Oewplar TToAoyLopov
‘Aptior AM

Addokwv: Ltadpog KoAAbtovlog

eclass.di.uoa.gr

Y kotde Tou pabruatog elvat 1 eloaywyn otn Oewpla Toloylopol ko otn
Oewplar Troroylotikhc Morumhokbdtnrac (Oewplor Ahyop{Buwv).

H OAn tou pabhuatoc xwpileton oe 3 peydhec evérnrec Tov Tpoomabolv va
QATAVTNOOLY T AVTIOTOLYOL EPWTTILOLTOL

o Movtéha vtoroylopoy. Auvtduata kol YAOCOEC.
Tt elvan uToAoYIGTAG;

e Oewplar vodoyloybdtnTag (computability theory).
Tt etvan »xonw Tl 8ev elvan utoloyioipo;

e Oewplor vTtoAoYLoTIKNC TOAUTAOKSTNTOG (complexity theory). T unopet
va LTOAOYLoTEL o8 WxEd YpoVo (A X heo) xou Tl oyL;

(Ac urtoBéooupe Twe éxoupe ouppwvnioel Tt elval o uTtoAOYLOTHC).

O umohoylothc Avel «mpoPAfuartary. Abvelr OAa tar TpoPAfiuate; Tedpyouv
TpoPAuaTa Tov Sev uTopel vaw AOoEL vag UTTOAOYLOTNAC;




(Ac umoBéooupe Twg £xoupe ouUPwVRoEL T lvat 0 UTTOAOYLOTNC).

O vmohoylotnic Avel «mpoPAfuatary. Adver OAa tar TpoPAfiuacte; Teédpyouv
TPOPAAATA TToV Sev UTtopel vor AVoEL Vg UTTONOYLOTTC;

Mo oxetiCovran tar TPoPARUOTA TTOU AOVEL EVOLG UTLOAOYLOTHC [e T TTPOPAT-
potoe Twv MoaBnpotikav;

Ti pmopodv va «<kdvouvy ko Tt Sev uopolv va «kévouvy tar MaBnuartikd;
Atd autd To gpdTNUA oTLc apXéc Tou 200v awva Eeklvnoe katd kd&Tolo
TPOTO 1) LOoTOPLOL HOLG.

1) Tmdpxouvv aképatol x,y, z > 1 ko n > 2 tétolol wote 2" + y" = 2",

2) Tpdudre éva Tpdypappa Pascal ou dtav 1 eloodoc elva évar aképato To-
AVGVUHO P (TTOAAGVY HETAPANTOV), 0TV €080 ATIAVTA 0LV TO TLOAUGVUNO
P ExeL aképouec pilec. -
M. Av n eloodoc elvaw p = 22 + 212 + 3 Tpémel v amavtd «oxLy (yroett;).

Baown Slopopdt avdpeoa oTic 800 TEPLTTOOELS: TNV TPATN TEPLTTWON M
amdvtnon elval «voy N «oxLy, eved oTT deVTEPN TEPITTWOT N AT&VTNON £lvort
éva tpdypappa Pascal (ahydplBuoc).

1) [z"+y" = 2"] elvon To TEplpnuo Oedpnua Tou Fermat ou Tpotdbnke amd
tov Fermat.
Mopépeve &Auto yia TeTpakdola Teplmov ypdvia, we to 1994, étav o An-
drew Wiles katdipepe vau to Aoel (1 owoth amdvinon otnv epdtnon elvo
APVNTLKY).

2) [mpbypappar Tou vor Advel aképateg e€lowoelc] TpotdBnke amd tov David
Hilbert To 1900, elval to meplypnuo dékato TpoPAnua tou Hilbert.
AttavthOnke ato tov Yuri Matiyasevich to 1970, mou é8e1ée 4t Sev umdpyel
TéTol0 TPdypappa Pascal.

Mocc evBlapépouv tar TpoPAfuata Tne dedtepne Tepinttwong, émou to {NTov-
pevo etvar évorg ahydplBpog ko Syt évar atAd «vaLy 1) «OxLy.

n.

1) Trdpyovv aképatol x,y,z > 1 kow n > 2 tétolol wote =" + y" = 2",

2) Tpdte éval Tpdypoupa Tou pe eloodo aképatoug ,y, z > 1, v atopo-

olleL av uTdpxeL aképaoc n > 2, tétolog wote " + Yy = 2"

3) Tpddre éva Tpdypappa Tov e eloodo tnv TpdTaom:
« Tt omolovodfmote aképatoug &, y, 2 > 1 dev umdpyel akeépolog n > 2,
TéTolog wote T + Yy = 2"y,
va atopaoilel av 1 pdtaon etval aAndrc.

4) Mpdte éva Tpdypopupor o pe eloodo o poabnuatiky Tpdtoon P (oe
KOUTAAANAO oupBolopd), va atopactlel av n P etvor adnBric.




1) Trdpyouvv aképatol x,y, z > 1 kow n > 2 tétolol wote 2" + y" = 2",

2) Tpddte éva Tpdypouplor TTov pe eloodo aképatoug ,y, z > 1, vo attopo-
ollel av umtdpxeL aképatoc n > 2, tétoloc Gote " + y" = 2"

3) Tpdte évar Tpdypoyppa ou e eloodo tnv Tpdraom:
« N omolovodnrote aképatovg &, y, z > 1 dev utdpyel aképotog n > 2,
TéTolog wote = + Yyt = 2"y,
va atopaoilel av 1 tpdTaon etvo aAnBrc.

4) Mpdte évar Tpdypoupo o pe eloodo o podnuatiky wpdtoon P (oe
KoTdANA0 cupPoliopd), va aropaoilel av 1 P elvor oadnbnic.

H Mepimtwon 4 avtiotouxel oto meplpnuo Entscheidungsproblem tou David
Hilbert.

David Hilbert: ‘EBeoce (ueta€d dMwv) tor epwthpoTo

(i) av popet vou aetodetytel Twe Tae MaBnuotikd eivor ouverr (consistent)
(2° mpdBAnua touv H., 1900).

(ii) av umdpxer alydpiBuoc yia Ty emiduon aképonwv eElodoewy
(10° mpéBAnua touv H., 1900).

(iii) ov Too MaBnpactikd pmopodv var «avtopatototnBoivy
(Entscheidungsproblem, 1928).

Kurt Godel: Edelée 6t 1o (i) efvo addvarto pe to meplypnuo «Oedpnuo tng
un TAnpdtnTaey (1930).

Alan Turing: ‘EBeoe Tic Bdoeic Tng Oewplog Toroyiopod. ‘Opioe tnv évvora
Tou utoloytoth (unyovéc Turing) ko peAéTnoe TNV £vvola TG UTONOYL-
owétnrac (1936). ‘Edele mwe ovolaotikd To (iii) elva addvoarto.

/ / 7 / / - 7/ 7/
Eva Aoyikd ocvotnua S Aéyetow cuvettéc (consistent) av k&Be mpbdtoom Tov
aodetkvioupe evtde Tou S elva ohnBnic.

’ 7/ / / / - 7/ 7/
Eva Moyikd odotnuo S Méyeton ouvettéc (consistent) av kéBe TpdToom Tov
aodetkvioupe evtde Tou S elva oaAnbrc.

O Godel diatimwoe, oto Yoppaiopd evéde dedopévou S, pia tpdtaon U mou
el «H U dev pmopet vaw atoderytel oto Sy.




To Oewpnpo tTng un TAnpdéTNTag tov K. Godel (athomoinpévo)

To Oewpnuo Tng un TANpdéTNTag tov K. Gédel (aethomoinpévo)

‘Eva hoyikd obotnuo S Méyetow ovvetéc (consistent) av kdBe mpdraon tov
amodetkvioupe evtdg Tou S elvo aAnBnic.

O Godel diatimwoe, oto YopuaAopd evdc dedopévou S, pia tpdtaon U mov
Ael: «H U dev pmopel vow amtodetytel oto S».

Ocwpenua: Av 1o S elvan ouvetég TéTe

1. H U eivow adndnic.

2. H U dev umopel vow amtodetytel oto S.

3. H &pvnon tnc U, tnv omola cupBoAiCoupe U, Sev umopel vor arodelyTet
oto S.

Eva Moyikd odotnuo S Méyeton ovvettéc (consistent) av kéBe Tpdtoom Tov
artodekvioupe evtog Tou S elvo aAnBnc.

O Godel datimwoe, oto YopuaAlopd evdc dedopévou S, pila Tpdtaon U mov
Aeu: «H U dev pmopel vou amtodetytel oto S».

BOcwpenua: Av to S elvan ovvetée téTe

1. H U stvou adnBric.

2. H U 8ev pmopel vaw amtodetytel oto S.

3. H &pvnon tnc U, v omola cupBoAiloupe U, Sev pmopsl var atodeuyTet
oto S.

[Topropa: Aev umopoipe va atodel&ovpe evtde tou S we to S elvan ou-
VETEC.

To Oewpnuo tTng pn TAnpdéTnTag tov K. Godel (athomoinpévo)

‘Eva hoyikd obotnua S Méyetow ovvetéc (consistent) av kdBe Tpdraom tov
aodetkvioupe evtde Tou S elva ohnBnic.

O Godel diatimwoe, oto YoppaAopd evog dedopévou S, pia Tpdtaon U tou
el «H U dev pmopet vaw aetodelytel oto Sy.

Oecwpenua: Av 1o S elvon ovvetég ToTe

1. H U etva oAnBne.

2. H U dev pmopel v amtodetytel oto S.

3. H &pvnon tnc U, tnv omola cuuBoAiCoupe U, Sev umopel vor arodeyTet
oto S.

[Topiopor: Aev pmopodpe var aodel&ovpe evtdg Tou S mwe to S elvo ou-
VETIEG.

O A. Turing ko to Entscheidungsproblem

Mpétaon Q(P,z): «Av to mpdypoppa P mdpet eloodo tn ouvpPorooepd z,
161 10 P Bt Teppatiosty.

Oecwpnua: Tmdpyxouv Py ko zg, ylo Tow omolar dev pmopel vo ypogtel
Tpdypoppa TTov var artopooilet, av 1 tpdtoon Q(Fo, zp) elva odnBric.

O Turing £8e&e axdun mwe n Q(Py, rg) propel va ekppaotel oov Aoyikn
TpPdTULON.

ATO 1O Oepnual ETMETOL W dev UTOPEL VA YPUPTEL TPOYPUUMA IOV VoL
atodetkviel T Aoyikh pdtaon Q(Fy, ) (1 To cupmMpwpa Tng).

Agv pmopolpe Aoltmdyv var autopatomoljooupe Toe MabBnuoatikd. Aev pmo-
polue val ypdupoupe éva Tpdypoppar Tou var atopaotlel Toleg poBnuatikéc
Tpotdoelc stvan ainBeic!

To Entscheidungsproblem tou Hilbert eivaw un emuAboiuo!




Zntdpue oadyopiBuouc yia o akdAovBa epwThATA.
M1 Atveton ypdypnua G = (V) E), kaw kopugéc s,t € V. Now BpeBel otov G
éval ovoTtdTL amd To S oTo L.

N2: Atvetaw ypdypnua G = (V) E), ko kopugéc s,t € V. Tndpxel otov G
povoTtdTL attd To S OTO t;

To M1 elvor TpdPAnua ebpeonc. To T2 slvor mpdPAnua amtdpoaonc, SnA.
amovtieton pe NAI 1 OXI.

To M2 avdryetan oto TpdPAnua M1 av Aow to TpdPAnua edpeong éxw Adoel
ko To TPdPANua attdyaone. To avtiotpogo dev Loxvel amapaitnToa.

Xapwv koppodtnrag kol gukoliog B avoxodnBolue kuplwe pe TpoPAiuoTo o-
TOPAULONG.

‘Opioe evar katdAAnho TeTepaopévo apdPnro 2. (Mx. X = {0,1}).
Ké&Be mpdPAnua amdypaonc kwdikototeltal pe uat yAwooo, dnA. éva uto-

0UVOAO TOU GUVOAOL SAWV TWV BUVATOV CUUBONOTELPGOV 2.

M.y.

M2: Atvetow ypdynuo G = (V, E), kow kopuygég s,t € V. Tndapyel otov G
HOVOTIATL aTtd TO § OTO ¢;

AvtioTouyn yAdooo

L:= { dvadikéc ovpPolrooeipéc w, t.w. w =< G = (V, E),s,t > ko o G
TepLéxel povotdTL artd to S oTo ¢}

‘Oploe eva katdAANho Temepaopévo adedfnro . (Mx. X = {0,1}).
K&Be mpdPAnua amtdpoone kwdikoToleltan pe puae YAwooo, dnA. éva vto-

oUvoho Tou oLVOAOL SAwV TwV duvaTOV GUUBoAosELPDV 2.

M.

M2: Atvetonw ypdynua G = (V, E), kaw kopugéc s,t € V. Tndpyel otov G
MoVOTATL attd TO § OTO t;

AvtioTtolyn yAdooo

L:= { dvadikéc ovpPolooeipéc w, .. w =< G = (V,E),s,t > kouw o G
TePLEXEL LOVOTIATL ALTL TO § OTO ¢ }.

Advw To T2 1oodbvapo pe «dedopévne cupfolooslpdc w, avikel 1 w oIV
L;»

AlpdfnTto: AhpdPnTo elvar k&be emepaopévo pn kevd obvoro. Tar péAn
Tou Tal ovoudloupe cOuBolal 1 YPAUUAT.
Mx. 21 ={0,1}, X9 = {a,b,...,w}.ZvpPoroceipd (string): YvuPforo-

7/ / 7/ / / v /
oelpd evdc ahpdPntou X elval o emepaopévn akoroubior cupBdiwy Tou

2.
M.x. 0101101 etvon oupBorooelpd Tou apdPnrov ¥ = {0, 1,2}.




ArgpdfBnTo: AlpaPnto etvon kéBe memepaopévo un kevd cbvoro. To péAn
Tov T ovopdloupe cOPPoAA 1) YPAUMAXT.

Mx. 21 ={0,1}, X9 = {a,b,...,w}.XvyPoroceipd (string): YuvuPoro-
oelpd evdc aApaPnTou X elvon o eepaopévn akolovBior ocupBéAwy tou

2.
M.x. 0101101 eivow oupBorooelpd tou apdPnrov ¥ = {0, 1,2}.

Tn (povadikt)) oupBorooelpd phkoug 0, Tnv ovopdlouue kev ko T oupfo-
ACoupe pe €. To ovvolo twv cupfBolooelpdv pikoue k to oupBoAilovue e
¥y, {0,1}2 = {00, 01,10, 11}.

ArpdfBnTo: AlpaPnto etvon k&Be memepaopévo un kevd chvoro. To péAn
Tou Tal ovoudloupe cOUBoral 1) YPAUUAT.

Mx. 21 ={0,1}, X9 = {a,b,...,w}.XvuPoroceipd (string): YvuPforo-
oelpd evde ahpdPntou X elval o Temepaopévn akoroubior oupBdAwy Tou

2.
M.x. 0101101 etvonw oupBorooelpd Tou apdPnrov ¥ = {0, 1,2}.

Tn (povadikty) oupPorooelpd phkoug 0, tnv ovopdlovpe kevh ko TN oupBo-
AiCoupe pe €. To ovvolo twv ouporooelpdv pikouc k to cupBolilovue e
Yk . {0,132 = {00,01, 10, 11}.

To obvoro SAwv Twv cupPolocelpdv Tou Y to oupPoiiloupe pe Y. Ty,
{0,1}* = {£,0,1,00,01, 10, 11,000, . ..}.

[Tagd¥eon (concatenation): H mopdBeon 8bo oupPorooepdv @ ko y
elvail 1 oupPorooselpd xy mou TN cupBoiilovue Ty M) x © Y.
M.x. H mopdBeon tov x = 011 ko tov y = 1001 elvow x o y = 0111001.

Enavéindn: Av w elvon o oupBorooetpd, téte wh

opdBeon k avtiypdywy Tou w.

M. (01)® = 010101.

Avtictpopn: H avtiotpopn dc oupBorooeipdc w oupPorileton pe wh
Kol TpokUTTeL oV dlafdooupe To w amtd To TEAOC TPOC TNV opX .

M.yx. 010117 = 11010.

" amoteheiton amd TNV

‘Aoxnon: Ael€e 6T yio omoleodimote oupBolooeipéc o ko y: (2o y)F =
R R
y'tox

IMdooo: Eotw Y éva adgdPnto. Omolodfmrote utoobvolo Tou 3* ovoud-
(et YA®oo® Tou 2.

M.x. ‘Eotw X ={0,1,..

o [y ={23,044,9999} (memepaopévn yhwooa).

o Ly={e 1,11, 111,1111,...}.

o Ly = {w: w eivar mpdroc oprdude (n dexadinf tapdotoaon tou)} =
(2,3,5,7,11,13,...}.

o Ly ={w : w elvar npiroc opriude (n duadixr| tapdotacn tou)} =
(10,11, 101,111, 1011, 1101, ...}

o L5 ={} =0 (xevii yYAdoo).

° L@ = {5}

o L ={w: w elvon mpdypoppa tne C++ xwplc input Tou dev TEAELDOVEL
Toté (kwdikoTotnuévo oto duadikd cvoTnua)}.

., 9}, Ta mapokdtew odvola elvo YAdooeg Tou X:

o Ls = {w : w elvaw mpbdypappa tng C++ ywplc input Tov xdrote Te-
Aetdvel (kwdikotoinpuévo oto duadikd clvotnua)}.




Ago\ oL yAdooeg elvaw obvora, opiletal n €vworn L U Ly ko 1) TOW?] Toug
L1 N Ly 6Ttwg Kol TO CURTATpWRLAL:

YuprApwupo: To ouumAfpwpa ag YA®ooog L tou adpafritov X ouu-
BohleTan pe L ko elvor n yYAdooo ¥* — L mou amoteleitan amd Tic cupPo-
Aooelpéc Tou X TTou BeV avhkouv oty L.

EmutAéov pmopolpe va oplooupe TIC TapaKATw TEAEELC O YAWDOOEC:

[Toapddeon: Av L; ko Ly elvan dvo yAwooeg Tou adpafnitouv ¥, téte M
nopdBeon Toug oupPorileton Ly o Lo Ny Ly Lo kow oplleta oo Lyo Ly = {w :
w = zy Yo xdmowo x € Ly xow xdmowo y € Lo}

M.x. av Ly = {0,1,00} ko Ly = {e,00} téte

Ly o Ly ={0,1,00,000,100,0000}.

Kleene star: H Kleene star L* o yAdooac L givan 1) yYAdooo Twv oupfolo-
oeLP®V oV POk UTLTOVY attd TapdBeomn undév 1 teplocotépwv oupfolooslpiv
e L:

L"={w|w=wowgo---ow, yien>0xuwy,..., w,E L}
Mx. Av L ={0,11} téte

L* = {£,0,00, 11, 000,011, 110, 0000, 0011, 0110, 1100, 1111, . . .}.
Mx. Av L = {e} téte L* = {e}.
Mx. Av L = {} t6éte L* = {e} (&pa yiot k&Be L: € € L*).
L*: Optloupe emtong LT = LL*.

‘Aoxnorn: Mo toée yYhdooeg éxoupe L* # LT,

Oewpnoe éva ahpdPnto X (e€ oplopol TeTepaopévo).

Méoec ouvuPolooelpéc Tou Y uttdpyouv; Atelpec.
Méoec YAwooec Tou ¥ umtdpyouvv; ATelpec.

AN uTtdpxoUV TTOAGDVY L8OV «&TtELpaLy.

Oewpnoe éva apdPnto X (€€ oplopol TeTEpAOEVO).
Mbéoec ovuBolooelpéc Tou X uttdpyouv; Atelpec.
Méoec YAwooeg Tou Y uttdpyovv; Atelpec.

AN uTtdpYoUV TTOAGDV L8OV «&TELPOLY .

‘Ontwe Bo dodpe, vtdpyouv «Teploodtepecy YAOooeg atd cupBolooelpéc. ..




Iodprdua cbvolra: Abo covora A kow B Aéyovtan iodprfua ov vtdpyet
appyLovoouovtn avtotowta f 1 A — B.

Iodpudpa chvora: Abo cbvora A kaw B Aéyovtal 10dprTua ov umdpyel
appyLovoouovtn avtotowyia f 1 A — B.

‘Evac oOvoho A Aéyeton memepaopévo av uttdpyel n € N étol dote tor A ko
{1,2,...,n} va elvor wodpibpuo. Q¢ TAnBikéc aplBpde tou A optletan to n
(oupPoriCetaun pe |A|).

Ioderdpa ohvoro: Abo cdvora A kaw B Aéyovtal 1odprTua ov umdpyet
apyLovoouovtn avtotowia f 1 A — B.

‘Evat ovoro A Aeyetal memepoopévo av uttdpyel n € N étol wote Tor A kow
{1,2,...,n} vo elvaw odpiBo. Q¢ mAnBikde aptbrde tou A oplleton to n
(oupPorileton pe |Al).

‘Evae obvoro A Aéyetonw dmelpo av dev elva memepaopévo. .x. to N elvon
dmepo (amodel&te 10).

Iodpudpa chvora: Abo cdvora A kaw B Aéyovtal 10dprTua ov umdpyel
appvoonavtn avtotoxlo f: A — B.




Iodprdua cbvolra: Abo covora A kow B Aéyovtan iodprfua ov vtdpyet
appwvoofuavtn avtotoxio [ A — B.

‘Evac ohvoro A Méyetan aplBunoupa &mewpo av to A eivon todplbuo tou N.

‘Evae odvoro A Myetan aplBunolo av elvon emepaopévo 1 aplburfjouua -
mewpo. (‘Evor odvoro mou Sev elvor aplBufioupuo Aéyetow pn oplBunotuo).

Iodpudpa chvora: Abo cbvora A kaw B Aéyovtal 10dprTua ov umdpyel
appvoonpavtn avtotoxlo f: A — B.

‘Evac ohvoro A Méyetal aplBuriopa &mewpo av 1o A elvan todplBuo tou N.

‘Evae obvoro A Méyeton aplBunioluo av stvor memepaopévo 1 aptbufolua &-
Tewpo. (‘Evar odvolo Tou Bev etvan aplBunioyuo Aéyetan un aptBuniouo).

AvowoBntikd, 1o A givar optBunouo av uTtdpyeL TPOTOC VL «ALOTAPOVIEY TOL
otolyxetor Tov, dnA. va tar ypdpoupe uttd poper) akorouBioe.

H Mota poc etva owoti, av yuo kébe z € A, pumopolue vor aavTHoovue
oTNV £pwTNO™ «Tola elval n Béon Tou T otn Mota;y, dlvovtag évav cuyke-
KPUEVo oplBud.

e AyyAikog bpoc: countable.
® NV eAAnVikT| petdypaon Twv Lewis-Papadimitriou: petpriouuo.

o Mot kaAOTepT peTdppaon: aplBunoLuo.

Mapadelypota aplBufoluwy cuvdiwy:

e To obvoro twv Quydv apbumv (avtiotoxio: f(n) = n/2. Akoloubia:
0,2,4,...).

e To obvolo twv akepalwv (AkorouBlo: 0,1, —1,2,—2,3,—3,...).

e To odvoro Twv Betikdv pnTidv

(Akohoubio: 1/1,1/2,2/1,1/3,2/2,3/1,1/4,2/3,3/2,4/1,...).




Oedpnua: To odvolo X* twv cupPoroocelpdv evde adpafrtov X elva o-
pLBunoluo.

Ocedpnuo: To cdvoro XU twv cupBorooelpdv evde adpafrtov X elvar a-
pLBunoLuo.

Amddedn: EE opiopol to X elvan temepaopévo. Anuioupyoipe akoroubio
oL TepLéXel OAe¢ Tic ouuPolooelpéc Tou X

Oewpenua: To cdvoro U twv cupPorocelpwv evog adpaPrtov X elval o-
plBunoLuo.

Am6degn:  EE opliopol to X elvon emepaopévo. Anuioupyolpe akohouBio
oL TiEPLEYEL OAeC TLC oUBOAOTELPEC TOL X

Mpdtn 1 oupPorooelpd pikouc 0, petd dheg ol cupPolooelpée prikoue 1 (To-
ELvopunéVec), MeTd Ohec oL cupPolooelpéc pikoug 2 (TaEvopnuéVeC), KOK.

Oewpnua: To cbvoro XU* twv cupPforocelpwv evog ahpafritou X elval o-
pLOunoLo.

Amdoeln: EE opiopol to ¥ elvon Temepaopévo. Anuovpyolpe akorouBio
Tov TepLéXel OAec TIc ouuPolooelpéc Tou X

Mpcdtn N oupPolooelpd pnkoue 0, petd dhec ou ouvpPorooetpéc prkoue 1 (to-
ELvounuévec), Hetd Ohec oL oupPolooelpéc pikoue 2 (TaEVoRNUEVES), KOK.

Auth| eivow 1 Ae€lkoypagikt) Sldtan twv oupPforooelpdv tou Y. My, Av
¥ ={0,1}, n akorovbia etvou €,0,1,00,01, 10, 11,000, . . ..




Oedpnua: To cdvoro Twv YAwoowv evde arpaPrtou X elvor un aordur-
olwo.

Anooeln:  Me e dromo anaywyn. ‘Eotw 6t To chvoro Twv YAwoohv
Tou X elvar aplBuniowpo.  Tére Ba umdpyer poe okorovBiar Sy, So, ... TwV
YAWOOW®V TOL ¥ TéTola woTe k&be yAwooa Tou X va gppaviCeton pior wopd

oe ouTh). Oa kataokeudoovpe yAdooa T tou ¥ mou duapépel arto kdbe S,
1=1,2,....

‘Eotw wy, wy, . .. 1 Aekoypapikhy akorovBior dSAwv Twv oupforooelpdv Tou X
Oa ppovticoupe wote N T va dapéper amd tnv S; otn B¢on tov w;. H T me-
otéxel TN ouuforooelpd w; oV ko dvo av M S; Sev epLé el TN oupBolooelpd
w; .

Tz{wi:wl-QSZ—, 7,21,2,}

Ocedpnuo: To chvoro Twv YAwoodhv evdg adpaPhtou X elvar un aordur-
olo.

Anddelln:  Me e dromo anaywyn. ‘Eotw 4t To cbvolo Twv YAwoohv
tou ¥ etvar aplBuniowpo.  Téte Ba umdpyxel poe akorovBior Si, So, ... TwV
YAWOOWMV TOL ¥ TéTolx WoTe kdbe yAdooo Tou X va gppaviCetol i wopd

oe aut]. Oa katorokevdoovpe yAwooa 1T’ tou ¥ ov diapépel oo kdbe S,
i=1,2,....

‘Eotw wi, wy, . . . 1 Ae€koypapikh) akorovbioe dSAwv Twv cuporoocelpdv Tou X
Oa ypovticoupe wote N T va dapéper amtd tnv S; otn Bon tov w;. H T me-
pLéxel T oupPorooelpd w; oV ko évo av ) S; Sev epLéyel T oupuBolooelpd
w;.

T:{wi:wiQSl-, 22172,}

Y uvemtde 1 akolouBiar S1, .59, . .. Sev meplExel dhec Tic YA©ooec Tou 1. Apa
To 0UVOAO TWV YAWooQOV Tov X elva un aplBunouo.

Y UUTEPAOUATA YL TNV OVATIUPAOTAOT TWV YAWOOWV [IE TETEPXOUEVEC Tie-
pLYPOLEC.

7/ 7 / / /
e Omotadrimote avatarpdotoron kaw ov daré€oupe, Ba utdpyouv yAdooeg
oV JeV TEPLYPAPOVTOLL.

o [T.x., umtdpyxel k&moltaw YAwooo L tétowa wote kawvéva Ttpodypappor C++
dev propel var TuTdoer dec Tic oupBorooelpéc tne (akdpa ko o To
apriooupe var Tpéxel yio hvta). Matl; To oOvolo Twv TpoypoppdTwy
elvo oplBunoLuo, v To ohvolo Twv YAWOoWV dev elvau.

Y UUTEPAOMATA YL TNV OVATIAPAOTAON TWV YAWOOWV [e TETEPXOMEVEC Te-
pLYPOLpEC.

e Omoiadfiote avatapdiotoon kaw ov daré€ovpe, Bar vtdpyouvv yAbooeg
Tou dev TepLypdpovTaL.

o [1.x., utdpyxel k&molaw YAwooo L tétowa wote koveva Ttpdypoppor C++
dev pmopel va Tuttdoel Ohec Tic oupBolooelpéc Tng (akdpar Ko av To
apfiooupe var Tpéyxel yio évta). Natl; To odvolo twv TpoypopupdTey
elvorr oplBunolo, evd To ohvoro Twv YAwoowv dev eivoau.

OL YA®OOoEC TOu pog eVBLALPEPOLY EVOIL QLUTEC TLOV UTLOPOVV VAL TEEPLYPOLPOUV
(cutéc Tou éxouv memepaopévn Teptypon)). Trdpyel Tpdypoyppar CH+ yo
avTéC T YA®ooeg, Autd eivar éva kevtpikd Bépa Tou pabruatoc.

MLt VoL TO LEAETNOOUE TIPETIEL TIPAOTA VO CUPWVTIOOUKE YL TO Tl £vwooUpe
[E TOV OPO (TETEPUOILEVN TLEPLY PPN




Moe amodei&ope 6TL To 0VVONO Twv YAwoo®v dev elvo aptBunoiuo; H uébo-
doc Tou xpnowomotioape Aéyetal Sta ywworoinon ko etva Tohd .

MNoe amodei&ape 6TL To 0VVOAO TwV YAwoowv dev elva aplBunouo; H uébo-
Soc Tov ypnowlomotioape Aéyetan bia ywwomoinon ko eival oA oAn.

Meédodog Awaywvionoinong: ‘Eotw R pua Siperfic oxéon evdg cuvolov
A, dnhad R elvon évar vtoovoro Tou Kapteolavol ywvopévou A x A: R C

{(a1,a2) : aj,ay € A}. Téte 10 dydowo odvoro A = {(a : (a,a) € R}
Sapépel amd k&be ypouuy R, = {b: (a,b) € R}
MNx. A={1,2,3,4,5} xaw R ={(1,3),(1,5),(2,2),(2,4),(2,6), Mx. A={1,2,3,4,5} xau R ={(1,3),(1,5),(2,2),(2,4),(2,6),
(3:3),(3,5), (4,2), (1,5), (5,1), (5,2), (5.3), (5,5)} (3.3),(3.5), (4,2), (4,5), (5,1), (5.2). (5.3, (5.5)).
11213 14 |5 11213 14 |5
1 X X 1 X X
2 X XX 2 X XX
3 X X 3 X X
4 X X 4 X XX
SIX XX X S XXX X
Ou ypappée tne R etvow Ry = {3,5}, Ro = {2,4,5}, R3 = {3,5}, Ry = {2,5}, Ou ypappée tne R etvon Ry = {3,5}, Ry = {2,4,5}, R3 = {3,5}, Ry = {2,5},

{1,2,3,5}.
To Slaydwio odvoro elva to A = {1,4} kow elvor dapopetikd ard kdbe
Ypouun e R.

ko Ry =

kow Rs = {1,2,3,5}.
To Slaydwio ovvoro elvar to A = {1,4} kou elvor Slapopetikd oo kéBe
Ypopun e R.

[x[ 1 [x] ]




Tnv pébBodo dlarywviomoinone tnv ewofiyorye o Georg Cantor otar 1891, Tnv
xpnowotolnoe yio vo deilel 6TL To OVVONO TV TPAYUATIKGOV oplBucov R
elva «peyohitepoy amd to ovvolo Twv Yuokdv apbumv N.

Tnv péBodo dlarywwviomoinone tnv ewotfjyorye o Georg Cantor otar 1891. Tnyv
xpnowomoinoe yia va del€el &1L To 0OVOAO TWV TPAYHATIKOV optBucdv R
glvall <peyodiTepoy atd To 0OVoro Twv Puakov aptBuov N.

Oa det€ovpue KATL LoYLPSTEPO.

Ochenuor To ddotnua (0,1] € R elvow un aplbunorpo.

Kot emtéktoron ko to R aokAeletan var eivon aplBunioiuo.

Kabe x € (0, 1], pmopel vo ypouptel oto dekadikd ovotnue. Eotw to (0, 1]
aplbunioo. Téte uttdpyer Mota twv otouyelwv Tou (0, 1] Ty

0.0000001 . ..
0.0010000. ..
0.0110030. ..
0.0805000. ..

Ac kataokevdooupe TOPA évav aplBud Tou Slaépel Ao TOV TPAOTO OTO
TpwTto dekadikd Pnwlo, oo to delvtepo oTo dedTepo dekadikd Pmylo kok.

0.0000001 ...
0.0010000. ..
0.0110030. ..
0.0805000. ..

MpooBétouue 1 oto ioto Ynyio tou iotou aplBuod otn Aota. Matpvoupe
0.1126.. ..

Tou dlapépel ad dAoug Toug aplBuolc. Katadfyouus we dev umopel vo
UTLAPXEL MOTA SAWV TWV TPAYRATIKOV aplBudv, dtoto.

Trdpxer dpwe éva TpdPANUa pe Tnv amddelén outn. MNoctd;




To mpdPAnua pe tnv addelén etvor étu ) dekadikn Ttapdotaom evog aplBuod
dev elvall povadik!

M.x. 0.10000...=0.09999...

ApBuot ov attd «ouvtakTikhy dmodn patvovton SapopeTikol uopset va etva
{Blot. Apa utopel o aplBude ou kataokevdlovpe va aviikel oTn AMloTa.

Abveto oy katookevdoovpe 0wotd to véo oplBpud (T.x. av ta k-oto ¢n-
@tlo Tou apLBpov Tov kataokeudloupe Slopépel KaTd ToVAdYLOTOV 2 aTtd TO
avtiotoryo Pnelo Tou k-otol aptBuov).

MNopepmimtdviwe, éva amd Ta peyalitepa TpoPAfuata Tne Aoylkhc otov
200 auwva elvo 1 «TtéBeon Tou Luvexoiey.

Yuvexéc (continuum) etvon évar dvopar Tou xpnoupoTotelton yior var SnAdoet
o R.

YTrodeon tou Xuveyolg: Aegv UTAPYEL KOVEVO GUVOAO (UEYXAITEPOY
attd Touc Yuokoue N ko «ukpdTepoy atd Toug Tpaypatikovg R, Me A o
Aoy, k&Be un aplBunoyo obvolo Teplexel évar UTTOoUVOAO LodplBo pe To
R.

H dlahetkavon tng TébBeonce slvan yvwoTh we To Tpidto TpdPfAnua tou Hil-
bert.

YTrodeon tou Xuveyolg: Aev umdpyel Kovévar GOVOAO «UEYXAVTEPOY
amd touc Yuotkolc N ko «ukpdtepoy amd Toug Tpayuatikouc R. Me dAha
Aoyia, k&Be un aplBunoyo odvoro epLéxel var uTtooUVONo LodplBpo pe To

R.

Trodeon tou Xuveyolg: Aegv UTAPYEL KAVEVO OUVOAO (UEYXAVTEPOY
atd touc puokolc N kal «ukpdTepoy amd Toug Tpaypatikolic R, Me dda
Aoyia, k6Be un aplBunoyo odvolo Tepléxel Evar VTTOoUVOAO LodpLBpo pe To

R.

e O Godel éde1&e to 1937 étL n TrdBeomn Tov Luvexolc eiva oupPoarth pe o
aLopato Tne cuvoroBewplag (&por dev uttdpyel amddelén btL 1 vtdOeon
dev Loy Vet ).

e O Cohen é8e1&e to 1963 411 1 &pvnom tnc TrdBeonc Tou Luveyxolc etval
emtiong ovpPath pe tor afldpotar TN ouvoroBewplog (dpar dev LTtpyet
amddelln 6t n véBeomn Loy Vet ).

Yuvenac n TmwéBeon tov Yuveyolc Sev umopel oUte va amobeiytel oUte va
katapptpBel!ll




