frames. J

n

, the second comp onen t that

con tributes to f

~

I

n

g , is unkno wn.

An estimator could b e designed to carry-out the estimation of J

n

and use the obtained result to

select the action that corresp onds to k I

n

phases plus the estimation of J

n

. An estimate

^

J

n

( E

n

) can

b e deriv ed b y using the last-arrival elapse d time E

n

, whic h is the in terv al from the last frame arriv al

( a

n

) up to the presen t time of completion of the n th pla y out ( t

n

) (see Fig. 3). The sc heduler logs the

time of the last frame arriv al and uses it to measure E

n

. Kno wing E

n

, the exp ected n um b er of com-

pleted phases o v er that in terv al can b e computed, th us pro viding the estimate

^

J

n

( E

n

). This metho d

has b een ev aluated b y sim ulation and has presen ted mo derate success. Its p erformance, ho w ev er,

deviates signi�can tly from the theoretical p erformance when k is large ( k > 35). Additionally , the

incorp oration of the estimator adds to the complexit y at the receiv er.

W e ha v e deriv ed a simple metho d that can o v ercome the problems asso ciated with the estimation

18



N=30

5
10

15
20

25
30 5

10
15

20
25

30
35

40
45

50

22
24
26
28
30
32
34
36
38
40

PSfrag

replacemen

ts

A

i

( R

0

) (prescrib ed action)

k (Erlang parameter)

i (bu�er o ccupancy)

N=10

1 2 3 4 5 6 7 8 9 10 5
10

15
20

25
30

35
40

45
50

22
24
26
28
30
32
34
36
38
40

PSfrag

replacemen

ts

A

i

( R

0

) (prescrib ed action)

k (Erlang parameter)

i (bu�er o ccupancy)

Figure 10: The structure of \collapsed" EO p olicies for di�eren t jitter lev els, 1 � k � 50. The t w o plots corresp ond to

di�eren t bu�er capacities: N = 30 and N = 10 ( � = 33 ; � = 0).

of the phase. This metho ds pro vides a p erformance that is v ery close to the theoretical optimal

and is alw a ys b etter than the sim ulation results obtained for the estimator. W e appro ximate the

theoretical phase-a w are optimal p olicy , R

opt

, b y an appropriate phase-una w are

10

p olicy , R

0

opt

, that

in tro duces an e quivalent amoun t of pla y out regulation (at bu�er extremes) resulting in a similar

pla y out qualit y . Our results sho w that a p erformance v ery close to the theoretical optimal can b e

ac hiev ed this w a y .

The transformation of the phase-a w are p olicy R

opt

, c haracterized b y the function A

i

( R

opt

), for

k � i � ( N + 1) k � 1, to the phase-una w are p olicy R

0

opt

, c haracterized b y the function A

u

i

( R

0

opt

),

for 1 � i � N , is carried out b y a v eraging o v er the suggested actions for eac h k -tuple of phases,

corresp onding to a single frame o ccupancy , and use the a v eraged action for that frame o ccupancy

after rounding it to the closest in teger.

A

u

i

( R

0

opt

) = r ound

�

1 =k �

( i +1) � k � 1

X

j = i � k

A

j

( R

opt

)

�

; 1 � i � N (10)

Figure 10 depicts the structure of R

0

opt

for � = 0 and di�eren t k , for t w o bu�er capacities. These

plots corresp ond to phase-una w are v ersions of the phase-a w are p olicy illustrated in Fig. 5. They

indicate that for the minimization of E

S

f D oP

2

g , the pla y out manipulation ough t to \smo oth" with

k .

Figure 11 illustrates that a real-w orld video receiv er, equipp ed with an estimator to determine

the amoun t of net w ork jitter, could signi�can tly reduce the v ariation of the DoP metric b y applying

the phase una w are v ersion of the optimal p olicies, all of whic h w ere determined o�-line. Note that

the lines that corresp ond to EO(33) and CEO(33) (collapsed EO) p olicies almost coincide o v er

all k ; the theoretical EO(33) and the applied CEO(33) p olicies essen tially pro vide for the same

p erformance, whic h is alw a ys m uc h b etter than that under the PO and DS p olicies.

An imp ortan t question is whether a reduced E

S

f D oP g , E

S

f D oP

2

g is really equiv alen t to a

signi�can tly b etter visual p erception. This is a matter that ough t to b e determined b y future

exp erimen ts. Ev en if it turns out that this is not alw a ys the case, it is p ossible to apply the

tec hniques presen ted in this pap er to obtain optimal p olicies with resp ect to other, p erhaps more

10

W e refer to a p olicy R as phase-una w are, if the pla y out duration dep ends solely on the n um b er of frames in the bu�er,

I

n

, that is, it is indep enden t of J

n

. Otherwise, it is referred to as a phase-a w are p olicy . Therefore, w e can c haracterize a

phase-una w are p olicy R b y a function A

u

i

( R ), with 1 � i � N .
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Figure 11: The normalized E

S

f D oP

2

g p erformance with resp ect to DS for PO(33), EO(33) and CEO(33) (collapsed EO)

for di�eren t lev els of dela y jitter, 1 � k � 50 ( � = 33 ; � = 0).

suitable, (dis)con tin uit y metrics.

8 Ov erall system arc hitecture

In this section w e describ e some scenarios for the exploitation of the dev elop ed pla y out p olicies in

implemen ted PVRs.

The obtained theoretical EO p olicies, and their corresp onding implemen table CEO p olicies, are

optimized for a giv en lev el of net w ork jitter, captured b y the Erlang parameter k . It is kno wn,

ho w ev er, that the jitter in a b est-e�ort net w ork 
uctuates o v er v arious time scales and is highly

a�ected b y a plethora of parameters suc h as: the co-existing tra�c mix, the underlying net w ork

tec hnology , the distance b et w een the comm unicating end-p oin ts etc. Tw o time scales of particular

in terest are: (1) the transien t increases of jitter in small time p erio ds; (2) the somewhat p ermanen t

jitter, that relates to increased load in the net w ork, e.g., during the \p eak hour" of op eration.

Most pla y out sc hedulers in the past literature [1] try to monitor the curren t lev el of net w ork

jitter and adjust accordingly . When the net w ork jitter is stable, most systems are able to conceal

it b y applying an appropriate pla y out algorithm. A phenomenon that complicates the op eration of

a sc heduler is the existence of sharp \dela y spik es" (sudden increases of the net w ork dela y of some

frames) whic h ha v e b een rep orted b y v arious studies [23, 24]; they are attributed to causes suc h

as: surges of p eak tra�c, administrativ e functions in routers that result in the distraction of the

CPU from pac k et forw arding etc. These dela y spik es seriously degrade the presen tation qualit y , in

a PVR that otherwise can b e though t as b eing in a \steady-state" (ha ving bu�ered enough frames

to cop e with the a v erage jitter). Some systems for pac k et v oice comm unications [25, 26] (whic h

mak e use of timing information) op erate in a dual mo de, with the second mo de of op eration b eing

dev oted to the detection and the concealmen t of dela y spik es. The normal mo de of op eration uses

an estimator, whic h appreciates the curren t lev el of jitter, without ha ving to b e v ery \reactiv e",

since jitter is assumed to drift rather slo wly .

Our EO p olicies can b e though t as an analogous w a y of handling the dela y v ariabilit y , with a

bu�er-orien ted sc heduler, destined for pac k et video comm unications. Under a giv en a v erage jitter

(re
ected in k ), a dela y-spik e is handled b y the pla y out regulation to w ards the bu�er extremes

(a v oiding long-lasting discon tin uities: under
o ws and o v er
o ws). These dela y spik es are mo deled
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Figure 12: Blo c k diagram of an implemen ted system.

b y the o ccasional p eaks of the k -Erlang, moreo v er, the pro duced b eha vior with di�eren t k maps

w ell to the real en vironmen t: small k pro duce more p eaks, as is the case when the net w ork is

congested, while larger k result in infrequen t p eaks. On a larger time scale, e.g., orien ted to w ard

the time-of-day load b eha vior, a PVR can switc h to an appropriate EO p olicy for that jitter lev el.

Figure 12 depicts the en visaged implemen tation; a PVR estimates the curren t lev el of net w ork

jitter b y observing the frame in terarriv als and \loads" the appropriate, o�-line computed CEO

pla y out p olicy . The estimation of the a v erage net w ork jitter can b e p erformed b y a standard linear

recursiv e estimator [27] that estimates the v ariance of in terarriv als, V

i

, at the i th pla y out b y using

the corresp onding in terarriv al times, X

i

:

^

X

i

= g �

^

X

i � 1

+ (1 � g ) � X

i

^

V

i

= h �

^

V

i � 1

+ (1 � h ) � (

^

X

i � 1

� X

i

)

2

(11)

The estimates

^

X

i

,

^

V

i

ma y b e used for the selection of the appropriate k that corresp onds to the

corren tly observ ed jitter. This can b e done b y using the relationship V ar f Y g =E

2

f Y g = 1 =k whic h

holds true for a k -Erlang distributed random v ariable Y . Th us an estimate

^

k is obtained b y using

^

k = r ound ((

^

X

i

)

2

=

^

V

i

). The CEO that corresp onds to

^

k is loaded from the rep ository of precomputed

pla y out p olicies. By letting g ; h , in (11) assume large v alues (close to 1) the estimate

^

k remains

stable, in the sense that transien t dela y-spik es are �ltered-out, not causing unnecessary c hanges

of pla y out p olicy . Only p ermanen t c hanges of jitter are allo w ed to pass the �lter and trigger the

exc hange of pla y out p olicy . Estimators suc h as (11) ha v e b een e�ectiv ely emplo y ed in a wide range

of applications, e.g., in the estimation of the mean and v ariance of round trip dela y for TCP [27],

and in the estimation of jitter for audio pla y out applications [25, 26]. In all situations the �lter

w eigh ts regulate a tradeo� b et w een the accuracy of the deriv ed estimation (v alues close to 1) and the

abilit y to quic kly detect c hanges in the input. In the curren t application the fo cus is on estimation

qualit y , rather than on resp onsiv eness, so high v alues should b e preferred. The exact iden ti�cation

of �lter w eigh ts w ould require some �ne tunning whic h w ould join tly cater to implemen tation and

op eration en vironmen t details and w ould t ypically remain �xed as has b een the case in most similar

applications.

If more precise information, regarding the lev el of net w ork jitter, can b e gathered in a cen tral

authoritativ e en tit y , then it migh t b e meaningful to assign the selection of the appropriate pla y out
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p olicy to that en tit y , instead of ha ving eac h receiv er decide. A p olicy server could generate/store

the pla y out p olicies and transmit them to eac h receiv er prior to ev ery video comm unication.

9 Conclusions

This pap er has considered the problem of mo deling and optimizing a pac k et video receiv er for

di�eren t lev els of dela y jitter. T o the b est of our kno wledge, this is the �rst analytical mo del capable

of capturing a wide area of parameters, including: the lev el of dela y jitter, elab orate in trastream

sync hronization metrics, and div erse pla y out p olicies. The p erformance ev aluation mo del has b een

built around the E

k

=D

i

= 1 = N queue, whic h is then generalized in to a corresp onding Mark o v decision

pro cess that is capable of deriving the optimal pla y out p olicy for di�eren t lev els of dela y jitter. The

E

k

=D

i

= 1 = N queue allo ws for a su�cien t mo deling of the actual input tra�c (2 momen t matc hing

of the input pro cess) and can b e solv ed e�cien tly b y sp ecialized algorithms. The requiremen t for

a tra�c mo del that do es not lead to state-space explosition has b een a strict one. Notice that

the curren t w ork is not limited to the p erformance ev aluation of the aforemen tioned system, but

rather pro ceeds to iden tify its optimal solution whic h in v olv es a systematic searc h in the en tire

solution space de�ned b y all the p ossible pla y out p olicies and all the p ossible states. The resulting

optimization mo del has b een succesfully used for the deriv ation of optimal pla y out p olicies for a

realistic range of dela y v ariabilit y , as iden ti�ed b y actual measuremen ts.

The gain from the optimization under a k -Erlang distribution for the mo deling of frame in ter-

arriv als has b een demonstrated b y a n umerical comparison against previous mo dels that mak e a

P oissonian assumption for the input tra�c. The presen ted n umerical results ha v e b een used to

sho w that: (1) the amoun t of pla y out manipulation ough t to smo oth-out with the regularit y of the

input tra�c; (2) a temp oral spreading of discon tin uities can b e enforced b y the pla y out sc heduler.

This can p oten tially lead to their concealmen t b y exploiting h uman p erceptual limitations in the

detection of motion. The EO(33) p olicy deriv ed here utilizes this observ ation to deriv e a p oten tially

impro v ed pla y out qualit y .

The theoretical optimal pla y out p olicy has b een transformed in to an appro ximately optimal one

that utilizes observ able information and it is, th us, feasible to implemen t. The resulting pla y out

p olicies ma y b e exploited in implemen ted systems where the dela y jitter is kno wn to v ary across

di�eren t time scales. A dual mo del of op eration, similar in conception to a previous system for

sp ok en v oice, can b e constructed as follo ws. A rep ository of o�-line computed pla y out p olicies

is constructed for di�eren t lev els of dela y jitter, targeting a large scale c haracterization of tra�c

conditions (congestion, high load, lo w load). A receiv er uses an estimator to select the p olicy that

b est suits the observ ed conditions and monitors the input tra�c, issuing c hanges of pla y out p olicy

only under p ermanen t c hanges in tra�c conditions. T ransien t irregularities in the input (large

under
o ws, clustered arriv als) are handled b y the regulation of pla y out rate as enforced b y the

deriv ed pla y out p olicies.
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A V alue-iteration algorithm

The v alue-iteration algorithm is particularly suitable for MDPs with a large state-space. Con trary

to p olicy-iteration and linear-programming solutions { whic h in eac h iteration require the solution

of a linear system of equations of size equal to the state-space of the problem { the v alue-iteration

algorithm a v oids large systems of equations b y using a recursiv e solution from dynamic program-

ming.

The algorithm is based on the computation of a sequence of value-functions , V

n

( i ): 8 i 2 S and

n = 1 ; 2 ; : : : , whic h appro ximate the minimal a v erage cost p er unit time. In the follo wing w e outline

the op eration of the algorithm. A go o d reference for more details is [28].

Step 0: Select the initial v alue function V

0

( i ) suc h that: 0 � V

0

( i ) � min

a

c

i

( a ) ; 8 i 2 S . Set n = 1.

Step 1: Up date the v alue function V

n

( i ) ; 8 i 2 S b y using:

V

n

( i ) = min

a 2A

�

c

i

( a ) +

X

j 2S

p

ij

( a ) V

n � 1

( j )

�

and iden tify the p olicy R

n

, whic h at the n th iteration, minimizes the righ t side of this equation

for all i 2 S .

Step 2: Compute the upp er, M

n

, and lo w er, m

n

, b ound b y using:

M

n

= max

j 2S

f V

n

( j ) � V

n � 1

( j ) g m

n

= min

j 2S

f V

n

( j ) � V

n � 1

( j ) g

The algorithm completes, returning the desired p olicy R

opt

= R

n

, when 0 � M

n

� m

n

� � � m

n

,

where � is a (small) tolerence n um b er. Otherwise, pro ceed to Step 3.

Step 3: Set n = n + 1 and go to Step 1.
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