
Grammatikèc qwrÐc sumfrazìmena (context-free grammars)

Grammatik  qwrÐc sumfrazìmena: Mia grammatik  qwrÐc sumfrazìm-
ena eÐnai mia tetr�da G(V, Σ, R, S) ìpou

• V eÐnai èna alf�bhto,

• Σ (to sÔnolo twn termatik¸n sumbìlwn) eÐnai èna uposÔnolo tou V ,

• R (to sÔnolo twn kanìnwn) eÐnai èna uposÔnolo tou (V − Σ)× V ∗, kai

• S (to arqikì sÔmbolo) eÐnai èna stoiqeÐo tou V − Σ.

Par�deigma grammatik c qwrÐc sumfrazìmena:

• V = {0, 1, S},
• Σ = {0, 1},

• R =

{
S → 0S1,
S → ε

}



Gl¸ssec qwrÐc sumfrazìmena

'Estw u, v, w ∈ V ∗ gia mia grammatik  G.

An A → w eÐnai kanìnac thc G tìte lème ìti h uAv par�gei uwv kai to
sumbolÐzoume me

uAv ⇒ uwv.

OrÐzoume epÐshc th sqèsh u par�gei v se mhdèn   perissìtera b mata kai
to sumbolÐzoume u ⇒∗ v, an up�rqoun u1, . . . , uk ìpou k ≥ 0 tètoia ¸ste

u ⇒ u1 ⇒ · · · ⇒ uk ⇒ v.

OrÐzoume th gl¸ssa L(G) miac grammatik c G(V, Σ, R, S) san to sÔnolo
twn sumboloseir¸n tou Σ∗ pou par�gontai apì to arqikì sÔmbolo S:

L(G) = {w : w ∈ Σ∗ kai S ⇒∗ w}.

Oi gl¸ssec qwrÐc sumfrazìmena eÐnai oi gl¸ssec k�poiac grammatik c
qwrÐc sumfrazìmena.



Par�deigma

H gl¸ssa thc grammatik c

• V = {0, 1, S},
• Σ = {0, 1},

• R =

{
S → 0S1,
S → ε

}
eÐnai L(G) = {0n1n : n ≥ 0}.

Sumpèrasma: Up�rqoun gl¸ssec qwrÐc sumfrazìmena pou den eÐnai kano-
nikèc.



Par�deigma

H gl¸ssa thc grammatik c

• V = {(, ), S},
• Σ = {(, )},

• R =

 S → SS,
S → (S),
S → ε


eÐnai L(G) = {w : w apoteleÐtai apì swst� zugismènec parenjèseic}.



Par�deigma

BreÐte mia grammatik  G qwrÐc sumfrazìmena me gl¸ssa

L(G) = {w : w eÐnai arijmhtik  èkfrash me sÔmbola x, y, +, ∗, (, )}.

Ap�nthsh (F=factor, T=term, E=expression):

• V = {x, y, +, ∗, (, ), S, F, T, E},
• Σ = {x, y, +, ∗, (, )},

• R =



F → x,
F → y,
F → (E),
T → F,
T → F ∗ T,
E → T,
E → T + E,
S → E





Paradeigma

Na breÐte grammatik  qwrÐc sumfrazìmena gia th gl¸ssa
L = {wwR : w ∈ {0, 1}∗}. (H gl¸ssa twn palindrìmwn �rtiou m kouc).

S −→ ε

S −→ 0S0

S −→ 1S1

Gia suntomÐa merikèc forèc gr�foume

S −→ ε|0S0|1S1



Kanonikèc gl¸ssec kai grammatikèc

'Opwc eÐdame up�rqoun gl¸ssec qwrÐc sumfrazìmena pou den eÐnai kano-
nikèc. T¸ra ja deÐxoume ìti to sÔnolo twn glwss¸n qwrÐc sumfrazìmena
perièqei tic kanonikèc gl¸ssec. Dhlad 

KANON. GLWSSES ⊂ GLWSSES QWRIS SUMFR.



Kanonik  grammatik : Mia grammatik  eÐnai kanonik  an oi kanìnec
thc èqoun th morf  (V − Σ)× Σ∗((V − Σ) ∪ ε).

Par�deigma:

• V = {0, 1, S},
• Σ = {0, 1},

• R =

 S → 01S,
S → 010S,
S → ε


H gl¸ssa aut c thc grammatik c eÐnai: L(G) = (01 ∪ 010)∗.



Je¸rhma 1 Mia gl¸ssa eÐnai kanonik  an kai mìno an eÐnai gl¸ssa miac

kanonik c grammatik c.

Basik  Idèa: Gia k�je peperasmèno autìmato mporoÔme na kataskeu�-
soume mia kanonik  grammatik  ìpou to sÔnolo twn mh termatik¸n sum-
bìlwn eÐnai oi katast�seic tou autom�tou. Kai to antÐstrofo, gia k�je
kanonik  grammatik  mporoÔme na kataskeu�soume èna (mh nteterminis-
tikì) peperasmèno autìmato, ìpou oi katast�seic eÐnai to sÔnolo twn mh
termatik¸n sumbìlwn thc grammatik c.



Autìmata StoÐbac (Pushdown Automata)

INPUT

0 1 1 0 0 0 1 0 0

q0

q1

q2q3

q4

HEAD

CONTROL
UNIT

(memory)
STACK

Autìmato stoibac M(K, Σ, Γ, ∆, s, F )

K
Σ
s
F
Γ
∆

=
=
=
=
=
=

sÔnolo katast�sewn (peperasmèno)
alf�bhto eisìdou
arqik  kat�stash s ∈ K
sÔnolo telik¸n katast�sewn, F ⊆ K


'Opwc sta
peperasmè-
na autìma-
ta

alf�bhto stoÐbac
sqèsh met�bashc, ∆ ⊆ (K × Σ∗ × Γ∗)× (K × Γ∗)

((p, u, β), (q, γ)) ∈ ∆: To M eÐnai sthn kat�stash p, h koruf  thc stoÐbac
eÐnai β, diab�zei apì thn eÐsodo u kai metabaÐnei sthn kat�stash q anti-
kajist¸ntac to β me to γ.



'Ena autìmato stoÐbac M dèqetai th sumboloseir� w an kai mìno an,
xekin¸ntac apì thn arqik  kat�stash me �deia stoÐba, epexergasteÐ to w
kai katal xei se k�poia telik  kat�stash tou F me �deia stoÐba p�li.

Dhlad 
(S, w, ε) `∗M (q, ε, ε), me q ∈ F

H gl¸ssa enìc autom�tou stoÐbac eÐnai to sÔnolo twn sumboloseir¸n pou
dèqetai to autìmato.

L(M) = {w : M dèqetai w}



Par�deigma

'Estw to autìmato stoÐbac me sqèsh met�bashc

∆ = { ((s, 0, ε), (s, 0))
((s, 1, ε), (s, 1))
((s, #, ε), (f, ε))
((f, 0, 0), (f, ε))
((f, 1, 1), (f, ε))}

kai F = {f}

To autìmato dèqetai tic sumboloseirèc pou eÐnai thc morf c w#wR. H
gl¸ssa dhlad  tou autom�tou eÐnai L = {w#wR : w ∈ {0, 1}∗}.



Par�deigma

L = {w : w èqei zugismènec agkÔlec }

S −→ ε | [S] |SS

(s, [, ε)(s, [)
(s, ], [)(s, ε)

Kat�stash Eisodoc StoÐba
s [ [ ] ] [ ] ε
s [ ] ] [ ] [
s ] ] [ ] [ [
s ] [ ] [
s [ ] ε
s ] [
s ε ε



Grammatikèc qwrÐc sumfrazìmena kai autìmata stoÐbac

Je¸rhma 2 Oi gl¸ssec twn autom�twn stoÐbac eÐnai akrib¸c oi gl¸ssec

qwrÐc sumfrazìmena.

To je¸rhma prokÔptei apì ta Jewr mata 3 kai 4:

Je¸rhma 3 Gia k�je grammatik  qwrÐc sumfrazìmena G up�rqei autì-

mato stoÐbac M , tètoio ¸ste L(M) = L(G).

Je¸rhma 4 Gia k�je autìmato stoÐbac M up�rqei grammatik  G qwrÐc

sumfrazìmena, tètoia ¸ste L(G) = L(M).


