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� � � � . � ' � � #
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! /! {a} ⊆ {a, b}, {a, c} 6⊆ {a, b}!
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� � � � # � 0 � * 5 � ' � A � � � /
* 0 � A ⊆ A!

$ � � � 0 � 5 � � � / * 0 � A ⊂ B � � � A ∈ B � �! /!

A = {a, b}, B = {a, b, {a, b}}!

� 5 2 � � � � � � � * 5 � ' � A ⊂ B � � ' 0 �	 � � 	 � � � � � * 5 � ' � A � 5 A 6= B!

� � � 3 * 5 � � � � A ⊂ B ⇔ (A ⊆ B &A 6= B)!
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� �! P = Q � 5 ∀p, (p ∈ P ⇔ p ∈ Q).

� � � 3 * 5 � � � � P = Q ⇔ (P ⊆ Q & Q ⊆ P ).

�
! /! {a ∈ R : 0 ≤ a ≤ 1} = [0, 1]!

�
! /! {1, 2, 4, 8, 16 . . . } = {x = 2k : k = 0, 1, 2, 3, 4, . . . }!

�
! /! {a, b} 6= {a, b, ∅}!
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� � � � � � � � � � � � �

P ∪ Q := {a : a ∈ P

2

a ∈ Q} �

P ∩ Q := {a : a ∈ P � � � a ∈ Q}!

�
! /! {a, b} ∪ {a, c} = {a, b, c}, {a, b} ∩ {a, c} = {a} �

{0, 2, 4, 6, 8, . . . } ∩ {a : a = 2k + 1, k ∈ N} = ∅!

� � � �	 
 � 2 � 0 � )!

∀A,A ∪ A = A , A ∩ A = A �
A ⊆ B ⇒ (A ∪ B = B , A ∩ B = A) �

A ⊆ A ∪ B, A ∩ B ⊆ A, ∀B �

A,B ⊆ C ⇒ A ∩ B ⊆ A ∪ B ⊆ C �

(A ⊆ B,A ⊆ C) ⇒ A ⊆ B ∩ C ⊆ B ∪ C!

0 � � � 	 � � 
 � � � � � 8 5 � 5 1 � 
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# � 0 � � � � � ' 2 � � ) � � 5 ( ' 1 5 � �! /! Ai := {i},
⋃∞

i=0 Ai = N!
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0 � 5 � � � � � � 0 	 � � � � � 	 � � � ) �
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 '!

A1 ∪ (A2 ∪ (· · · (Ak−1 ∪ Ak) · · · )) = A1 ∪ A1 ∪ · · · ∪ Ak �

A1 ∩ (A2 ∩ (· · · (Ak−1 ∩ Ak) · · · )) = A1 ∩ A1 ∩ · · · ∩ Ak �

0 � 5 � � � 5 	 � � 0 	 � � 0 	 � � � ) �
3 
 '! A ∪B = B ∪A, A ∩B = B ∩A �

� / � � 5 � � 3 � 	 0 � � � 	 � � / 0 � � � A ∪ ∅ = A,A ∩ Ω = A �
( � � � 	 �

� * � � � 5 Ω

� � * 5 � ' � � 5 �  � � # ) � 0 6 � � 	 #	 � � � � ( 	 
 5

� � + � 0 � � � � � 5 
 0  � � � � + 2 �

0 � 5 � � 0 � � � 0 � � � 	 � � 2 
 � � � 1 ) � � � ) 	 
 5 # ' ' 
 �
3 
 '!

(A ∪ B) ∩ C = (A ∩ C) ∪ (B ∩ C),
(A ∩ B) ∪ C = (A ∪ C) ∩ (B ∪ C)!
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(A∪B)∩C = (A∩C)∪(B∩C), (A∩B)∪C = (A∪C)∩(B∪C)

A B

CC

BA

" � � + � # � � �	 � Venn!
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� � � (P ∪ Q) ∩ R = (P ∩ R) ∪ (Q ∩ R

� � � 	 1 � � 5 A := (P ∪ Q) ∩ R �

B1 := P ∩ R,B2 := Q ∩ R,B := B1 ∪ B2!� � � � 0 � 5 � 3 0 � 6 � � � 0 A = B!
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� � � (P ∪ Q) ∩ R = (P ∩ R) ∪ (Q ∩ R

� � � 	 1 � � 5 A := (P ∪ Q) ∩ R �

B1 := P ∩ R,B2 := Q ∩ R,B := B1 ∪ B2!� � � � 0 � 5 � 3 0 � 6 � � � 0 A = B!

[B ⊆ A]
B1 ⊆ P ⇒ B1 ⊆ P ∪ Q,B1 ⊆ R

# � � B1 ⊆ A!

� � � � 1 ) B2 ⊆ A!

% � 5 0 � 8 ) B = B1 ∪ B2 ⊆ A!
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� � � (P ∪ Q) ∩ R = (P ∩ R) ∪ (Q ∩ R

� � � 	 1 � � 5 A := (P ∪ Q) ∩ R �

B1 := P ∩ R,B2 := Q ∩ R,B := B1 ∪ B2!� � � � 0 � 5 � 3 0 � 6 � � � 0 A = B!

[B ⊆ A]
B1 ⊆ P ⇒ B1 ⊆ P ∪ Q,B1 ⊆ R

# � � B1 ⊆ A!

� � � � 1 ) B2 ⊆ A!

% � 5 0 � 8 ) B = B1 ∪ B2 ⊆ A!

[A ⊆ B]
a ∈ A ⇒ a ∈ P ∪ Q& a ∈ R!

� 5 a ∈ P � 0 � 0 � 3 2 a ∈ R �
� � 0 	 � � a ∈ P ∩ R!

� ' ' � 8 ) a 6∈ P � � � 0 � 0 � 3 2 a ∈ P ∪ Q � a ∈ Q �

# � � a ∈ Q ∩ R!

� 0 ' � � # � a ∈ B

# � � A ⊆ B!
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� � � � � � � � � [Liu, � 	 
 �
�4.1,4.8]
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� [Liu, � 	 
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�11-11.2]
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� �!

& � � 	 0 � � � 5 ( + � 5 ( � 0 5 � 3 * � � � 5 ( ' 1 5 �

A × B = {(a, b) : a ∈ A, b ∈ B}.

� �!

$ � � 3 � � 0 ' 2 ) � / � � 
 0 � 5 � � � 5 � � � � � * 5 � ' � 	 � � A × B!

� � � # 3 0 � + � �!

� � �	 
 	 � ) Φ = {A,B,C},

$ � � 2 � �	 � M = {S1, S2},

Φ × M = {(A,S1), (A,S2), (B,S1), (B,S2), (C, S1), (C, S2)}.

� � � � � � � � ' � � � � * � 0 5 � � � � 2 � �	 � Π 0 � 5 � � � � � 3 � � 0 ' 2 ) � / � � 
 �

Π = {(A,S2), (B,S1), (B,S2), (C, S2)}.
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% � 5 # � 	 
 � 
 A → B � � ' 0 �	 � � � � � 3 � � 0 ' 2 ) � / � � 
 D ⊆ A × B

� 5 ∀a ∈ A,∃ � � 5 � 3 � � ( b ∈ B : (a, b) ∈ D!

" 
 '! � � ( � 0 �	 � � + � � � � � � � 5 � � 2 � � 5 	 
 � � 0 � � ( 5 � � 
 	 � � A � 	 � B!

� � � 5 # � 	 
 � 
 f : A → B 0 � 5 � � 0 � � � 5 ∀ b ∈ B,∃ a ∈ A : (a, b) ∈

� / � � 
 �
3 
 '! ∀ b ∈ B,∃ a ∈ A : f(a) = b!

� � � 5 # � 	 
 � 
 f : A → B 0 � 5 � � �
�
� � 5 a 6= a′ ∈ A ⇒ f(a) 6= f(a′)

& # � 0 � � 5 # � 	 
 � 
 � � � 0 � 5 � � 1 − 1 � � � 0 � � � 5 � � # � 0 	 � � � � �

� �  � � � 5 � � 2 � � 5 	 
!

� � ( 	 0 � � � � � � � 0 	 � � 
 � 5 	 � � 	 � �  
 � � 5 # � 	 
 � 


� 	 � f(A)!

9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



�
�

� � � � � � � �

% � 5 # � 	 
 � 
 � � �

�
�
� �
�
� � � � 0 � �
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� � � �

� �!

$ � � � � 5 # � 	 
 � 
 f : A × A → B � � ' 0 �	 � � 3 � � 0 ' 2 ) � � # 6 
 � 	 �

A!

� 5 B = A 	 ( 	 0 
 � � # 6 
 0 � 5 � � � ' 0 � � 	 2
!

�
! /!

� � � � # 6 0 � ) � � 5 ( ' 1 5 0 � 5 � � � ' 0 � � 	 � ) � 3 � � 0 ' 0 � ) � � � # 6 0 � )!

�
! /!

� 3 � � � � 0 � 
 � � 0 � � � 1 5 0 � 5 � � � 
 � ' 0 � � 	 2 � � # 6 
 � � ' ' # 


3 � � � � 0 � 
 � 
 	 8 5 � � � � � 8 5 0 � 5 � � � ' 0 � � 	 2
!

� �!

� ' + 0 . � � � ( � * � 	 
 � � �
2 � ' + 0 . � � � 2 3 � � 2 0 � 5 � � � 5 � � * 5 � ' �

0  � 3 � � � � � 5 � � 0 � � � 2 � 0 � � � � ( 	 0 � 0 ) � ' 0 � � 	 � ) � � # 6 0 � )!

�
! /!

� ' + 0 . � � � � ) 3 � � � ) � 0 � � � � � # 6 
 �

(N,+), (Z, ∗), (2Ω,∪), 2Ω := { 	 � � * 5 � ' � � 0 � 	 � � / 0 � � ∈ Ω}!

�
! /!

� ' + 0 . � � � � ) 3 � � � ) � 0 � � � # 6 0 � ) �

(N,+, ∗), ({

� � 5 � � 0 ) n × n},+, ∗), (2Ω,∪,∩)!

9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



�

�

� � � �

� �!

� � � � � # 3 � � � ' + 0 . � � � 2 3 � � 2 � 0 � � � � � # 6 
 � 
 � � � � � � � � 5 � � � � 0 �

	 
 5 � � � � 0 	 � � � � � 	 � � 2 � 3 � ( 	 
 	 �!

�
! /!

� � � 0 � � � � ( 	 0 � � + 5 1 � 	 # � � � � 3 0 � + � �	 �!

� � / � � * � 1 � 
 � 0 3 * 5 � � 
 � (a ↑ b) ↑ γ 7→ (ab)γ = abγ �
3 0 5 � � � * 	 � �

� 0 � a ↑ (b ↑ γ) 7→ abγ

!

� �!

� � � � � � 	 0 � ( � � 3 � 	 0 � � � 	 � � / 0 � � e ∈ A 1 ) � � � ) � � � � � # 6 
 ◦

� � � 5 � � � � 0 � � ∀x ∈ A, e ◦ x = x!

" 0 6 � � � 3 � 	 0 � � � 	 � � / 0 � � e ∈ A 1 ) � � � ) ◦ � ∀x ∈ A, x ◦ e = x!

� � � � 3 � 	 0 � � � 	 � � / 0 � � 0 � 5 � � � � � � 	 0 � ( � � � 3 0 6 � � � 3 � 	 0 � � � 	 � � / 0 � �!

� �!

$ � 5 � 0 � 3 � ) � 
 � � � � # 3 � � 0 � � 3 � 	 0 � � � 	 � � / 0 � �!

�
! /! (2Ω,∩), (2Ω,∪), (N,+), (Z, ∗)!

� � / � � * � 1 � 
 � 0 3 * 5 � � 
 � 6 ∃e : (∀a, a ↑ e = a = e ↑ a)!
9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



group

� �!

� � � � # � 0 x ∈ A � 	 � � � � � 0 	 � � � ( � 	 � � / 0 � � 	 � � x 1 ) � � � ) � � �

� � # 6 
 ◦ 0 � 5 � � 	 � x′ ∈ A : x ◦ x′ = x′ ◦ x = e!

% 	 
 5 � � ( � � 0 � 
 � � � 	 � 5 � � ' ' � � ' � � � � � � ( � 	 � � � � � 0 	 � � � ( � � ' 0 �	 � �

� 5 	 � � 0 	 � � � � � 5 	 � � 	 � �  � � � 5 	 � � 	 � � / �!

� �!

� � # 3 � � � � 5 � 0 � 3 � ) � � � # � / 0 � 	 � � � � � 0 	 � � � ( � # � 0 � 	 � � / 0 � � �!

�
! /! (Z,+), (R − {0}, ∗) �

� � 5 	 � � 	 � � � � � � � � � 5 � � 0 ) n × n, ∗

�
!

� � / � � (2Ω,∪), (2Ω,∩), (N,+), (Z, ∗)!

� 5 � � / * 0 � 
 � 5 	 � � 0 	 � � 0 	 � � ( 	 
 	 � � 	
( 	 0 � 5 � � # � 0 	 � � � 5 	 � � 0 	 � � 0 	 � � 2

2 � . 0 ' � � 5 2 � � # 3 � � � � ( 	 � 5 Abel

�
!
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� � � � �

� �!

" � � 	 * ' � � ) �ring

� � � ' 0 �	 � � � # � 0 3 � � 2 (A,⊕,⊗)

( � � � �

	 � (A,⊕) 0 � 5 � � � 5 	 � � 0 	 � � 0 	 � � 2 � � # 3 � �

	 � (A,⊗) 0 � 5 � � � � 5 � 0 � 3 � ) � � � �


 � � # 6 
 ⊗ 0 � 5 � � 0 � � � 0 � � � 	 � � 2 1 ) � � � ) 	 
 5 ⊕!

�
! /! (Z,+, ∗) �

� � � 5 � � 0 ) n × n,+, ∗

�
!

� 5 0 � � � ' � � 5 
 � � # 6 
 ⊗ 0 � 5 � � � 5 	 � � 0 	 � � 0 	 � � 2 � 	
( 	 0 � � ( � 0 �	 � � + � �

� 5 	 � � 0 	 � � 0 	 � � ( 3 � � 	 * ' � �!

� �!

% 8 � � �field, corps

� � � ' 0 �	 � � � # � 0 � 5 	 � � 0 	 � � 0 	 � � ( ) 3 � � 	 * ' � � )

( � � � ∀a ∈ A − {0} � � # � / 0 � � � � � 0 	 � � � ( 1 ) � � � ) 	 
 5 ⊗! 0

0 � 5 � �

	 � � � 3 � 	 0 � � � 	 � � / 0 � � 	 
 ) ⊕.

�
! /! (Q,+, ∗), (R,+, ∗).
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� � � � � � � �

� �!

" � � 5 � � � �	 � � ( ) / 8 � � ) 0 � � 	 � � � 8 � �	 � ) (A,⊕,⊗) � � ' 0 �	 � �

� # � 0 � 5 	 � � 0 	 � � 0 	 � � 2 � � # 3 � (X,�) �
( � � � � / 0 � � � � � 	 0 � � � � � � � # 6 
 �

A × X → X : (a, x) 7→ ax,

	 !
8
! ∀a, b ∈ A,x, y ∈ X �

a(x � y) = ax � ay

� � �

a(bx) = (a ⊗ b)x

� � �

(a ⊕ b)x = ax � bx

� � �

1Ax = x

� � �
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�
�

� � � � � � � � �

�
! /! (Rn,+) 0 � � 	 � � (R,+, ∗)!

�
! /! ({ � � ' � 8 5 � � � c0 + c1u + · · · + cnun �

. � � � � * n � 	 


� 0 	 � . ' 
 	 2

u �
( � � � ci ∈ R},+) 0 � � 	 � � (R,+, ∗)!

� � / � � (R,+) 0 � � 	 � � (C,+, ∗) � 5 � / 0 	 � � � � � 0 	 � 3 * � � * 5 � ' � � 0 	 


� � 5 
 � � � � � 5 � � � ' ' � � ' � � � � � ( � � � + � �	 � � � * 0 � � � � + � 3 � � (!
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� � � � � � � �
�

� � � � �
� � � � [Liu, � 	 
 �
�1.2]

� � �  �
�

� � � �
�

[Liu, � 	 
 �
�1.3]
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� � � � � �

" � �  � � #! P − Q := {p ∈ P : p /∈ Q} �
2

P \ Q!

& � ' 0 �	 � � � � � � � � � ' 2 � 1 � � 	 � � Q 1 ) � � � ) P !

� � � 	 � � * � � � 5 � 2 � * 5 � ' � � 5 �  � � # ) � Ω � A := Ω − A!

� � � �	 2 � 
 � 
! A − ∅ = A,A − A = ∅!

�
! /! {a, b} − {a, d} = {b}, {a, b} − {a, b, d} = ∅!

% � � � 0 	 � � � 2 3 � �  � � # �xor

�
! P ⊕ Q := {p ∈ P ∪ Q : p /∈ P ∩ Q}!

� 5 	 � � 0 	 � � 0 	 � � ( 	 
 	 �! P ⊕ Q = Q ⊕ P !

7 0 8 �! P ⊕ Q = (P ∪ Q) − (P ∩ Q) = (P − Q) ∪ (Q − P )!

�
! /! {a, b} ⊕ {a, d} = {b, d}, {a, b} ⊕ {a, b, d} = {d}!

� � � � 	 � � 
 �

P1 ⊕ · · · ⊕ Pk = {p ∈
⋃k

i=1 Pi : p � 5 2 � 0 � � 0 � 0 � �	 	 ( � ' 2 � � ) Pi}!
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� � Venn � �
A − B A ⊕ B!

A B BA
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� � � �

� �! P (A) := {B : B ⊆ A} = 2A!

�
! /! P (∅) = {∅}!

�
! /! P ({a, b}) = {∅, {a}, {b}, {a, b}}!

�
! /! A = {a, b, c} ⇒ 2A = {∅, {a}, {b}, {c}, {a, b}, {c, b}, {a, c}, A}.

�
! /! A = {1, 2, 3, 4} ⇒

⇒ 2A = {∅, {1}, {2}, {3}, {4},

{1, 2}, {1, 3}, {1, 4}, {2, 3}, {2, 4}, {3, 4},

{1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, A}.
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� � � � � � � � � �

7 0 8 � 
 � �! |P (A)| = 2|A|!

� � ( 3 0 � 6 
!

∀ � 	 � � / 0 � � 	 � � P (A) � 5 	 � � 	 � � / 0 � � 0 � � � 0 � � ' � + 2 � 	 � � / 0 � 1 5 	 � � A!

& # � 0 0 � � ' � + 2 � 5 	 � � 	 � � / 0 � � 0 � � � � � 5 # � 	 
 � 
 A → {0, 1}!

� � # � / � � 5 2|A| 3 � �  � � 0 	 � � � ) � � 5 � � 	 2 � 0 � ) � � � 0 � � � 5 � � 0 � )!

� � "

� � � � 	 ( / � 
 � � � � � � � 0 �	 � � � � � � � � � . � ' � � � ( ) 2A!
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� � � � � � �

� � � � � ( )!

� � � * 5 � ' � A � � ' 0 �	 � � � 0 � 0 � � � � � 5 � � 5 � � ' 
 � � � ( ) 	 � �

� � � � � ( ) 0 � 5 � � � 0 � 0 � � � � � 5 � )!

� ' ' � 8 ) � � ' 0 �	 � � # � 0 � � �!

�
! / � � 0 � 0 � � � � � 5 � � {c, b} �

# � 0 � � � � Z!

7 0 8 �!

� � A 0 � 5 � � � 0 � 0 � � � � � 5 � � 5 5 ∃N ′ ⊆ N
� � � ∃

�
�
�

� � 5 # � 	 
 � 
 f : A → N ′ : [∃ a ∈ N : ∀n ∈ N ′, n ≤ a

�
!

" 
 ' � 3 2 (i) � � # � / 0 � �
�
� � � 0 � � ( 5 � � 
 � � ( 	 � A � 0 � # � � � � N ′ � � � (ii)

� � # � / 0 � � 5 � ) � � + � 0 � � � � � 5 � )  � � � � ( ) a � � � 0 � 5 � � # 5 1  � # + � � + � �

( ' � 	 � � 	 � � / 0 � � 	 � � N ′.

�
! /! f : {c, b} → {1, 2, 3, 4}, a = 67!

� 0 5 � � # � a ≥ |A|!

9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



� � � � �

� � � � � ( )!

� � A 0 � 5 � � � � � � � 2 � � � � � 5 ∃

�
�
� � � 5 # � 	 
 � 
 f : A → N!

�
! /! { � 0 � �	 	 � �  � � � � � � � � � � � � � } → N : 2k + 1 7→ k ≥ 0!

7 0 8 �!

� �

Z

0 � 5 � � � � � � � 2 � � � �!

� � ( 3!

f : Z → N :

{

x 7→ 2x, � 5 x ≥ 0,

x 7→ −2x − 1, � 5 x < 0

�

f 0 � 5 � � � � 5 # � 	 
 � 
 � � � 5 � � 2 � � 5 	 
 � � 0 � � ( 5 � � 
 � 	 �

N!

� � 5 � � �
�
� � � � 	 1 x 6= x′ �

• � 5 x, x′ ≥ 0 �
� � 	 1 x > x′ ⇒ 2x > 2x′ �

• � 5 x, x′ ≤ 0 �
� � 	 1 x > x′ ⇒ −2x − 1 < −2x′ − 1 �

• � ' ' � 8 ) xx′ < 0 ⇒ f(x), f(x′) 0 � 5 � � # � 	 � � ) � � � � 0 � �	 	 ( )!
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�

�
� � � � � �

� � � �	 2 �! A � 0 � 0 � � � � � 5 � ⇒ � � � � � 2 � � � �!

� � � 5 	 � � 0 	 � 3 0 5 � � / * 0 � � �! /! N!

7 0 8 �!

� � # � / � � 5 � 
 � � � � � 2 � � � � � # � 0 � � � � � * 5 � ' � � �! /! R, [0, 1]!

& �	 
 + � � � 0 ) �

•

� 0 � 0 � � � � � 5 � � � � � � 2 � � � � � * 5 � ' � � �! /! {a, b}, ∅!

•

� � � � � 2 � � � � � � 0 � � � � * 5 � ' � � �! /! N, Z, Q

� � ' 
 � � � ( ) � � � � � ( )

ℵ0

�
!

•

$ 
 � � � � � 2 � � � � � �! /! (0, 1), R, Rn

� � ' 
 � � � ( ) � � � � � ( ) 2ℵ0

�
!

� � ( � 0 � 
 	 � � % � 5 0 / � * ) �

Cantor

� " 0 5 � � # � / 0 � � * 5 � ' � � 0 � ' 
 � � � (

� � � � � ( � 5 # � 0 � � � 	 � 5 � ' 
 � � � ( � � � � � ( 	 � �

N

� � � 	 � �

R.
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� � � � �

7 0 1 �!

� � (0, 1) ∩ R

0 � 5 � � � 
 � � � � � 2 � � � � � � � � � 1 ) 	 � (0, 1) − Q!

� �!

" � � + 8 5 � � 0 � � / 0 � � 
 � � � 3 � � + 1 5 � � � � � 
 � 
 � � � 5 � + 1 + 2 � 0 #	 � � �!

� � � � � 2 � � � � ⇒ 	 � � 	 � � / 0 � � 	 � � (0, 1) 	 � 6 � 5 � � � * 5 	 � � �

a1 = 0, a11a12a13 . . .

a2 = 0, a21a22a23 . . .

a3 = 0, a31a32a33 . . .

!!!

/ 1 � � ) # � 0 � � 
 � � � ' � � � � � � � 0, 15000 · · · = 0, 14999 . . .

� � � � � � * � 0 5 � 0 6 � � � � � � � � 0 	 � � ) � 
 	 � * ) �!
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� � � � �

7 0 1 �!

� � (0, 1) ∩ R

0 � 5 � � � 
 � � � � � 2 � � � � � � � � � 1 ) 	 � (0, 1) − Q!

� �!

" � � + 8 5 � � 0 � � / 0 � � 
 � � � 3 � � + 1 5 � � � � � 
 � 
 � � � 5 � + 1 + 2 � 0 #	 � � �!

� � � � � 2 � � � � ⇒ 	 � � 	 � � / 0 � � 	 � � (0, 1) 	 � 6 � 5 � � � * 5 	 � � �

a1 = 0, a11a12a13 . . .

a2 = 0, a21a22a23 . . .

a3 = 0, a31a32a33 . . .

!!!

/ 1 � � ) # � 0 � � 
 � � � ' � � � � � � � 0, 15000 · · · = 0, 14999 . . .

7 � 	 1 bi :=

{

1, � 5 aii = 9,

9 − aii,
� 5 aii ∈ {0, 1, 2, . . . , 8}.

⇒ bi 6= aii

b := 0, b1b2b3 · · · ∈ (0, 1) � ' ' # b 6= ai,∀ i �
#	 � � �!

� � "
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� � � [Liu, � 	 
 �
�1.5]
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� � � �

$ � � � 3 � ) � � ( 3 0 � 6 
 ) � � � ) � � � 
 � �	 � � 2 ) � � ( 	 � � 
 ) Π(n) � 
 � � � � �

0 6 � � 	 #	 � � � � ( � 5 � 5  � � � � ( n ∈ N!

% � � � ( ) 0 � 5 � � 5 � 3 0 � 6 � � � 0 � 1 ) 
 Π(n) 0 � 5 � � � ' 
 � 2 ) � ∀n ≥ n0 ∈ N!

� � 	 # 3 � � �

•

� # � 
 � 3 0 � / 5 � � � 0 � 1 ) 
 Π(n0)

0 � 5 � � � ' 
 � 2 )!

•

� 2 � � � 3 0 � / 5 � � � 0 � 1 ) Π(k) ⇒ Π(k + 1) �
( � � � k ≥ n0

�


 Π(k) � � ' 0 �	 � � 0 � � + 1 + � � 2 � � ( � 0 � 
!

� � / � � 2 0 � � + 1 + 2 �

•

� # � 
 � 3 0 � / 5 � � � 0 � 1 ) 
 Π(n0)

0 � 5 � � � ' 
 � 2 )!

•

� 2 � � � 3 0 � / 5 � � � 0 � 1 ) [Π(i), i = n0, . . . , k] ⇒ Π(k + 1)!
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� � � � �

�

Liu �
# � �!

�
!

� � �
!

� � � a 6= 1, n ∈ N �
3 0 � 6 	 0 � 1 )

Π(n) : 1 + a + · · · + an =
an+1 − 1

a − 1
.
9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



� � � � �

�

Liu �
# � �!

�
!

� � �
!

� � � a 6= 1, n ∈ N �
3 0 � 6 	 0 � 1 )

Π(n) : 1 + a + · · · + an =
an+1 − 1

a − 1
.

� * � 
!

•

� � � + 1 + � � 2 . # � 
 � Π(0) � 1 = (a − 1)/(a − 1) � � ' 
 � 2 )!

•

� 2 � � � 1 + · · · + ak + ak+1 = (ak+2 − 1)/(a − 1) ⇔

⇔
ak+1 − 1

a − 1
+ ak+1 =

ak+2 − 1

a − 1
⇔

⇔ ak+1 − 1 + ak+2 − ak+1 = ak+2 − 1 : � ' 
 � 2 ).

� � "
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� � � � � � � � � �

7 0 8 � 
 � �! |P (A)| = 2|A|!

� � ( 3 0 � 6 
 � 0 0 � � + 1 + 2 1 ) � � � ) |A| = n ≥ 0!

� # � 
 0 � � + 1 + 2 ) � |A0| = 0 ⇒ A0 = ∅ ⇒ |2A0 | = |{∅}| = 1!

|A1| = 1 ⇒ A1 = {a} ⇒ |2A1 | = |{∅, {a}}| = 2!
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� � � � � � � � � �

7 0 8 � 
 � �! |P (A)| = 2|A|!

� � ( 3 0 � 6 
 � 0 0 � � + 1 + 2 1 ) � � � ) |A| = n ≥ 0!

� # � 
 0 � � + 1 + 2 ) � |A0| = 0 ⇒ A0 = ∅ ⇒ |2A0 | = |{∅}| = 1!

|A1| = 1 ⇒ A1 = {a} ⇒ |2A1 | = |{∅, {a}}| = 2!

� � � + 1 + � � ( . 2 � � � Ak = Ak−1 ∪ {a}, |Ak| = k ≥ 1!

& # � 0 � � � � * 5 � ' � 	 � � Ak

0 �	 0 � 0 � � � / 0 � 	 � a 0 �	 0 ( / � �

2Ak = 2Ak−1 ∪
(
⋃

B⊆Ak−1
{B ∪ {a}}

)

= 2Ak−1 ∪
(⋃

B∈2Ak−1 {B ∪ {a}}
)

⇒
∣
∣2Ak

∣
∣ = 2 ·

∣
∣2Ak−1

∣
∣

= 2 · 2k−1 = 2k.
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� � � � � � � � �

�

Liu � � � � # 3!

�
!

 � �

& # � 0  � � � � ( ) n ≥ 2 0 � 5 � � 0 �	 0 � � 8 	 � ) 0 �	 0 + � 5 ( � 0 5 � � � 8 	 1 5

� # � 
 � �

n = 2 0 � 5 � � � � 8 	 � )!

� � � + 1 + � � 2 � � ( � 0 � 
 � � � � ( 	 � � 
 � � / * 0 � + � � i = 2, . . . , k!

� � � + 1 + � � ( . 2 � � �

•

� 5 � k + 1 0 � 5 � � � � 8 	 � ) � 
 � � ( 	 � � 
 � � � 3 0 � / � 
 � 0!

•

� ' ' � 8 ) ∃ a, b : 1 < a, b < k + 1 � � � k + 1 = ab.

� � ( � 0 � 
 ⇒ � � a, b 0 � 5 � � 0 �	 0 � � 8 	 � � 0 �	 0 + � 5 ( � 0 5 � � � 8 	 1 5 �

# � � � � � k + 1 0 � 5 � � + � 5 ( � 0 5 � � � 8 	 1 5!

� � "
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� � 
�
� � � �
�
� � � �  � � � � �

�
[Liu, � 	 
 �

�1.6]
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� � � � � � � � � � �

|A1 ∪ A2| = |A1| + |A2|−|A1 ∩ A2|!

A1

A3

A1

A2 A2

|A1 ∪ A2 ∪ A3| = |A1| + |A2| + |A3|
−|A1 ∩ A2| − |A2 ∩ A3| − |A3 ∩ A1| + |A1 ∩ A2 ∩ A3|!
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� � � � n = 3

• |A1 ∪ A2| = |A1| + |A2| − |A1 ∩ A2|!

• n = 3

|A1 ∪ A2 ∪ A3| = |(A1 ∪ A2) ∪ A3|

= |A1 ∪ A2| + |A3| − |(A1 ∪ A2) ∩ A3|

= |A1| + |A2| − |A1 ∩ A2| + |A3|

−|(A1 ∩ A3) ∪ (A2 ∩ A3)|

= |A1| + |A2| + |A3|

−|A1 ∩ A2|−|A1 ∩ A3| − |A2 ∩ A3|

+ |(A1 ∩ A3) ∩ (A2 ∩ A3)|
︸ ︷︷ ︸

|A1∩A2∩A3|
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� � � � � � � �
|A1 ∪ · · · ∪ An| = |A1| + · · · + |An|

−|A1 ∩ A2| − |A1 ∩ A3| − · · · − |An−1 ∩ An|

+|A1 ∩ A2 ∩ A3| + . . .

!!!

−(−1)k
∑

J∈2[n] ∧ |J |=k | ∩j∈J Aj|

−(−1)n|A1 ∩ · · · ∩ An| =

=
∑n

k=1 (−1)k+1
∑

1≤i1<···<ik≤n |Ai1 ∩ · · · ∩ Aik |.

% 
 � 0 � 8 � 	 0 � 1 ) J ⊆ [n] := {1, . . . , n}& |J | = k!
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� � � � �

� # � 
 n = 2!

� � ( � 0 � 
 �

|
⋃n

i=1 Ai| =
∑n

k=1 (−1)k+1
∑

1≤i1<···<ik≤n |Ai1 ∩ · · · ∩ Aik |.

� 2 � � � |
⋃n+1

i=1 Ai| = |(
⋃n

i=1 Ai) ∪ An+1| =

= |
n⋃

i=1

Ai| + |An+1| − |(
n⋃

i=1

Ai) ∩ An+1|,

0  � � � ( � � 5 	 � ) 	 
 . # � 
!

� � ( 0 � � � 0 � � � 	 � � ( 	 
 	 � � � � � � ( � 0 � 
 �

| · | = |
n⋃

i=1

(Ai ∩ An+1)| =

n∑

k=1

(−1)k+1
∑

1≤j1<···<jk≤n

|Aj1∩· · ·∩Ajk
∩An+1|
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� � � � � � � � � �
[Liu]

�
!

� �
!

� ( � � � � � � � � � � � ∈ [1, 10]

3 � � � � � * 5 	 � � � � ( 	 � � 2 	 � � �

A2 := {n ∈ [1, 10] : 2|n}, A3 := {n ∈ [1, 10] : 3|n}! |A2 ∪ A3| =?.
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� � � � � � � � � �
[Liu]

�
!

� �
!

� ( � � � � � � � � � � � ∈ [1, 10]

3 � � � � � * 5 	 � � � � ( 	 � � 2 	 � � �

A2 := {n ∈ [1, 10] : 2|n}, A3 := {n ∈ [1, 10] : 3|n}! |A2 ∪ A3| =?.

� 2 �!
�
!

� � � � ' ' � � ' # � � � 	 � � k ∈ N � 	 � [1,M ] ⊂ N �

|{n ∈ [1,M ] : k|n}| = |{p ≥ 1 : pk ≤ M}| = |{1 ≤ p ≤ b
M

k
c}| =

⌊
M

k

⌋
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� � � � � � � � � �
[Liu]

�
!

� �
!

� ( � � � � � � � � � � � ∈ [1, 10]

3 � � � � � * 5 	 � � � � ( 	 � � 2 	 � � �

A2 := {n ∈ [1, 10] : 2|n}, A3 := {n ∈ [1, 10] : 3|n}! |A2 ∪ A3| =?.

� 2 �!
�
!

� � � � ' ' � � ' # � � � 	 � � k ∈ N � 	 � [1,M ] ⊂ N �

|{n ∈ [1,M ] : k|n}| = |{p ≥ 1 : pk ≤ M}| = |{1 ≤ p ≤ b
M

k
c}| =

⌊
M

k

⌋

� 2 �!
�
! 2|n, 3|n ⇔

� & �

(2, 3)|n!
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� � � � � � � � � �
[Liu]

�
!

� �
!

� ( � � � � � � � � � � � ∈ [1, 10]

3 � � � � � * 5 	 � � � � ( 	 � � 2 	 � � �

A2 := {n ∈ [1, 10] : 2|n}, A3 := {n ∈ [1, 10] : 3|n}! |A2 ∪ A3| =?.

� 2 �!
�
!

� � � � ' ' � � ' # � � � 	 � � k ∈ N � 	 � [1,M ] ⊂ N �

|{n ∈ [1,M ] : k|n}| = |{p ≥ 1 : pk ≤ M}| = |{1 ≤ p ≤ b
M

k
c}| =

⌊
M

k

⌋

� 2 �!
�
! 2|n, 3|n ⇔

� & �

(2, 3)|n!

� � � � |A2| = b10/2c = 5, |A3| = b10/3c = 3

� � � |A2 ∩ A3| = b10/
� & �

(2, 3)c = b10/6c = 1!

� 0 ' � � # |A2 ∪ A3| = |A2| + |A3| − |A2 ∩ A3| = 5 + 3 − 1 = 7.
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� � � � � � � � � �
[Liu]

�
!

� �
!

� ( � � � � � � � � � � � ∈ [1, 10]

3 � � � � � * 5 	 � � � � ( 	 � � 2 	 � � �

A2 := {n ∈ [1, 10] : 2|n}, A3 := {n ∈ [1, 10] : 3|n}! |A2 ∪ A3| =?.

� 2 �!
�
!

� � � � ' ' � � ' # � � � 	 � � k ∈ N � 	 � [1,M ] ⊂ N �

|{n ∈ [1,M ] : k|n}| = |{p ≥ 1 : pk ≤ M}| = |{1 ≤ p ≤ b
M

k
c}| =

⌊
M

k

⌋

� 2 �!
�
! 2|n, 3|n ⇔

� & �

(2, 3)|n!
� + � �	 � / � 0 � # � 0 	 � � 


� � � 3 � 5 � � � � � �

� � � � |A2| = b10/2c = 5, |A3| = b10/3c = 3

� � � |A2 ∩ A3| = b10/
� & �

(2, 3)c = b10/6c = 1!

� 0 ' � � # |A2 ∪ A3| = |A2| + |A3| − |A2 ∩ A3| = 5 + 3 − 1 = 7.
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�

� �

[Liu]

�
!

� �
!

4 � � � � 3 � # � # 5 0 � 0 ' � * 5 �� � � � � � 0 � � � / 5 � 3 � � �
�

�
�

� �

� � � � � 3 � # � � � � 	 � � � � � / 5 � 3 � � �
� � 	 � � ' # / � � 	 � 5 � 0 � � � � / 5 � 3 � �!

∀ � � � / 5 � 3 � � � � ' 0 � 	 # � #	 � � � � � � 5 � ' � � 2 0 � � � � � 6 
 � 4 � 0 � � 8!

� ( � � � � � 3 � # 3 0 5 � 2 + � 5 � 0 � � 5 � 5 � � � � / 5 � 3 � �

� � � 	 1 A,B,Γ 	 � � * 5 � ' � � � � 3 � 8 5 � 	 � � � � / 5 � 3 � �
�

� 2 �
!

� 
 	 0 �	 � � � � � � � � ( ) 75 − |A ∪ B ∪ Γ|!

� 5 1 � � � � � � 0 � 1 )

|A∪B∪Γ| = |A|+|B|+|Γ|−(|A∩B|+|B∩Γ|+|Γ∩A|)+|A∩B∩Γ|.
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�

� �

[Liu]

�
!

� �
!

4 � � � � 3 � # � # 5 0 � 0 ' � * 5 �� � � � � � 0 � � � / 5 � 3 � � �
�

�
�

� �

� � � � � 3 � # � � � � 	 � � � � � / 5 � 3 � � �
� � 	 � � ' # / � � 	 � 5 � 0 � � � � / 5 � 3 � �!

∀ � � � / 5 � 3 � � � � ' 0 � 	 # � #	 � � � � � � 5 � ' � � 2 0 � � � � � 6 
 � 4 � 0 � � 8!

� ( � � � � � 3 � # 3 0 5 � 2 + � 5 � 0 � � 5 � 5 � � � � / 5 � 3 � �

� � � 	 1 A,B,Γ 	 � � * 5 � ' � � � � 3 � 8 5 � 	 � � � � / 5 � 3 � �
�

� 2 �
!

� 
 	 0 �	 � � � � � � � � ( ) 75 − |A ∪ B ∪ Γ|!

� 5 1 � � � � � � 0 � 1 )

|A∪B∪Γ| = |A|+|B|+|Γ|−(|A∩B|+|B∩Γ|+|Γ∩A|)+|A∩B∩Γ|.

|A| + |B| + |Γ| = 70/0, 50 = 140, |A ∩ B ∩ Γ| = 20 �

� � � 55 = |A ∩ B| + |B ∩ Γ| + |Γ ∩ A| − 2|A ∩ B ∩ Γ|!

� � � � |A ∪ B ∪ Γ| = 140 − (55 + 2 · 20) + 20 = 65 �

� � 5 0 � 8 ) � � � � � 3 � # 3 0 5 0 � � � � �  	 
 � � 5 � � 5 � 5 � � � � / 5 � 3 �!
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� � �
�
� � � � [Liu, � 	 
 �
�1.8]
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� � � � � � � � � � �

� �!

� $ � � 
 � �	 � � 2 2 ' � + � � 2 � � � ( 	 � � 
 0 � 5 � � � � �  � # � 
 
 � � � � �

0 � 5 � � 0 �	 0 � ' 
 � 2 ) 0 �	 0 � 0 � 3 2 ) � � ' ' # ( / � � � � 	 � 3 * �!

�
! /!

� 8 � � . � � / 0 �!

�
! /!

� � " � � � � �	 # $ � � 
 � �	 � � # 0 � 5 � � � # � 
 � � 	 � � � � 8 	 � � � 	 � � )!

� � / � � � � 8 � � + � 5 0 	 � � 	 � � # � 
 � � 	 1 5 3 � � � � �	 8 5 �

� � / � � � � 1 2 0 � 5 � � 1 � � � � �

9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



�

� � � � �

� �!

� � � 	 � ' � + � � � � ' 0 �	 � � � # � 0 � � ( 	 � � 
 � � � 0 � 5 � � � # 5 	 � � ' 
 � 2 )

� � � � . � ' � � 0 	 � � �
�

� 2 � �
!

� �!

� 5 	 �  � � 
 � � ' 0 �	 � � � # � 0 � � ( 	 � � 
 � � � 0 � 5 � � � # 5 	 � � 0 � 3 2 )

� � � � . � ' � � 0 	 � � �
�

� 2

F

�
!
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� � � �

�
� � � �

�

�

# � 5 
 � 
 	 
 ) p � p

2

¬p �

3 � # � 0 � 6 
 � 2 � � p
∨

q � ' 
 � 2 ) � 5 5 � � � 2 � � � � 	 # � 0 � ) � � / * � � 5 �

� � � � ' 0 � � 	 � � 2 3 � # � 0 � 6 
 � 0 �	 0� 0 �	 0 � � p∨q � ' 
 � 2 ) � 5 5 � � � � . 8 )

� � � � � / � � 2 � � ( 	 � � 
 � ' 
 � 0 * 0 � �

� * � 0 � 6 
 � � � � � � p
∧

q � ' 
 � 2 ) � 5 5 � � � � � � � � � 	 # � 0 � ) � � / * � � 5 �

� � � 3 � 5 � � � � � p ↔ q 0 � 5 � � � ' 
 � 2 ) � 5 5 � � 3 � � � � � 	 # � 0 � ) � / � � 5

	 � � ) � 3 � � � ) � � 5 � � 0 ) � ' 
 � 0 � � ) �

p q p∨q p∨q p ∧ q p ↔ q

F F F F F T

F T T T F F

T F T T F F

T T T F T T
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� � � �

� 5 p 	 ( 	 0 q � p → q!

�
! /!

� 5 � # � � � � ) 0 � 5 � � 0 � � � � � � 	 
 ) � 	
( 	 0  � � # 0 � � � 5 � # � 3 �!

p q p → q

F F T

F T T

T F F

T T T

�
! /!

� 5 � 5 	 � + � # � 0 � ) � � ( 	 � 5 3 � � ' � 5 ( � � � � 	
( 	 0 � 
 3 0 5 � � 0 � � �!
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� � � � � � � � � � �

� � � � # 6 0 � ) 0 � � �	 � � � � 8 5 � � � ' 8 5 � � � 	 # � 0 1 5 � � � � � � 5 � * 5 � 0 	 0 )

' � + � � � ) � � � 	 # � 0 � ) � �! /! (p ∧ q), (p → q)!

� � � �!

� � * 5 � 0 	 
 � � ( 	 � � 
 (p ↔ q) 0 � 5 � � � � � 3 * 5 � � 
 � 0 	 
 5

� * 5 � 0 	 
 � � ( 	 � � 
 [(p → q) ∧ (q → p)]!

� � � �!

�

(p ↔ q) 0 � 5 � � # � 5 
 � 
 	 
 ) (p∨q)!

� � ( 3!

p q p ↔ q p → q q → p [. . . ∧ . . .] p∨q

F F T T T T F

F T F T F F T

T F F F T F T

T T T T T T F

� � "
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� � � � � � � � � � �

� � � �!

� � � 3 0 � 6 	 0 � 1 ) 
 � * 5 � 0 	 
 � � ( 	 � � 
 (p ∧ q) → (p∨q) 0 � 5 � �

	 � � 	 � ' � + � �!

� � � � � 5 1 ) 
 ¬((p ∧ q) → (p∨q)) 0 � 5 � � � 5 	 �  � � 
!
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� � � � � �

�
� � � � � � � � � � �

7 0 1 � 0 � � 	 0 � * 5 � ' � � � � � � � � � 5 	 � � � 0 � 0 � � + � �  2 	 1 5 � 	 � � / 0 � 1 5

	 � � )!

�
! /!

A = {x : p(x)}.

" 
 '! 	 � A � 0 � � � / 0 � ( ' � 	 � � 	 � � / 0 � � x � � � � � � 5 � � � � � * 5 	 
 5

� 3 � ( 	 
 	 � p(x).

� � � � � 	 � ' 0 � � � � � # 6 0 1 5 � ( � 1 ) � 5 1 � 
 � 	 � � 2 � 	 '
!

� � # 5 1 � 0

	 � 	 � � � � * 5 � ' � 0 � 5 � � � * 5 � ' � 	 � � 	 � � / 0 � � 	 � � � � � � � � � � � 5 � � � � � * 5

� � � ' � + � � 2 � � # 6 
 � ( � 1 ) 3 � # � 0 � 6 
 � � * � 0 � 6 
 � 	 '
!

� 	 1 5

� 5 	 � � 	 � � / 1 5 � 3 � � 	 2 	 1 5!
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� � � � � �

�
� � � � � � � � � � �

6= A = {x : p(x)} ⇔ A = {x : ¬p(x)}

∧ {x : x ≥ 5} ∩ {x : x < 6} � {x : x ≥ 5 ∧ x < 6}

∨ {x : p(x)} ∪ {x : q(x)} � {x : p(x) ∨ q(x)}

∨ {x : p(x)} ⊕ {x : q(x)} � {x : p(x)∨q(x)}

↔ {x : p(x)} = {x : q(x)} ⇔ (p(x) ↔ q(x))

→ {x : p(x)} ⊆ {x : q(x)} ⇔ (p(x) → q(x))

� �! {x : p(x)} ⊆ {x : q(x)} 	 ( 	 0 p(x) → q(x)

{x : p(x)} 6⊆ {x : q(x)} 	 ( 	 0 ∃x : p(x) � ' 
 � 2 ) � q(x)

� 0 � 3 2 )!
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�

� � � � � De Morgan

� � 3 0 � / 	 0 � ( 	 � �

p ∧ q ↔ p ∨ q �

p ∨ q ↔ p ∧ q!

� � ( 3!

� � 5 � � 0 ) � ' 
 � 0 � � )

p q p ∧ q p ∨ q p ∨ q p ∧ q

0 0 0 1 0 1

0 1 0 1 1 0

1 0 0 1 1 0

1 1 1 0 1 0

� � "
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� �

[Liu] � 0 '!
� ,
!

� 3 (

p ∨ q ↔ (((p ∧ q) ∨ (¬p ∧ ¬q)) → p)!

� � ( 3!

p q p ∨ q p ∧ q (¬p ∧ ¬q)
∨ ∨

→ p

0 0 0 0 1 1 0

0 1 1 0 0 0 1

1 0 1 0 0 0 1

1 1 1 1 0 1 1

� � "
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� �

[Liu]

�
!

� �
!

�  � ' � ) � 
 � � � ' � 0 � � # 5 	 � � ' 2 � 0 � � � 
 # ' ' 
 � � 	 �
!

� � 8 	 
 � 
 � � � # � / 0 � / � � � ( ) � 	 � 5 
 � � �

� � # 5 	 
 � 
 � � � + 0 5 � * ) � � �

� � # � / 0 � � 5 5 ' � 1 	 
 5 � ' 2 � 0 � � �!

� * � 
!

� � ( 	 � � 
 A � � � ' � 0 � � ' 2 � 0 � � � � � ( 	 � � 
 X � ∃ / � � � ( )!

" 
 '! � � � � + 0 5 2 ) � � ) � � # 5 	 
 � 0 �A ↔ X �!

A X � � # 5 	 
 � 
 A ↔ X A ↔ (A ↔ X)

� � � �

� � � �

� � � �

� � � �

9 : ; < = : > ? @ ; A B C ; > : < ? D E F �



� �

[Liu]

�
!

� �
!

�  � ' � ) � 
 � � � ' � 0 � � # 5 	 � � ' 2 � 0 � � � 
 # ' ' 
 � � 	 �
!

� � 8 	 
 � 
 � � � # � / 0 � / � � � ( ) � 	 � 5 
 � � �

� � # 5 	 
 � 
 � � � + 0 5 � * ) � � �

� � # � / 0 � � 5 5 ' � 1 	 
 5 � ' 2 � 0 � � �!

� * � 
!

� � ( 	 � � 
 A � � � ' � 0 � � ' 2 � 0 � � � � � ( 	 � � 
 X � ∃ / � � � ( )!

" 
 '! � � � � + 0 5 2 ) � � ) � � # 5 	 
 � 0 �A ↔ X �!

A X � � # 5 	 
 � 
 A ↔ X A ↔ (A ↔ X)

� � � �

� � � �

� � � �

� � � �

� � � ( 	 � � 
 A ↔ (A ↔ X) � ' 
 � 0 * 0 � � + � �	 � � � �!

� � � � � 5 1 ) � � # � / 0 �

/ � � � ( )!
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� � � � � � �

� 0 � � 	 2 � � � 0 � 1 ) 
 � � ( 	 � � 
 A ↔ (A ↔ X) � ' 
 � 0 * 0 �!

� � � � � � � � � � � � � � ) � 1 ) � � # � / 0 � / � � � ( ) � � � � * � 	 0 � � � ( 	 � 5

� � 5 � � � � ' 2 � 0 � � )!

A X � � # 5 	 
 � 
 A ↔ X A ↔ (A ↔ X)

� � � �

I

� � � �

J

� � � �

I

� � � �

J
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� � Russell

�
! /!

� � � 	 1 S 	 � � * 5 � ' � ( ' 1 5 	 1 5 � � 5 ( ' 1 5 � � � 3 0 5 � 5 2 � � � 5

� 	 � 5 0 � � 	 ( 	 � � )!

" 
 '! S = {x | x 6∈ x}.

� � S � 5 2 � 0 � � 	 � 5 0 � � 	 ( 	 � � � � �	 0 � � � 5 	 2 � � � � 0 5 � � � 0 �	 0 ( / �

� �	 � ' 2 + � � � 0 � 0 � 5 	 �  � � 
!

� � � � 	 � S

3 0 5 � � � � 0 � 5 � � � # � / 0 �!

% � � � 0 � � � 5 � � � 0 � 1 ) (
� 	 � � 0 � � + � #  � � � 0 � 0 ' ( + � � 3 0 5 �  � � 	 �	 � �

� � � � � �	 
 	 � 1 ) � � � 
 � �	 � � ( � 5 	 � � 0 � � 0 5 �!

� � � ' � � � ( ) � � � � � ( )

� � * 5 � ' � 0 � 5 � � � � � � � � � � 3 2 � � 	 0 � � ' ' � + 2 � 5 	 � � 0 � � � 5 1 5 � 0 � # � � � �

� � � 5 2 � 3 � ( 	 
 	 � � 0 � 5 � � 0 � � � � 2 ) + � � 	 � � # � 
 � � � � ) � ' ' # ( / �

+ 0 5 � � ( 	 0 � �!

% 	 
 5 � 6 � 1 � �	 � � 2 � 0 1 � � � � � 5 ( ' 1 5 Zermelo-Fraenkel

� 5 � 	 � 	 � � � S

3 0 5 � � � � 0 � 5 � � � � � 	 0 �!
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� � �

� � ( 3 0 � 6 
 � � � ) � � � � 
 � �	 � � 2 ) � � � ( 	 � � 
 ) P � � ' 0 �	 � � 
 	 0 � � 
 � � 1 � 


	 
 ) � ' 2 � 0 � � ) 	 
 ) P !

$ � � � � ( 3 0 � 6 
 � 	 
 � � � 0 	 � � � 0 � � � � � � 0 � ) Y � � � / � 
 � � � � � � � 0 �

' � + � � � * ) � � ' ' � + � � � � * ) + � � 5 � � �	 � 3 0 � 6 0 � 	 
 5 � � / * 	 2 ) P �
3 
 '!

� � ( � 0 �	 � � + � � 	 
 5 	 0 � � 
 � � 1 � 
 	 
 ) � � 5 0 � � + 1 + 2 ) Y → P �

0 � � � 1 ) � 0 � Y → E → P �
2 � 0 P ↔ Q � Y → Q!

0 � � + 1 + � � # � 0  ( � � 5 
 P (n) 0 � 5 � � � � 5 # � 	 
 � 
 	 � � n ∈ N!

� 0 � � � + 1 + 2

� 0 #	 � � � �

¬P → ¬Y �

Y P Y → P ¬P → ¬Y

� � � �

� � � �

� � � �

� � � �
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� � � � �

� � � 	 1 � � ' � � � 0 5 � � � � 3 0 � 6 � � � 0 � 5 � � 0 8 � 
 � � 	 
 ) � � �  2 ) Y → P !

� � � 0 � 5 � 3 0 � 6 � � � 0 � 1 ) � ' 
 � 0 * 0 � 
 � 5 	 � � 0 	 � � 5 	 � � 	 � �  
 � � ( 	 � � 


¬P → ¬Y.

� � �	 � 3 � � ' 0 * 0 � � � 	 ( � � � 	 � 5 
 
 � � ( � 0 � 
 Y
� 0 � 3 2 ) � 	 � � 0 8 � 
 � �

� � / * 0 � � * 	 1 ) 2 # ' ' 1 )!
� � 	 � 5 
 � � ( � 0 � 
 Y � ' 
 � 2 ) � 	
( 	 0 ¬Y

� 0 � 3 2 )!

� � � � 3 0 � 6 � � 0 � 1 ) � ' 
 � 0 * 0 � 
 � � 5 0 � � + 1 + 2 ¬P → False .

� � 	 (

� 
 � � � 5 0 � � 1 ) ¬P

� 0 � 3 2 ) � � � # � � P � ' 
 � 2 )!

� � � # 3 0 � + � � � � � � 3 0 � 6 	 0 � 1 ) � 5 � 3n + 2 0 � 5 � � � 0 � �	 	 ( ) � 	
( 	 0 � n

0 � 5 � � � 0 � �	 	 ( )!
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� � � � �

� �

� � � 	 1 � � ' � � � 0 5 � � � � 3 0 � 6 � � � 0 � 5 � � 0 8 � 
 � � 	 
 ) � � �  2 ) P !

� � � 0 � 5 � 3 0 � 6 � � � 0 � 1 ) � ' 
 � 0 * 0 � 
 � � 5 0 � � + 1 + 2 ¬P → R

( � � � R

� � � � 5 	 �  � � 
 �
3 
 '! � � � � � ( 	 � � 
 � � � 0 � 5 � � � # 5 	 � � 0 � 3 2 ) � �! /! 


r ∧ ¬r).

� � �	 � 3 � � ' 0 * 0 � � � 	 ( � " 0 � 6 � � 0 � 1 ) � ' 
 � 0 * 0 � 
 � � 5 0 � � + 1 + 2

¬P → False .

� � 	 ( � 
 � � � 5 0 � � 1 ) ¬P
� 0 � 3 2 ) � � � # � � P � ' 
 � 2 )!

� � � # 3 0 � + � � � � � � ( 3 0 � 6 
 � 0 3 � � + 1 5 � � � � � 
 � 
 ( 	 � 	 � (0, 1)

3 0 5 0 � 5 � �

� � � � � 2 � � � �!
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� � � � � � � � �
�

� � �

� � � � 6 � � � 2 � � ( 	 � � 
 � ∃x : � 5 Y (x) � � / * 0 � � 	
( 	 0 � � / * 0 � P (x)!

� � � 3 0 � � 5 * 0 	 � � � 5 . � 0 � 0 � x = a : Y (a) → P (a)!

�
! /! �∃x : x 6∈ Q

� � � / * 0 � + � � x = �!

& �	 � � � � � 	 0 	 � � � 5 ∀x : Y (x) � � / * 0 � � 
 P (x)

3 0 5 � � / * 0 �!

� � � 5 
 � 
 0 � 5 � � 
 � � � � ' � � 2 �∀x : Y (x) � � / * 0 � � � � /
* 0 � ¬P (x) �

& � � � ' � � 2 � � ( 	 � � 
 � ∀x : � 5 Y (x) � � / * 0 � � 	
( 	 0 � � / * 0 � P (x)!

� � � 3 0 � � 5 * 0 	 � � � 5 3 0 � / � 0 � Y → P !

& �	 � � � � � 	 0 	 � � � 0 � 5 	 � � � � # 3 0 � + � � x = a : Y (a) =

�
� P (a) =F

�
! /! �∀n ∈ N � � n! + 1 � � 8 	 � ) � � 0 � 3 2 ) � n = 4 � 4! + 1 = 25!

� # � 5 
 � 
 0 � 5 � � 
 � � � � 6 � � � 2 � � ( 	 � � 
 � ∃x : Y (x) � � � ¬P (x)!
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� � � � � � � � � �
�

� � �

� 5 � � � � � ( 	 � � 
 � 0 � � � / 0 � � � � � 3 0 � � 	 0 ) � � � 	 1 5 3 * � 0 � 3 8 5 � 	
( 	 0 


� 0 � � # 	 � � ) � / 0 � � 
 � � � � �!

�
! /!

� � � 	 1 x, y, z ∈ R!

∀x,∃y, z : x = y + z � ' 
 � 2 ) �
3 � ( 	 � z = x − y!

∃y, z : ∀x, x = y + z

� 0 � 3 2 ) �
3 � ( 	 � ∀y, z � ∃x = y + z +1 6= y + z

�
! /! ∀n ∈ N∗,∃ � � 8 	 � ) p � 	 !

8
! n < p ≤ n! + 1!

� � ( 3!

� 5 � n! + 1 0 � 5 � � � � 8 	 � ) � 
 � � ( 3 0 � 6 
 � ' 
 6 0 � 0 p = n! + 1!

� ' ' � 8 ) � ∃ � � 8 	 � ) q |n! + 1, 2 ≤ q < n! + 1!

� # 5 2 ≤ q ≤ n 	 ( 	 0 q |n!, q |n! + 1 �
#	 � � �!

� � � � q > n � � ( 	 0 � � 	 1 p = q!

� � "

� 0 � 3 � ) � ∃ � � 8 	 � ) p � ∀n ∈ N∗, n < p ≤ n! + 1!
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