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� � �  � 	 � � 	 � 
 �

� � �

$ % ! ! 
 � � � � 	 � � � � 
 � � � �  � � � � � � 
 � � � # &  � � 
 %

1.

� � �
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 � � � �  � � � � � � 
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� ' �  	 � � 	 � 
 n � 
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 � � ! � � � � � 
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� � � � �

� � 	 � � � � 
 T = (V,E)

�
�

� �  � � � � � � 
 � � � � � v, w ∈ V, � " � � � � � � 
 �  	 � � � � 
 � 
 " � � �

" 
 � � �� � � � � � � �

�
� |V | = |E| + 1.

�
� |V | ≥ 2 ⇒ # � % ! ! � � ≥

�

� " � 	
�

� 	 � � � � �  � �  	

� � � 	 � 
 � � �  � � � � � � � � � � � � � � � �  ⇒ ∃ � 
 � 
 " � � �  � � � � �  � �


 " 
 � � � 	 # " 
 � � � � 
 � � � � � v, w.

� � � " � � � 
 � � � � 
 � 
 " � � �  v ; w ⇒ ∃ � % � ! � �  
 � � 
 " 
 �

2
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� � � � �

� " � 	
�

� 	 � � � � �  � �  
� � � � "  � � � #	

� � � �	 # � 
 � � � � � � �

⇒ #  � � � � � �

# � 
 � � � � � � �

⇒ #  � � � � � �

� # � 	 � �  � � �  � � # {a, b} ∈ E  " � 	 � � 	 � 
 T = (V,E)

� ' � � 	 � � 
 � � 	 � � 	 � � � � � T1 = (V1, E1), T2 = (V2, E2)

� " 
 �

|V1| + |V2| = |V | |E1| + |E2| = |E| − 1

|V1| = |E1| + 1 |V2| = |E2| + 1

}

⇒

|V | = |E1|+|E2|+2 ⇒ |V | = |E|+1
2
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� � � � �

� " � 	
�

� 	 � � � � �  � �  
� � " � � # � � � � � � �

� ' � � � {a, b} ∈ E  � � # " 
 �  �  � � � � �  � �
� � � � � � V1

� 
 � % � 
 ! 


� 
 � � � � � v � �  � �� 
 " 
 � � � {a, b} 6∈ (v ; a).

� " 
 �  	 # " 
 � � v ∈ V1	 � � � � � 	 � � �  � � � � 
 b, � � 	 � ! ! � � � % � ! � �  �

� � � 
 � � � � � � 
 � V1


 � � � 
 � � � 
 � " 
 	 � � 	 � 
 T1

� 
 � a �

� � 
 � � � � " 
 	 � � 	 � 
 T2

� 
 � b �

� � " 
 	 � � 	 �  	 �  � � � � � � �  �

a
b

2
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�

� � � � �

� " � 	
�

� 	 � � � � �  � �  

� ' � � � d(v) 
 &  � � � � � 
 � � � � & 
 � v.
∑

v∈V
d(v) = 2|E| = 2(|V | − 1) = 2|V | − 2  " � � 	 � � � � �  � �  

� ' � � � |V | ≥ 2 �  � @v ∈ V : d(v) = 0.

� � � �
�	 � � � 
 �  	 � � �

v ∈ V : d(v) = 1 ⇒
∑

v∈V
d(v) ≥ 1 + 2(|V | − 1) = 2|V | − 1 ↓

� � � �
�	 � � @v ∈ V : d(v) = 1 ⇒

∑

v∈V
d(v) ≥ 2|V |

� � � � �

↓

' " 
 � � � � � � 
 � ! � � � � � 
 � 	 % 
 � � � & 
 � � � &  � � � � �  �
� � % ! !   � 2
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�

� � � � �

�

� � � � � �  T = (V,E) � � �  � 	 � � 	 � 
  � �  � � � � 
  � ∀v, w ∈ V ∃

� 
 �  	 � � � � 
 � 
 " � � � v ; w.

� " � 	
� [⇐]

� � � � � � � � � � � � � � �  	 � � � � ∀v, w ∈ V, ∃ � 
 � 
 " � � � v ; w.
@ � % � ! � �  	 � � � � ∃ � 
 �  	 � � � � 
 � 
 " � � � v ; w. 2
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�

� � � � �

�

� � � � � �  T = (V,E) � � �  � 	 � � 	 � 
  � �  � � � � 
  � � � � � � � � � � �  �

m = n − 1

� " 
 � |V | = n �  � |E| = m.

� " � 	
� [⇐]

∃

�  " ! �  � % � ! � �  C : c = # � 
 � � � � �(C) ⇒ #  � � � �(C) = c

n − c � 
 � � � � � /∈ C ⇒ � �  � � � � � � � 
 �  � 
 � � � #

v � " � � � � � � � 

	 �  � � � � � � � � �  � � # {v, w} " 
 � � � � � � � � � � 
 � 
 � 
 " � � � " 
 � � � � � � � � �

v � � � 
 � � % � ! 
 ⇒ � " � � � 
 � � ≥ n − c  � � � � /∈ C

⇒ m ≥ (n − c) + c = n
� � � � �

↓

∴ @ � % � ! � � 

2
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� � � � �

�

� � � � � �  T = (V,E) � � �  � 	 � � 	 � 
  � �  � � � � 
  � @ � % � ! � �  �  �

m = n − 1

� " 
 � |V | = n �  � |E| = m.

� " � 	
� [⇐]

� � � � � �  	 � � � 
 � � � � � � � � � � � � � � �  �

� ' � � � G

� � � � � � � � � � � � � � � � � � � � � � � G1, G2, . . . , Gk

�

� " 
 � k = # � � � � � � � � � � � � � � � � � � � � �

G1, G2, . . .

� � � � � � � � 
 � �  � � � � �� � % � ! � �  ⇒

	 � � 	 � 

⇒ m1 = n1 − 1,m2 = n2 − 1, . . .
⇒ m1 + m2 + · · · + mk = n1 + n2 + · · · + nk − k, k ≥ 2
⇒ m = n − k, k ≥ 2

⇒ m ≤ n − 2

� � � � �
↓ 2
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�
� � �

� ' � � � n

� � 
 �  �

� � " 
 � 
 �  " �  � � 
 % � � � � � � � � � � � 

" ! � � 
 � 
 � �  �

� � � � � � � � 
 � � � # � � � � � # t = 1, 2, . . .
� " 
 � 
 �

� � � � � � � � � � � " ! � � 
 � 
 � �  � � � � � ! � � � � � � ! ! 
 � � � ! ! 
 � � " 
 � 	 � � � �

� � � � � � 
 � � �

 � � � � � � � � � � � � � � � � � � � � �



� �

�
� � �

� ' � � � n

� � 
 �  �

� � " 
 � 
 �  " �  � � 
 % � � � � � � � � � � � 

" ! � � 
 � 
 � �  �

� � � � � � � � 
 � � � # � � � � � # t = 1, 2, . . .
� " 
 � 
 �

� � � � � � � � � � � " ! � � 
 � 
 � �  � � � � � ! � � � � � � ! ! 
 � � � ! ! 
 � � " 
 � 	 � � � �

� � � � � � 
 � � �

� ' � � � G = (V,E) � 
 � � � � � �  � " 
 � 
 � � 
 � � � � � � � �  � �  � � 
 � 

�  � 
 �  � � � � �  � � � % �  �  �

� 
 G � � �  � � � � � � � � � �
�

� � � � � # � � �  �  � � #  " � 
 � � � � � � � �  � � 
 � � 
 � 
 � � 
 � � � #  
�

� � � � 
 � � 	  � � �  � � � � � " 
 � � !  &  � � � � " ! � � 
 � 
 � �  =⇒

� � � � � � �  � � � � m = n − 1.

' " 
 � � � � � � 
 G � � �  � 	 � � 	 � 
 �

 � � � � � � � � � � � � � � � � � � � � �
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�  � � � � � � � � � � 
 � � � � � �  � � �  � �  � � � � � � � � � � 
 	 � � 	 � 
�  �

� � � � �  � 	 � � 	 � 
  � � 
 � � � � � �� �  � � � � % � � � �� �

� � �

� � � 	 � 
 � � � � �  � � �  � �  � � � � � � � � � � 
 	 � � 	 � 
 " 
 � � � � �

� 
 �  	 � � # � 
 � � � #

v � � � � � � � � �
&  �
� � � �  � � �  � � � � � ! ! �

� 
 � � � # � � � � � � �
&  �

� �
�

� � 
 � � � #

v 
 � 
 � � � � �  � � � �  � 
 �

	 � � � � 
 � �

� � � � � 	 � � � 
 � � � � �  	 � � 	 � 
 � � � � � � �  � � 
 � " � � � � � � 
 � �

"  �  ! � � " 
 � � � � � � # � � � � �� �  � � � � % � � � �� � � ��  � � � � � �  � �

� � � " 
 � 
 
 % � �  � �

 � � � � � � � � � � � � � � � � � � � � �
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 � � � � 	 � � 	 � 


" � � � 
 � 
 �

� 
 � � � �

"  � 	 �  	 � ! � � �

 " � � 
 � 
 �

 � � � � � � � � � � � � � � � � � � � � �



� �

�

� " 
 � 	 � �  � � � 
 � � # �  � � 
 ! 
 % �  � � � � � � 
 � � 	 � � 	 �  � � � � �  �

� � � m−  	 � � � 	 � � 	 � 
	

∀ � � � � � � � � & 
 � �

& � � �   � � � � ≤ m "  � 	 � �
�

� � �

�  � 
 � � � �

m−  	 � � � 	 � � 	 � 
	

∀ � � � � � � � � & 
 � �

& � � �   � � � �  � � � & � � m "  � 	 � �
�

 � � � � � � � � � � � � � � � � � � � � �



� � � � � � � � �

�
� � �

�  � 
 � � � � 	 �  	 � � � 	 � � 	 � 	 
 � � � � � � � � � 
 � � � � & 
 �

 � � � � � 
 � � 
 % � � � � 
 �
�

� 
 � �  � � � � � � � " � ! ! 
 � �

 � � � � � � � � � � � � � � � � � � � � �



� � � � � � � � �

�
� � �

�  � 
 � � � � 	 �  	 � � � 	 � � 	 � 	 
 � � � � � � � � � 
 � � � � & 
 �

 � � � � � 
 � � 
 % � � � � 
 �
�

� 
 � �  � � � � � � � " � ! ! 
 � �

� # � � �

� � �  � 
 � � � � 	 �  	 � � � 	 � � 	 � � # � � � � � # � % ! ! � � −1.

� " � 	
� ∀  � � �  ∃ � 
 �  	 � � � � � � � � � � � � & 
 � �  � ∃ � 
 �  	 � � # 
 � � 	 

" 
 � � � % � � � � � � � � � � � " � ! ! 
 �  �

#  � � � � � � # 
 � � 	
� " 
 � � � % � 
 � � � # 
 � � 	 � � −1 � # � % ! ! � �

−1.

' " 
 � � � � � # � � � � � #  � � � � � � # � % ! ! � � −1.
2

 � � � � � � � � � � � � � � � � � � � � �



� � � � � � � � �

�
� � �

�  � 
 � � � � 	 �  	 � � � 	 � � 	 � 	 
 � � � � � � � � � 
 � � � � & 
 �

 � � � � � 
 � � 
 % � � � � 
 �
�

� 
 � �  � � � � � � � " � ! ! 
 � �

� # � � �

� � �  � 
 � � � � 	 �  	 � � � 	 � � 	 � � # � � � � � # � % ! ! � � −1.

� " � 	
� ∀  � � �  ∃ � 
 �  	 � � � � � � � � � � � � & 
 � �  � ∃ � 
 �  	 � � # 
 � � 	 

" 
 � � � % � � � � � � � � � � � " � ! ! 
 �  �

#  � � � � � � # 
 � � 	
� " 
 � � � % � 
 � � � # 
 � � 	 � � −1 � # � % ! ! � �

−1.

' " 
 � � � � � # � � � � � #  � � � � � � # � % ! ! � � −1.
2

� " � 	
�


 ' �  ! !  � � � � # � 2 # � � � � � � � � � 
 ! � # "  � 	 � � � �

(# � � � � � − 1) + # � % ! ! � � � 2

 � � � � � � � � � � � � � � � � � � � � �



� � � �

� # � � �

� � �  � 
 � � � �

m−  	 � � � 	 � � 	 � 	

(m − 1)# � � � � � � � � & � � = # � % ! ! � � − 1 �

� " � 	
�

� � � � 
 % � � # � % ! ! � � � # 
 � � 	 � � �

∀ � � � � � � � � & 
  " 
 � ! � � � � m − 1 
 � � 	 � � ⇒
(m − 1)# � � � � = #

� 
 � � 	 � � � � � � � � � " � ! 
 �  

2

� " � 	
�


 ' �  ! !  � � � � # � m# � � � � � � � � � 
 !
� # "  � 	 � � � �

= (# � � � � � − 1) + # � % ! ! � � � 2

 � � � � � � � � � � � � � � � � � � � � �



� � � �

�
� � � # � % ! ! � � = (m − 1)# � � � � + 1�

	 � !  	 #

m = 4 =⇒ # � % ! ! � � = 3# � � � � + 1
 � � � � � � � � � � � � � � � � � � � � �



� � � � � �

� � �

� # � 
 � � 
 � 
 "  � � 
 % � 
 � � � # � � #  � � � �  " � � 
 � � � # � � � � �  �

� � � 
 � � max � # � 
 � � 
 � 
 "  � � 
 %
�

 � � � � � � � � � � � � � � � � � � � � �



�

� � �

� # � � � m−  	 � � � 	 � � 	 � 
 % � 
 � � h ⇒ # � % ! ! � � ≤ mh �

� " � 	
�

� � � � � " � " � 	 
 " 
 ! !  " !  � � � � � � � " � m � 2

�
� � �

� � � � � � � # � % ! ! � � ≤ 32 = 9 �

 � � � � � � � � � � � � � � � � � � � � �



�

� � �

� # � � �

� � � � �  � 
 � � � �
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