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%
� & � a : {0, 1, . . . } → {a0, a1, . . . } �
� � � ak , a(k) �

� � � � � � � � � � � � � � � � � � �  !



�
�

� � � � � � � � � � � �

%
� & �

 
 � ! �  � � � � � � � � � �  �
� � �� �  � � � # � �� �

% �

	 � � � � � � � � � � � � = 107 = 100(1 + 0, 07)

	 � � � � 
 � � � � � � � = 107 + 7
100107 = 114, 49 = 100(1 + 0, 07)2

	 � � � � � � � � � � � � = 122, 50 = 100(1 + 0, 07)3

� � � 
 � � (100, 107, 114.49, 122.50, . . . ).

� �  	 � � # � � � � � �  � 	 
 � a(k) = 100 · (1, 07)k � � �� � � � � � k

� � � � � �

k = 0, 1, 2, . . . �

� � � � � � � � � � � � � � � � � � �  !
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%
� & �

� & � # 	 � �  � � � �  � � �  	 # � � � � � � ! � � 
 � � � �   � � � � �

�  � � � � � � n  � � � ! "  � 
 � 
 � # � � 
 � 
 � ! � � 
 � � T (n).
� � 	 � � $ � � � 


� � � �  � � �  � �  � � # � � � � � � & � # 	 � �  � � � �  � � � � � � � � � �  � � # � $ � � �

� � �� � � � � � 
 � � � � � ! �   � � # � � � �

� 
 �  	 � � 
 � � �  � � � 
 
 � � � � � � � � � � � 	 ! � � � � � � � � � 
  � 	 
 � ! 	 $

� � ! � � 
 � � � 	 � � � � � � � T (n) � � 
 � ! �   � � � � � �  � � � � � � n

� � � � � � � � � # � � � 
 &  � � # �  � � � �  � � � � $ � � � � � � 
 � � � 
 n � 
 � �  � ! �

�  � ! � 
 �

� 
 �  	 � � 
 � � �  � � � � � # 	 � 
 � � � � � $ � � � � �  � � � � � � � T (n).
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� 
 � � � � � $ � � � � �  � � � � 
 � � � � � � � � � 	 � � 	 
 � � � �  $ 	 � 
 � � 	 � �  � � � �

� � 	 
 � � � �  � � �  � ! � � � � 	 � ! � � � �  � � � � � � � �� � � �

� � 	 
 � � 	 
 � � � � � � # � � � # � � � 	 
 � � � � � � 	 � � �  � � � � � �  � � � � � ! � � �

� � 	 
 � � � �  $ 	 f(n) � 
 � g(n) � � 
 �  � ! � 
 n.

� %
� & � & � # 	 � �  � � � �  � � � � � � � � ! � � 
 � � � � � 
 �  � ! � � � � �  � � �

 � � # � � � � � 
 � � � � � # �  � � � � � � �  � � � � � !  � � 	 � � � � � � �

%
� & �

34 log n → ∞ 
 � � ! � �� 
 � � ! 
 � # 2n2 � � 
 � # � � � �� 
 � � ! 
 � # 2n �

� � � � � � � � � � � � � � � � � � �  !
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	 ! � � � � � 
 � � � � � � � � � � � � 	 ! � � � � � � g(n)  � 	 
 � �� � � 	 � � �

O(g(n)) := {f(n) : ∃ � � 
 � � c > 0, n0,∀n ≥ n0, 0 ≤ f(n) ≤ cg(n)}.

� � 
 � � � � 
 � � � � �  f ∈ O(g),

� � �  � $ � � � f  � 	 
 � O(g) � �

� � � 
 � � � � � # �� 	 � � � � � # � � � � � �
! � � � � � � 	  �

� # 	 � ! 	 $ � � ! � � 
 �

� � � �  � 	 
 � � � �  � � � 
 � � 
 �  � ! �

� � � �  � � � � �  � � � � � ! �  �  � 
 � � � 	 � � � � � � � � � # � $ 	 � # � 
 	

n < n0

�
�

� � � � � � � � � � � � � � � � � � �  !
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 �  	 � � 
 � � �  � � # � � � � O(g(n)) � 
 	 � � 	 � � � �
# � � � 
 	

� 	 	 � � 
 ! 	 $ � � ! � � 
 �� � � � 
 � � � f(n) ∈ O(g(n)).
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 � ! � � 	 � �  � 
 � &  �  � � � � 
 � � �  � 
 	 � � � � 
 f(n) ∈ O(g(n)), 	 


� � ! � � � �  f(n) = O(g(n)).

�
�

� � 
 � � 
 �  � � � � 	 � b(n), � � ! � &  � 
 �  � � � 
 
 � � � � � � � � � 	

� � 	 
 � � � �  $ 	 g(n) � � $ � b(n) = O(g(n)).

� � � 
 � �� �
� � � � � � � � � � � � � � � � � � �  !
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%
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1/n = O(n), 1/n = O(1)

n = O(n), n log n = O(n2), n2 + 106n = O(n2)

n2 − 32n + 199n log n = O(n2) ⊂ O(n3) ⊂ O(2n)

� � � � � � � � � � � � � � � � � � �  !
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�

� � 
 � ! �  � � 
 �  � ! ∆, � � &
�  � � $ � ∆ = O(1) :

�  $ �  � � �  � � � � � 
 �  � � � � � 	 
 � � � �  � � f(n) = ∆ � 
 � g(n) = 1.

� � � �  � � �  � $ � f(n) = O(g(n)).

� � � � � � � � � � � � � � � � � � �  !



� � � � �

�
� f(n) = O(g(n)) ⇒ ∆f(n) = O(g(n)),∀ � � 
 �  � ! ∆ �



� f(n) = O(g(n)) � 
 � g(n) = O(h(n)) ⇒ f(n) = O(h(n)).

�
�

� � � �  � 	 
 � � & �  � a(n) 6∈ O(b(n)) � 
 � b(n) 6∈ O(a(n)) :

a(n) =

{

1 n

! � � �� � �

0 n �  � � � � # � �

b(n) =

{

0 n

! � � �� �

1 n �  � � � � # �

� � � � � � � � � � � � � � � � � � �  ! �



� � � � �

�
�

� � � �  � 	 
 � & $ c(n) = O(a(n)), c(n) = O(b(n)) 
 � � !
a(n) 6∈ O(b(n)) � 
 � b(n) 6∈ O(a(n)) :

a(n) =

{

1 n mod3 ≡ 0 ∨ 1,

0 n mod3 ≡ 2,
b(n) =

{

1 n mod3 ≡ 0 ∨ 2,

0 n mod3 ≡ 1,

c(n) =

{

1 n mod3 ≡ 0,

0 n mod3 ≡ 1 ∨ 2.

� � � � � � � � � � � � � � � � � � �  ! �



� � � �

� � � � � limn→∞
a(n)
b(n) = 0 ⇒ a = O(b) �

� � # � �

lim
n→∞

a(n)

b(n)
= 0 ⇒

[

∀ε ∃N0 : n > N0 ⇒ a(n)

b(n)
< ε

]

� � � ! � � �  � 	 
 ε � 
 � � � �  C := ε.
	 # � 

∃N0(ε) : n > N0
a(n)
b(n) < C ⇒ a(n) < Cb(n) �

� � � 
 a = O(b) � 2

�  	 � � & �  � �� 
 	 � � � � � � � � �

2n = O(7n)  	 � 2n
7n → 2

7 .

n2 + n = O(n2)  	 � lim n2+n
n2 = lim

1+ 1

n

1 = 1.

� � � � � � � � � � � � � � � � � � �  ! �



� � � � � vs. � � � � � � � � � � � �

� � � � � nb = O(an) � � � 
 a > 1, b > 0.

� � # � �

� � �  � 	 
 �  � � � � �  � $ � limn
nb

an = 0

# � 
 	 b ∈ N.

lim
n→∞

nb

an
= lim

n

bnb−1

an ln a
= · · · = lim

n

b!

an lnb a
= 0.

� � � � �  � 
 � � # � 
 �  � 
 	 # 	 
 L’Hôpital � 
 �

(an)
′

= (en ln a)
′

= en ln a ln a = an ln a.

� � � 
 	 b ∈ R, nb = O(ndbe) = O(an). 2

%
� & � nb = O(an) ⇒ n8 = O(2n) ⇒ 106n8 = O(2n).

� � � � � � � � � � � � � � � � � � �  ! �



� �

� � � � �

� � 
 a, b > 0 � � & �  � � $ � (ln n)a = O(nb) �

� � # � �

� � �  � 	 
 �  � � $ � $ � ∃N0,

� � $ � ∀n ≥ N0

(ln n)a ≤ nb ⇔ (ln n)a ≤ eb ln n.

� 	 � ! � $ � � � 
 � � � � � � �

a ln ln n ≤ b ln n ⇔ ln ln n ≤ (b/a) ln n.

� �  �  � � 
 � 
 � & � � � � � & �  � � � 
 n 
 � �  � ! �  � ! � � � � 
 � � 
 �

lim
n→∞

ln ln n

(b/a) ln n
= 0.

2

� � � � � � � � � � � � � � � � � � �  ! �
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	 � � � & �  � 
 	 
 � � ! � � � �  � � � ! � � � � � � � � 
 � � � � � � �

� � 
 a, b > 0 � � & �  � � $ � (log2 n)a = O(nb)?

� � � � � ! � 	 
 �
� � � 
 � �� � �

� � � � � � � � � � � � � � � � � � �  ! �



� � �

� � � � �

� � 
 a > 0, an = O(n!)

� � # � �
� � � � $ a ∈ Z,  � � ! � � $ � & � � � � � � � � � � �  dae. � � 
 n ≥ a,

an = aaan−a

� � � � � � � � 
 n − a ≥ a ⇔ n ≥ 2a,

an−a = aa · · · a
︸ ︷︷ ︸

n−a

≤ n(n − 1) · · · (n − a) ≤ n!

� � �� � �  C = aa, N0 = 2a : ∀n ≥ N0 = 2a :

an = Can−a ≤ Cn!

2

� � � � � � � � � � � � � � � � � � �  ! �



� � � Θ()

� � �
� � � � $ g : N → R.

Θ(g(n)) :=

{f(n) : ∃ � � 
 � � c1, c2 > 0, n0,∀n ≥ n0, 0 ≤ c1 g(n) ≤ f(n) ≤ c2 g(n)}

% 
 � 
 � � � � � � �

� � � � � � � � � � # � Θ

� � 	  � � � � & � ! � ! 	 $ � 
 � � ! � $ � � ! � � 
 � 
 �

� 	 � � � � 
 f ∈ Θ(g), � � ! � � � �  f = Θ(g).

f = Θ(g) ⇒ f = O(g) �

� � � � � � � � � � � � � � � � � � �  ! �



�
�

�

%
� & �

� � & �  � 1
2n2 − 3n = Θ(n2) 
 � � � ∃c1, c2, n0 :

c1 n2 ≤ 1

2
n2 − 3n ≤ c2 n2, ∀n ≥ n0

� � 
 � � � 	 � 
 � �  n2 � & � � �  c1 ≤ 1
2 − 3

n ≤ c2 �

� 	 � � 
 � � � � � �  c1 = 1
14 , c2 = 1

2 , n0 = 7 � # �  � � & � � � � � & �  � �

� � � � �

� � 
 � ! �  f(n), a, b > 1 � � � &
�  � loga f(n) = Θ(logb f(n)) �

� � # � � loga f(n) =
logb f(n)

logb a
= Θ(logb f(n)).

% # � � lg f(n) = Θ(ln f(n)) �

� � � � � � � � � � � � � � � � � � �  ! �



� � � Ω()

� � �
� � � � $ g : N → R.

Ω(g(n)) = {f(n) : ∃ � � 
 �  � � � c > 0, n0, 0 ≤ c g(n) ≤ f(n),∀n ≥ n0}

%
� & �

� � & �  � 2n2 = Ω(105n2 + 45n) 
 � � ! n2/3 6∈ Ω(n4/5) �

% 
 � 
 � � � � � � �

� � � � � � � � � � # � Ω

� � 	  � � 	 
 � ! � $ � � ! � � 
 � � � � � 	 ! � � � � � � � 

� � 	 � � 
 � � # �  � ! � � � 
 � � 
 �  � ! �

f = Ω(g) ⇔ g = O(f).

f = Θ(g) ⇒ f = Ω(g) �

� � � � � � � � � � � � � � � � � � �  ! �



� O, Ω, Θ

�  � � �

� � 
 � ! �  � � � � � 	 
 � � � �  � � f, g : N → R � f(n) = Θ(g(n))


 	 	 f(n) = O(g(n)) � 
 � f(n) = Ω(g(n)) �

� � # � �

O(g) = {f(n) : ∃ � � 
 � � c2, n0 : 0 ≤ f(n) ≤ c2 g(n),∀n ≥ n0}

Ω(g) = {f(n) : ∃ � � 
 �  � � � c1, n0 : 0 ≤ c1 g(n)≤ f(n),∀n ≥ n0}

Θ(g) = {f(n) : ∃ � � 
 � � c1, c2, N0 :

0 ≤ c1 g(n)≤ f(n) ≤c2 g(n),∀n ≥ N0}

2

� � � � � � � � � � � � � � � � � � �  ! �



� O, Ω, Θ � � � � �

�  � � �

� � 
 � ! �  � � � � � 	 
 � � � �  � � f, g : N → R � f(n) = Θ(g(n))


 	 	 f(n) = O(g(n)) � 
 � g(n) = O(f(n)) �

� � # � �
� � � � � � � � 2

� � � � � � � � � � � � � � � � � � �  ! �



� � � � � � � �

f = Θ(g) ∧ g = Θ(h) ⇒ f = Θ(h)

f = O(g) ∧ g = O(h) ⇒ f = O(h)

f = Ω(g) ∧ g = Ω(h) ⇒ f = Ω(h)

� � � � � � � � � � � � � � � � � � �  ! �



�

� � � � � � � �

� 	 
 � � 
 � � � � � � � � # � � � 


f(n) = Θ(f(n))

f(n) = O(f(n))

f(n) = Ω(f(n))

� � � �  � � � � � � � � # � � � 


f(n) = Θ(g(n)) ⇔ g(n) = Θ(f(n))

� � � # � � � 
 
 	 
 � � � � � � �

f(n) = O(g(n)) ⇔ g(n) = Ω(f(n))

� � � � � � � � � � � � � � � � � � �  ! �



� � � o()

� � �
� � � � $ g : N → R.

o(g) = {f(n) : ∀ � � 
 � � c > 0, ∃ � � � n0, 0 ≤ f(n) < c g(n),∀n ≥ n0}

%
� & �

� � & �  � 2n = o(n2) 
 � � ! n2/4 6∈ o(n2) �

% 
 � 
 � � � � � � �

� � � � � � � � � � � � � O � 
 � o  � � � ! " � � 	 ! 	 $ � � ! � � 
 � 
 � 

� � !

� # 	 � 	 � o  � � � ! "  � 
 � � � � � # ! 	 $ � � ! � � 
 �

f(n) = o(g(n)) ⇔ lim
n→∞

f(n)

g(n)
= 0

� � � � � � � � � � � � � � � � � � �  ! �



� � � ω()

� � �
� � � � $ g : N → R.

ω(g) = {f(n) : ∀ � � 
 � � c > 0, ∃ � � � n0, 0 ≤ cg(n) < f(n),∀n ≥ n0 }

%
� & �

� � & �  � 2n2 = ω(17n +
√

n) 
 � � ! n2 6∈ ω(n2/4) �

% 
 � 
 � � � � � � �

� � � � � � � � � � � � � Ω � 
 � ω  � � � ! " � � 	 � ! � $ � � ! � � 
 � 
 � 

� � !

� # 	 � 	 � ω  � � � ! "  � 
 � � � � � # � ! � $ � � ! � � 
 �

f(n) = ω(g(n)) ⇔ g(n) = o(f(n))

� � � � � � � � � � � � � � � � � � �  ! �
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