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 � � |P (M)| = |2M | = 
 
 � � � � � � � � � � � � � � � 	 � � � � � � 
 � � M �

�
� � � M = {A,B,C} �

|P (M)| = 23 = 8 �

#

� � � � 	 � � � � � � � � � 	 
 � � � � ��  ! (3
2

)
= 3 �

#

� " �� 
 � 
� � � # � � � � � � 	 � � � � � � � � � 	 
 � � � � ��  ! 3 · 2 = 6 �

�
� � � M ! $ � % � � � � � � � � % 
 & � � ! {1, 2, . . . , 15} �

|P (M)| = 215 = 32768 �

#

� � � � 	 � � � � � � � � ' � � % � � �  ! (15
3

)
= 15·14·13

3! = 455.

#

� " �� 
 � 
� � � # � � � � � � 	 � � � � � � � � ' � � % � � �  !

15 · 14 · 13 = 2730.
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= #
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	 � � # 	 	 �  × #

� � � � � � � � � 2
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 � r = n � 
 � � � 	 � # � � � � � % � � �
� n � 
 � � � 	 � # � � � � � 
 � %
�

� � � % � �

� � � 
 � 
 � � � � � � � � % �� �

# 
 � � � � � 
 � 	 � � � = n(n − 1) · · · 2 · 1 = n! �

� 	 � � 
� � � � 
 � � � � � � � � � 
� � # 	 � � � n � 
 � � � � � �

� � � 
 � r � 
 � � � 	 � # � � � � � % � � �
� n � 
 � � � 	 � # � � � � � 
 � %
� n ≥ r �

P (n, r) := # 
 � � � � � 
 � 	 � � � = n(n − 1) · · · (n − r + 1) = n!
(n−r)!

�
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� � 
 � � � � # 
 	 	 	 r �� � n − r � 
 � � � 	 � � � �� � � � �

� � n − r

# � � � � (n − r)! 
 � � � � � 
 � 	 � � � 	 � n − r � � � 
 � %
�

∴ n! 
 � � � � � 
 � 	 � � � = P (n, r)(n − r)!
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{1, . . . , n} �

• r �
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 � � � � � � � ∈ A× · · ·×A = Ar, |A| = n �

�
� � � r = 2 � � % � � � 	 � n = 3 � � � 
 � % � � P (3, 2) = 3! = 6 
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[a|b|∅], [b|a|∅], [a|∅|b], [b|∅|a], [∅|a|b], [∅|b|a] �
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n = 8, r = 3

P (n, r) = n!
(n−r)! = 8!/(8 − 3)! = 8!/5! =

(1 · 2 · 3 · . . . 8)/(1 · 2 · . . . 5) = 6 · 7 · 8 = 336.
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6! = 504 �
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P (10, 4) − |0xyz| = 5040 − 504 = 4536.

|µxyz| = 9 · 9 · 8 · 7 = 4536 �
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� 	 � & � � � ��
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� � � � # � � � � � � � � 
 � � 	 � � 
 %  
r � � �

n

& �� � � 
 � 
 � � % � � 
 � � � � � � � � �

r

� # 	 � � � � � 
 � � 	 � � 
 %
� n

& �� � � 
 � 
 � � % � � 
 � � � � � � � �
� r ≤ n �

� � � � # � � � � � # � � � � 
 � � � � � � � � � � � � % � � � # 	 	 �

� � 
 � � 	 � � 
 %

⇒
& � � � 
 � � � � 
� � � �� � � � � � � # � 	 
 � A × · · · × A �

� � � �
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� � 	 � � � � � � � � 	 
 � � � � � � �
� � 	� & �� � � 
 � 
 � � % � � � 	 � � � �� � � '

	 
 � � � � �� � � � 
 � � � � � � � 
 � % � � � � � �

n = 8, r = 3

C(n, r) = n!
r!(n−r)! = 8!/(3!(8 − 3)!) = 8!/(3!5!) =

(1 · 2 · 3 · . . . 8)/((1 · 2 · 3)1 · 2 · . . . 5) = 6 · 7 · 8/(1 · 2 · 3) = 56.
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� � � � � � � � � � � � � �

$ �� �� 
 % 	 
� 	 	 
 	 � � � 
 � � � (n
r

) � � � � % 
 � 
� � & � � � � � � � � �

	 � � 
 � � � 	 
 � � �

(
n
r

)
= n!

r!(n−r)! =
(

n
n−r

) 
 � �
�

C(n, r) = C(n, n − r)�
(
n
n

)
= 1 =

(
n
0

)

�

(
n
r

)
:= 0, ∀r > n, ∀r < 0�

� � � �



� � � � � � � � � � � � � � � � � � �
(
n−1
k−1

)
+

(
n−1
k

)
=

(
n
k

)

�

� � 
 � � � �

(n−1)!
(k−1)!(n−k)! + (n−1)!

k!(n−k−1)! =
(n−1)!

(k−1)!(n−k−1)!

(
1

n−k + 1
k

)
=

(n−1)!
(k−1)!(n−k−1)!

n
(n−k)k

� � � �



� � � � � � � � � � � � � � � � � � �
(
n−1
k−1

)
+

(
n−1
k

)
=

(
n
k

)

�

� � 
 � � � �

(n−1)!
(k−1)!(n−k)! + (n−1)!

k!(n−k−1)! =
(n−1)!

(k−1)!(n−k−1)!

(
1

n−k + 1
k

)
=

(n−1)!
(k−1)!(n−k−1)!

n
(n−k)k
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�

" � � & � � # � � � � � � � � � � � � � � � � � ' � � � � � 
 % �
�

•

� � � � � � � �� ' 
 � � � � # 
 	 	 	 � � �� � � � 	 � ' � � 
 � � � � � � � 
 � %
�

" 	 � � r = 7, n = 32 � 
� % & � �� � � � 
 � % � � 
 � 	 
 � � � � � � 	 � 0 �

∴ #� � � � � � � � � � = C(32, 7) �

•

� 	 � & � � � ��
�

� � � � � � �

7

� # 	 � � � � �� 
� �
�

� � �

n = 32 �
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� � � � � � � � �

� � � 
 � 2n =
∑n

k=0

(
n
k

)

�

� � � &
�

$ � � �� � � � � 	 
 � n �
� � �� �

n∑

0

(
n

k

)

= 1 +

n−1∑

0

n(n − 1)!

(n − k)(n − k − 1)!k!
= 1 +

n−1∑

0

(
n − 1

k

)

(1 +
k

n − k
)

= 1 + 2n−1 +
n−1∑

1

(n − 1)!k

(n − k − 1)!k!(n − k)
= 1 + 2n−1 +

n−1∑

1

(
n − 1

k − 1

)

= 1 + 2n−1 +

n−2∑

0

(
n − 1

k

)

= 1 + 2n−1 +

n−1∑

0

(
n − 1

k

)

− 1 = 2 · 2n−1.
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 � 2n =
∑n

k=0

(
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�
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 � n �
� � �� �
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0

(
n

k
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n−1∑
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n(n − 1)!

(n − k)(n − k − 1)!k!
= 1 +

n−1∑

0

(
n − 1

k

)

(1 +
k

n − k
)

= 1 + 2n−1 +
n−1∑

1

(n − 1)!k

(n − k − 1)!k!(n − k)
= 1 + 2n−1 +

n−1∑

1

(
n − 1

k − 1

)

= 1 + 2n−1 +

n−2∑

0

(
n − 1

k

)

= 1 + 2n−1 +

n−1∑

0

(
n − 1

k

)

− 1 = 2 · 2n−1.
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� � � � � � � � �

� � � 
 � 2n =
∑n

k=0

(
n
k

)

�

� � � &
�

� � 	 
 � � 	 � � � � � � � n 	 
 � � � � �� �

� � 
 � � � � � � � � 	 � � � � � � 
 � � A � � � � 
 � � � � k 	 
 � � � � � � � � � � �

(
n

k

)

.

� � � 
 � � �� � � � � 
 � � � � 
 � � 	 �� 
 � � � � 
 � � � � � � � � � 
 � � & � � � 
 � �

� � � 	 � � � � � � 
 � � A � � � � �

n∑

k=0

(
n

k

)

.

� � � 
 � 
 � � � � � � � 	 	 � � � � � � 
 � � � � � � � � � 
 � � � � � 	 � � � � � � 
 � � A

� � � � � 2n. 2
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� � � 
 � (x + y)n =
∑n

k=0 xkyn−k
(
n
k

)

�

� � � &
�

� �� � � � � � % �

(x + y)n = (x + y)

n−1∑

k=0

xkyn−1−k

(
n − 1

k

)

=

n−1∑

k=0

xk+1yn−1−k

(
n − 1

k

)

+

n−1∑

k=0

xkyn−k

(
n − 1

k

)

= xn

(
n − 1

n − 1

)

+
n−1∑

k=1

xkyn−k

[(
n − 1

k − 1

)

+

(
n − 1

k

)]

+ yn

(
n − 1

0

)

=

n∑

k=0

xkyn−k

(
n

k

)

.
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=

n−1∑

k=0
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(
n − 1
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)

+

n−1∑
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xkyn−k

(
n − 1

k

)
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(
n − 1

n − 1

)

+
n−1∑
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[(
n − 1
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)

+

(
n − 1

k

)]
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(
n − 1
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)

=
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k=0
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(
n
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)
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� � � � � �
�

� � � � �
r � 
 � �� 
 � 	 � # � � � � � % � � �

� n � 
 � � � 	 � # � � � � � 
 � %
� r ≤ n �� �

≤ 1 � � % �� � � % � � � 
 � � # 
 � � � � � 
 � 	 � � � ! P (n, r) �

� � 	 
 � � � � 
 � � r � � % � � � � � q1

# � � � � 
 � � & � � � 
 � ��
� � � � � � � � � �

� 
 � � � � � 
 � � � � � 
 � 	 � � � �

P (n, r)

q1!
=

n!

q1! (n − r)!
.

� � � � � � q2

� � % � � � � � � & � � � 
 � ��
� � � � � � � � � � � � �

� 
 � � � � �


 � � � � � 
 � 	 � � � �

P (n, r)

q1!q2!
=

n!

q1!q2! (n − r)!
.
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� � � � � �
�

� � � � �

� � � � � %
�

� � � � � 
 � � r � � % � � �

qi ≥ 1 � � � � � 
 � � � & � � � 
 � � � � i � i = 1, , . . . , t,

�� � 
 � � 
 � � � � � 
 � 	 � � � � 	 � n � 
 � � � 	 � # � � � � � 
 � % � � 
 � � � � � � � �

� � % �� 	 
 � � % � � � � � 
 � �

# 
 � � � � � 
 � 	 � � � =
P (n, r)

q1! · · · qt!
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� � � � � � � � � � � � � � � � � �

(
n

k1, k2, · · · , kl

)

=







n!
k1!k2!···kl!

� 	

∑l
i=1 ki = n

0 �
� �
� �

$ � � % 	 	 
 � � � 
 � 	 � � 
 � � � � � � � � � � � � � � � � 	 � � 
 � � � 	 
 �
�

� � � 
 � � � �

� � � � � � � 
 % � � � � � 
 	 � � 
 � 	 � � � � � � 	 	 � # 	 	 � � � �

� � � �



� � � � � �
�

� � � � �

� � 	 
 � � � � 
 � � r � � % � � �

qi ≥ 1 � � � � � 
 � � � & � � � 
 � � � � i � i = 1, , . . . , t,

& 	 � � r ≥
∑t

i=1 qi.

� # 
 � � � � y =
∑t

i=1 qi.

� � � � � � 
 � � � � 
 � � � � % � � � 	 � n � 
 � � � 	 � # � � � � � 
 � % � � 
 � � � � � � ��

� � % �� 	 
 � � % � � � � � 
 � �

# 
 � � � � � 
 � 	 � � � =
P (n, r)

q1! · · · qt!
=

(
n

q1, . . . , qt, 1, 1, . . . , 1,
︸ ︷︷ ︸

r − y � � 
 # �

n − r

)

� � � �



� � � � � � �

� � � 
 � n ∈ N
∗ �

(x1 + · · · + xk)
n =

∑

n1,...,nk∈N:
n1+···+nk=n

(
n

n1, . . . , nk

)

xn1

1 · · · xnk

k
.
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k = 2 ⇒
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)
=
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n
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)
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 � � � 
 � � � 
 	 
 � � � � � 	 
 � � � 
 � � � �
�

� � � %
� � � 
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 % 	 � � � �
� � � & 	
�

� � � 
 
 � � � �
� � � � � %
�

� � 	 � � 
 
 � � � � � � �
� � � � % 
 � � � � �

� � 	 � � � � � � 
 
 � � � � 
 � � � � # 
 	 	 	 � � � � �� � � � � ' � 
 % 	 � � � � � � �  

	 � � � � 
 � � � 	 � # � � � � � 
 � %
�

% 
 �

P (15, 12)

3!2!2!5!
=

(
15

3, 2, 2, 5, 3

)

= 75.675.600.

�
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 � � � ��
�

� � 
 % 	 � � � �
� � � & � � � ( 4

2,1,1

)
= 12 �

� � ' � � � ' �
�

� � ' � � � ' �
�

� � ' � � � ' �
�

� � ' � � � ' �
�

� � ' � � � ' �
�

� � ' � � � ' �
�

� � � �



� � � � � � � � �

� � � 
 � r

� � � � � � � � % � � �
� n � 
 � � � 	 � # � � � � � 
 � %
� ∀r, n �

� 	 � 	 & � � � 
 � � � % � � � � � % � � � 
 � � # 
 � � � � � 
 � 	 � � � =

(
n + r − 1

r

)

.

� � � &
�

� � � 
 � �� � 
 � � � � # 
 	 	 	 n − 1

& � � � � 
 � 	 
 � � � � 	 � r 	 
 � � � � ��
�

& 	 � �
& � � � # � � n − 1

& �� � � 
 � 	 
 � � % � � �
n − 1 + r � � 
 � � � � � � � �

�

% 
 � C(n + r − 1, n − 1) = C(n + r − 1, r) � 2

� 	 � & � � � �� �

� � � � � � # � r � � 
 � � � � � # � � � � � �

n � � & 	 � � � �� � % � 	 � 	
�

| {x ∈ Z
n, xi ≥ 0,

∑

i xi = r} | = C(n + r − 1, r) �

� � � �



� � �

�
� � �

� � 
 � � � � � 
 % � �� 
� � � ' � � � � 	 �� 
� � 3 = r � n = 2

� � � 
 � � # 	 �� 
� � � � � 
 � %  
�

#� � � 
 � � � 	 � % 
 � � ! (2+3−1
1

)
= 4 � ' �

�
� �
�

�
�

�
�

� �
�

' �
�

�
� � �

' 
 % 
 ��
� #� � � 
 � � � 	 � % 
 � � ! (3+6−1

3

)
= 8!

3!5! = 8·7·6
3! = 56 �

� � � � 63 � �� 
 � 123 ∼ 213
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 %  
�
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� � � � � � � � �

� � � �

� � � 
 � r

� � � � � � � � % � � �
� n � 
 � � � 	 � # � � � � � 
 � %
� 
 � � � % � � 	 
 � � �

� � % �� � � % � � � 
 � (r ≥ n) :

# 
 � � � � � 
 � 	 � � � =

(
r − 1

n − 1

)

� � � &
� yi

� � % � � � 	 
 � � � � 
 � i �
� 
 � � |{y ∈ Z

n, yi > 0,
∑

i yi = r}|.

� # 
 � yi = xi + 1 �
� 	 � & � � � ��
�

� 
 � � #{xi} �

� � � � � xi ≥ 0,
∑

i xi = −n +
∑

i yi = r − n �

� 
 � 	 � �
� � � 
 � ⇒ #{xi} = C(n + (r − n) − 1, n − 1) � 2

� 	 � & � � � ��
�

� � � � � � # � r � � 
 � � � � � # � � � � � �

n � � & 	 � � � �� � % � 	 � 	
�

� % � � � � & � � � � � � # � � 
� � 
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 � � � �� � � 
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�

� � � �
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 � �� 	 � 	 � � 
 % � � �� 
 � � � � � � � 
 � � � �
 �

� � � � 
 � � � � � $ � 
� � # 	 � � � � � � 
 � � � � � � 
 � � � � � # � � �
�

& 	 � � �

& � � 
 � 
� � � # � � � �
�

% & � � ∈ A5 : |A| = 12 � P (12, 5) = 12!
7!

�

� � � � 
 � � � � � $ � 
� � # 	 � � � � � � � 
 � � � � � # � � � �
q1 = · · · = q5 = 1, q6 = 7 �

( 12
1,1,1,1,1,7

)
= 12!

7! = 95040 �

' � � � 
 � � � � � 5!

& �� 
 % � � � � � 
 � � � � � tA1 t A2 t A3 t A4 t A5t �

� � � � � 
 � �� � � �� 
 # � � � � 	 � � � � � %
�

& 	 � �
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� � � �

�
� � � 	 � � � � 	


� � � 	




Liu �

� � � �
�

�
�

� � �

� � � �



� �

� � � � � �

� � 	 
 	 �� 
 � � � & 	 � � � � 
 � � � N ! � � 
� � # 	 � � � �

� � � � & � � 	 � 
 � % � � 	 	 �� � 
� � � � � � 	 	 	 � & � % 
� � 	 
 � � � � 
� � # 	 � � � �

� 
 �

� � � � � � � 
 � � � � � 
� � � � � � 	 	 	 � & � % 
� � 	 �

a = (a1, . . . , aN ) ≺ b = (b1, . . . , bN ) ⇔
a1 = b1, . . . , aM−1 = bM−1, aM < bM , 1 ≤ M ≤ N �

∃M < N ⇐ a 6= b �

�
� � � a, b ∈

$ � 
� � # 	 � � � (1, 2, . . . , 5) �
� � 
 �

12345 ≺ · · · ≺ 43512 ≺ 43521 ≺ 45123 ≺ · · · ≺ 54321 �

� � � �



� � � � � �

� � 	 
 � � � 
 % � � 	 	 a ∈ N
n �

�� � 	 � � # 	 � � � � � � � � 	 b

a = xxxyyyy b = xxxy′y′y′y′

# 
 	 � � 	 
 � yyyy 6= y′y′y′y.

� � 
 � 	 � 	� � 	 
 � � � � � � � & 	 � � � # 	� 	 
 � a 
 � � � � � � � � � � � 
 � � 
 � 
 �

� � 
 % 
 � � � � � � � 
 � � � �� �

" 	 � � a = xxxyyyy.

� � y′y′y′y′ � 
 � 
 � 
� � � � 	 � � # 	 � � � � � � � � 	 � � 
 % � � 	 	 
 � � yyyy

	 
 	 � � � � � � � 
 � � � � � & � % 
� � 	 �

" � 	 � # � 	 � � �� � � � 
 % � � 	 	 � a = (a1, a2, . . . , an−1, an) � 
 � � � � �

� 
 � � � � 
 � 	 
 � � � � � � � � & 	 � �
am, m < n.

� � � � � �� � � � 
 � � 
 % � � � 
 � �

� & � � 
 	 
 � � 
 � � m.

� � � �



�

� � � � � � �

" � & � � # � 	 � � � 
 % � � 	 	 � a ∈ N
n �

	 � � # 	 � � � � � � � � 	 b � 
 # � � � � �

# � � � � 	 � 
 � & � � � 
 � � � � � � � 
 � 
 � � � � � � � 
 � � � �� xxx � � 
 	 � a.

a = xxxyyyy b = xxxy′y′y′y′

� � � 
 	 � �� 
 % � 	 � 	 yyyy � � � 
 # � � � � � � � % 
 � � � � � � � � � 	 � � � � � � � ��

	 
 	 � � � � � � � 
 � � � � � & � % 
� � 	 �

� � � � �
� � � � � % � � N ∈ N

∗ �

min = (1, 2, . . . , N) ≺ · · · ≺ (N, . . . , 1) = max �

$ �� � � 	 	 � � � �
� � � � � 	� � � �  � � � � � � � �� & � � # � � � � � � � � � 	

� � � � � � 
 � 
 	 	 
 	 � � � � � � � 
 � � � � � & � % 
� � 	 �

�
� � � 	 653 � � � � � 	 � � � � � � 
 � 
 	 & � � � 
 � � � � � � � � �� � � � � � � 
 � � � �

� 
 � � � 
 � � � � � 
� 	 
 � � � � �� 3, 5, 6.

� � � �



� � � � �

� � � � � �

� � � � �
� " � & � � # � 	 � � � 
 % � � 	 	 � a ∈ N

n �
# 	 
 � � � 
 % � � 	 	 b 
 � � �

�
� a1 = b1, . . . , am−1 = bm−1, am < bm : m � # � � 	 
 � & � � � 
 �
�

�
� bm := min {am+1, . . . , an} : bm > am

�� � '
� bm+1 < · · · < bn �

� � 
 � 	 b � � � � � 	 � � # 	 � � � � � � � � 	 � � 
 % � � 	 	 
 	 � a
� � � � � � � 
 � � � � %
�

� � � &
�

� �  

⇒ a ≺ b

� � � � � � � 
 � � � � % � �� & � � � � � � � 
 � � � � # 	 � � � �

� � 	 
 � c : a ≺ c ≺ b � a = (a1, . . . , am−1, am, am+1, . . . , an) �

c = (a1, . . . , am−1, cm, cm+1, . . . , cn) �

b = (a1, . . . , am−1, bm, bm+1, . . . , bn) �

� � 
 � � 
 � 	 	 �

cm = am

⇒ (cm+1, . . . , cn) � (am+1, . . . , an) ⇒ ∃k > m : ak < ck.� � � 
 � � 	 
 � 
 � � � % � � 	 
 � 
 # 
 � � � k.

� � 	 
 � � 
 	 � � � � � � 	 � �  
�

& 	 � �

�� � � � 
 � � 	� � � � � & �� � # � � � � � a1 = b1, . . . , am = bm = cm, . . . ,
ak−1 = bk−1 = ck−1, ak < bk.

� � 
 � � � � �� 
 � 
 � m 
 	 � � � � � � � 	 �

� �  � � � 
 � � � 
� � � � � � � � � � 
 � � # � � 	 
 � & � � � 
 �
�

� � � �



� � � � � � � � � �

� � 	 
 � c : a ≺ c ≺ b � a = (a1, . . . , am−1, am, am+1, . . . , an) �

c = (a1, . . . , am−1, cm, cm+1, . . . , cn) �

b = (a1, . . . , am−1, bm, bm+1, . . . , bn) �

� � 
 � � 
 � 	 	 �

cm > am

⇒ cm ∈ {am+1, . . . , an} : cm > am ⇒(2) cm ≥ bm �

bm ≥ cm ⇒ bm = cm ⇒ (bm+1, . . . , bn) � (cm+1, . . . , cn).

� � � � � � � � � 
 � � � � � � (bm+1, . . . , bn) �� � (cm+1, . . . , cn)

	 � � 
 � � � � 
� � � � � 
� � & �� 	 
 � � � � � �
� 	 � � � � � 
 � � # � � 
 � � & � �

� � � 	 � � � � � 
 � � {am, am+1, . . . , an}.

� � 
 � � � � � 
 � � � '  � 
 # � � �

(bm+1, . . . , bn) ≺ (cm+1, . . . , cn),

% 
 � � � �

� � "
� � � �



� � � � � � � �

� � � � �
� " � & � � # � 	 � � � 
 % � � 	 	 � a ∈ N

n �
	 � � # 	 � � � � � � � � 	 b � � � � �


 � � � �

�
� a1 = b1, . . . , am−1 = bm−1, am < bm : m � # � � 	 
 � & � � � 
 �
�

�
� bm := min {am+1, . . . , an} : bm > am �

'
� bm+1 < · · · < bn �

� � � � � �� � � # � � � � � 
 � m � 
 # � � � � � � � � � � 
 � � # � � 	 
 � & � � � 
 �

� 	 
 � 	 (am, am+1, . . . , an) � � � � � 
 � � � � � � � 	 � � � � � � � � � � 
 � � � � %
�

" 	 � � 
 � m � � � � � � � 
 � � # � � 	 
 � & � � � 
 � � 	 
 � � � � � % 
 � � � k > m


 � � � am < ak.

� � � � % � � � � �� � �

m
& � � � 
 � � % 
 � 
� � � � � � # � � � � � � � �� 
� ak

� �

k > m.

$ � � 
 � � � � � � � % � � � � � # � � 
 � � � � � 
 � 	 
 �
� � # � � � � � �� '
�

� � � �



� �

� � � � � � � � � � �

� � � � �
' � � m 
 � � � 
 � 	 � �
� � � �� 
 � � � � � � � 
 �
�
�

m max : ∃k > m : am < ak ⇔ max m : am < am+1.

� � � &
�

� � � � � %
�

� �� � 
 � 
� 	 	 [max m : A ⇔ max m : B] � � 
 � � � � �

& � � � � � � � � [max m : A ⇒ B], [max m : B ⇒ A] �

[⇒]

" 	 � � � � � & � � � � � � � � � � � � � � �� m max : ∃k > m : am < ak

� 	 � � � � am < am+1.

�

� � 	 
 � � � � � � �
�

& 	 � � am ≥ am+1 ⇒ ak > am+1 ⇒ m

� � � max ↓

[⇐]

� � % 
 � � � k > m : am < ak,
�� � � � 
 � � � � � � 
 � k := m + 1.

2

" � � � 	 � � � � � � � am < min{am+1, . . . , an} �

� � 
 � � � � � � NXT (43521) = 45123 �

� � � �



� � � �

� � � � � � �

/* input: a[1]...a[n] */
for (m=n; m>=1; m--)

{ if (a[m]<a[m+1]) break; }
s = Sort(a[m]...a[n]); /* increasing */
for (k=1;k<=n-m+1;k++)

{ if (s[k]>a[m]) break; }
a[m] = s[k];
j = 0;
for (i=1;i<=n-m+1;i++)

{ if (i==k) j=1; a[m+i] = s[i+j]; }

�
� � �

" � � � � % 	 
 � 
 � � � � � � 
 � � � � 	 
 	 � � � 	 � & � 1, 2, 7, 4, 6, 5, 3.

� 
 # � � � � � � % 
 � 
 � # � � & � 1, 2, 7, 5, 3, 4, 6.

� � � �



� � � �

�

/* input: a[1]...a[n] */
for (m=n; m>=1; m--)

{ if (a[m]<a[m+1]) break; }
s = Sort(a[m]...a[n]); /* increasing */
for (k=1;k<=n-m+1;k++)

{ if (s[k]>a[m]) break; }
a[m] = s[k];
j = 0;
for (i=1;i<=n-m+1;i++)

{ if (i==k) j=1; a[m+i] = s[i+j]; }

� � � � � � � 	 � � � 
 � � m 	 � O(n) � Sort = O(n log n) �

� � � � � � � 	 � � � 
 � � k 	 � O(n) � 
 � � � � 
� � � 	 
 % & � � = O(n)

% 
 � � � � � � � 	 � � 
 % � � 	 	 O(n log n) � 	 � � � � � O(n! · n log n) �

� � � �



� � � � � � � � � �

/* input: a[1]...a[n] */
for (m=n; m>=1; m--) { if (a[m]<a[m+1]) break; }
s = copy(a[m+1]..a[n]);
for (i=m+2;i<=n;i++) { if (a[i]<a[m]) break; }
k = i-1;
s[k-m] = a[m]; /* s[1]..s[n-m] decreasing */
a[m] = a[k];
for (i=0;i<n-m;i++) { a[m+i+1] = s[n-i-m]; }

�
� � � NEXT (43512) = (435xx : x = 2 = min{2} > 1) = 43521.

NEXT (43521) = (4xxxx : x = min{5, 2, 1} > 3) = 45123 �

� � � � � � � 	 � � � � � � � � � 	 � � � 
 % � � 	 	 � 	 � O(n) � 	 � � � � �

O(n! · n) �

� � � �



� �

�

� � � � �

� 
 �

(
n
k

) � � � " � � � $ � � � � � � 	 � � � �� 
 �
�
� | � � � 	 � � � � �| = k �

� � & �� 
 % � � � � � 
� 	 
 � � � � �� � % � � � � � 	 � � � � � � 	 � � � � � � 	�

	 � � 
 %
�

� 	 
 � � � � � % 
 � � � � � � � & � � � � 
 
 � � � � � 
 � � � � 
 � � �

� � � � � 	 � � � �� �� �� 
 � � � � � � 	 � � � � � � � � 
 � � � � � & � % 
� � 	 �

�
� � �

� � � � � � = {a, b, c} (n = 3), k = 2 �

� � � � � � =
(3
2

)
= 3 � � � 	 � � � �� �

� � � � � � � 
 � � � � % � {a, b} ≺ {a, c} ≺ {b, c} �

�
� � �

� � � � � %
� {1, . . . , k} ≺ · · · ≺ {n − k + 1, . . . , n} �

� � � �



�

� � � � � � � � � � �

� � � � �

� 
 	 � � � � � � � � �� a1, a2, . . . , ak

� 	 � � � � � �� � % � � j ≤ k ≤ n �

� � � 	 � # � � 	 
 	 
 � � � 
 � � aj

� � � � � n − k + j �

� � � &
�

� � � 	 � � � 
 � � � � 	 � � � � � � � � � �� � � � � � � � % � 
� 	 � � � � � � 	�

& � % 
� � 	 �
� � # � � 	 
 	 
 � � � 
 � � ak

� � � � � n, 	 � # � � 	 
 	 
 � � � 
 � � ak−1

� � � � � n − 1

� � �� 
 ��  
� � � � � 	 � # � � 	 
 	 
 � � � 
 � � ak−i

� � � � � n − i.

� # 
 � k − i = j � 2

�
� � �

� � � � � %
� {1, . . . , k} ≺ · · · ≺ {n − k + 1, . . . , n} �

� � � �



� � �

� � & �� � � � � 
 � 
 	 � �� 
 � � � � � � � � 
� � # 	 � � � � & � & � � # � 	 � � ��

� � � � � � � �� � a1, a2, . . . , ak

� � � � � � 
 � 	 
 � � � � � 	 � # � � 	 � � & � � 	 � �  
�

� 
 � � 
 	 � � � 
 � 
 � 
 	 & � � � 
 � � �� � � � � � � �� � �� 
 % � 	 � 	 � � � � � � 
 � � � �

� � � � 	 � � � � � �� 
 % 
 	 � � � � � � � 
 � � � � � & � % 
� � 	  �

� � 
 % 
 	 � � � � � 	 	 	 � � � � � � 
 # � � � � � � % � � � � � � � � � 	 � � � & � � �� �

� � & �� � # 
 � � � � � � � 
� � # 	 � � � � � � % � � 	 � � & � � 	 � � � �

� � �� � � � � � � �� � � 
 � � � 
 � 	 
 � � � � � 	 
 � � � # 	 � � � m + 1,m + 2, . . . , k� � � � � 
 � 
 � � 
� � 	 
 	 � � � � � � � 	 & �� � % � � �� �

� � � �



� � � � � � � � � �

� � � � � k ≤ n, NEXT (a1, . . . , ak) = (b1, . . . , bk)

�

�
� a1 = b1, . . . , am−1 = bm−1, am < bm : m max �

�
� bm = 1 + am �

'
� bj = 1 + bj−1, ∀j ≥ m + 1 �

�
� � � NEXT{a, c} = {b, c} : m = 1 �

� � � &
�

� 
 � � � � � � a ≺ b �

a = (a1 < · · · < am−1 < am < am+1 < · · · < ak) �

b = (a1 < · · · < am−1 < 1 + am < bm+1 < · · · < bk) �

2

∴ (1) � �� � � � � � � � 
� � � � � max m : am < n − k + m �

� � � �



� � � �

� �

�
� a1 = b1, . . . , am−1 = bm−1, am < bm : m max �

� � # 
� 	 � ak, ak−1, . . . , a1 �
# � � � # � � 	 
 � m : am < n − k + m �

�
� bm = 1 + am �

'
� bj = 1 + bj−1, ∀j ≥ m + 1 �

/* input: a[1]...a[k]; output: b[1]...b[k] */
for (m=k; m>=1; m--) { if (a[m]<n-k+m) break; }
b[m] = 1 + a[m];
for (j=m+1; j<=k; j++) { b[j] = 1 + b[j-1]; }

� � � � � � � � � � � � � � � � � 
 	 
� = O(k) �

� � � � � � � � � 
 	 
� & 	 � � � � 
 � �� � � � � � 
 � � 	 � � & � � 	 � � � = O(
(
n
k

)
k) �

� � � �
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