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ien
e, Texas A&M University,College Station, TX 77843-3112, USAEmail: f
hen,iakanjg�
s.tamu.eduAbstra
t. The 
onstrained minimum vertex 
over problem on bipar-tite graphs arises from the extensively studied fault 
overage problemfor re
on�gurable arrays. In this paper, we develop a new algorithm forthe problem, in whi
h 
lassi
al results in mat
hing theory and re
entlydeveloped te
hniques in parameterized 
omputation are ni
ely 
ombinedand extended. The algorithm is pra
ti
ally eÆ
ient with running timebounded by O(1:26k + kn), where k is the size of the 
onstrained min-imum vertex 
over in the input graph. The algorithm is a signi�
antimprovement over the previous algorithms for the problem.1 Introdu
tionAs the density of VLSI 
hips in
reases, the probability of introdu
ing defe
tson the 
hips during the fabri
ation pro
ess also in
reases. A number of re
on-�guration strategies have been proposed. In parti
ular, algorithms for repair ofre
on�gurable arrays using spare rows and 
olumns have re
eived 
onsiderableattention [7, 9, 16, 17℄. A typi
al re
on�gurable array 
onsists of a re
tangulararray plus a set of spare rows and spare 
olumns. A defe
tive element is repairedby repla
ing the row or the 
olumn 
ontaining the element with a spare row or aspare 
olumn. In general, the number of spare rows and 
olumns is mu
h smaller
ompared with the total number of rows and 
olumns in the re
on�gurable array,and the 
ost of re
on�gurating an array is proportional to the number of repla
e-ment rows and 
olumns. Therefore, it is desirable to use the minimum numberof spare rows and 
olumns to repair the defe
tive elements, under the 
onstraintthat the numbers of repla
ement spare rows and 
olumns do not ex
eed the totalnumbers of the available spare rows and 
olumns, respe
tively.Formally, let A be an n�m re
tangular re
on�gurable array. A fault 
overingof A 
onsists of a set Sr of rows and a set S
 of 
olumns in A su
h that everydefe
tive element in A is either in a row in Sr or in a 
olumn in S
 (or both). Thefault 
overing is minimum if jSrj+ jS
j is the minimum. Suppose the array A isalso provided with kr spare rows and k
 spare 
olumns. Then the problem is toeither �nd a minimum fault 
overing (Sr; S
) of A with jSrj � kr and jS
j � k
,or report no su
h fault 
overing exists.? This work is supported in part by NSF under Grant CCR-0000206.



This problem 
an be easily 
onverted to the 
onstrained minimum vertex
over problem on bipartite graphs, (shortly Min-CVCB), as follows. Let GA =(U [ L;E) be a bipartite graph with U = fu1; : : : ; ung and L = fv1; : : : ; vmg,su
h that there is an edge between ui and vj if and only if the (i; j) element inthe array A is defe
tive. It is fairly easy to see that a vertex set K of k1 verti
esin U and k2 verti
es in V is a vertex 
over of the graph GA if and only if the
orresponding k1 rows and k2 
olumns make a fault 
overing of the array A.Therefore, the problem 
an be formally stated as follows:Min-CVCBGiven a bipartite graph G = (U [ L;E) and two integers ku and kl,either �nd a minimum vertex 
over of G with at most ku verti
es in Uand at most kl verti
es in L, or report no su
h a vertex 
over exists.An extensive list of algorithms has been published in the literature for theMin-CVCB problem and its variations (e.g., [7, 9, 16, 17℄). Most of these algo-rithms are heuristi
 and have no guaranteed performan
e. An algorithmproposedin [7℄ introdu
ed the 
on
ept of 
riti
al set and used bran
h-and-bound te
hniquebased on the A� algorithm in Arti�
ial Intelligen
e [14℄. No expli
it analysis wasgiven in [7℄ for this algorithm, but it is not hard to see that in the worst 
ase thealgorithm running time is at least �(2ku+kl +mpn). Experimental results showthat this algorithm is mu
h more favourable than previous algorithms and therunning time is moderate for pra
ti
al instan
es for the Min-CVCB problem.In the 
urrent paper, we develop simpler and more eÆ
ient algorithms forthe Min-CVCB problem. Classi
al results in mat
hing theory and re
ently de-veloped te
hniques in parameterized 
omputation are ni
ely 
ombined and ex-tended. In parti
ular, we observe that the 
lassi
al Gallai-Edmonds Stru
tureTheorem [8℄ applied to bipartite graphs will allow us to 
on
entrate on theMin-CVCB problem on bipartite graphs with perfe
t mat
hing. In fa
t, Gallai-Edmonds Stru
ture Theorem is a stronger (and more systemati
al) version ofthe 
riti
al set theory developed in [7℄. Gallai-Edmonds Stru
ture Theorem alsoprovides a solid basis so that the re
ently developed te
hnique in parameter-ized 
omputation, redu
tion to problem kernel, 
an be ni
ely applied. We thenuse the 
lassi
al Dulmage-Mendelsohn De
omposition [8℄ to de
ompose a bi-partite graph with perfe
t mat
hing into elementary bipartite subgraphs. Thisde
omposition makes the other te
hnique, bounded sear
h tree, in parameterized
omputation be
ome mu
h more e�e
tive. Combining all these enables us to de-rive an O(1:26k + kn) time algorithm for the Min-CVCB problem, where k isthe size of a minimum vertex 
over in the input graph. To see how signi�
antthis improvement is over the previous best algorithm [7℄, take a typi
al re
on-�gurable array of size 1024� 1024 with 20 spare rows and 20 spare 
olumns. Asimple estimation shows that our algorithm is more than 108 times faster!We point out that our results are also of theoreti
al interests in the 
urrentstudy of \eÆ
ient" exponential time algorithms for NP-hard problems [2, 4, 15℄,in parti
ular they make a ni
e 
ontribution to the study of parameterized algo-rithms for the minimum vertex 
over problem, whi
h has drawn mu
h attentionre
ently [1, 3, 12℄. A re
ently developed algorithm by Fernau and Niedermeier2



[6℄ has running time O(1:40k + kn) and 
onstru
ts a 
onstraint (not ne
essarilyminimum) vertex 
over for bipartite graphs. This algorithm 
ould also be usedto solve the Min-CVCB problem, but our algorithm is signi�
antly faster andmu
h simpler using elegant results in graph theory (instead of lengthy 
ase-by-
ase 
ombinatorial enumerations).2 Redu
tion to kernel by GE-TheoremA vertex set K in a graph G is a vertex 
over if every edge in G has at least oneend in K. A graph G = (V;E) is bipartite if its vertex set V 
an be bipartitionedinto two sets U (the \upper part") and L (the \lower part"), su
h that everyedge in G has one end in U and the other end in L. A bipartite graph is writtenas G = (U [L;E) to indi
ate the vertex bipartition. The vertex sets U and L are
alled the U-part and the L-part of the graph G. A vertex is a U-vertex (resp.an L-vertex) if it is in the U -part (resp. the L-part) of G. A mat
hing M in agraph G is a set of edges in G su
h that no two edges inM share a 
ommon end.A vertex v is mat
hed if it is an end of an edge in M and unmat
hed otherwise.The mat
hingM is perfe
t if all verti
es in G are mat
hed. It is well-known thatfor a bipartite graph, the number of edges in a maximum mat
hing is equal tothe number of verti
es in a minimum vertex 
over [8℄. Given a mat
hingM in agraph G, an alternating path (with respe
t toM) is a simple path fv1; v2; : : : ; vrgsu
h that v1 is unmat
hed and the edges [v2k; v2k+1℄ are in M for all k. Analternating path is an augmenting path if it has odd length and both endpointsare unmat
hed. A mat
hing M in a graph G is maximum, if and only if thereis no augmenting path in G with respe
t to M [8℄. A maximum mat
hing of agraph with n verti
es and m edges 
an be 
onstru
ted in time O(mpn) [10℄, andfor a bipartite graph G, a minimum vertex 
over of G 
an be 
onstru
ted froma maximum mat
hing in G in linear time [8℄.We start with a theorem, whi
h answers an open problem posed in [7℄.Theorem 1. The Min-CVCB problem is NP-
omplete.We now show the 
lassi
al Gallai-Edmonds Stru
ture Theorem (shortly, GE-Theorem) [8℄ 
an be applied to signi�
antly redu
e the size of the Min-CVCBproblem. Let G = (V;E) be a bipartite graph. For a subset S of verti
es in G,let G(S) be the subgraph indu
ed by S. Let D be the set of verti
es in G thatare unmat
hed in at least one maximum mat
hing, let A be the set of verti
esin V �D that are adja
ent to a vertex in D, and let C = V �D �A.Proposition 1. (GE-Theorem) Let G be a bipartite graph with the sets D, A,and C de�ned above. Then (1) D is an independent set in whi
h no vertex is
ontained in any minimum vertex 
over for G; (2) A is the interse
tion of allminimum vertex 
overs for G; (3) the subgraph G(C) has a perfe
t mathing.The sets D, A, and C 
an be 
onstru
ted via a maximum mat
hing M inthe bipartite graph G, as follows. Let W be the set of unmat
hed verti
es under3



M . De�ne W to be the set of verti
es su
h that a vertex v is in W if and onlyif v is rea
hable from a vertex in W via an alternating path of even length. Bythe de�nition, W � W . Sin
e ex
hanging the edges in M and E �M alongany alternating path from a vertex v0 in W to a vertex v in W will result ina maximum mat
hing that does not 
ontain v, we have W � D. Now for anyvertex w not in W , we know [w;w0℄ is an edge in M for some vertex w0. Sin
ew is not in W , w0 is not 
onne
ted from any vertex in W by an alternatingpath of odd length. Therefore, after removing w from the graph G, there is noaugmenting path in G�fwg with respe
t to the mat
hingM � [w;w0℄. Thus, amaximum mat
hing in the graph G � fwg 
ontains jM j � 1 edges. This showsthat the vertex w must be in every maximum mat
hing in the graph G so w isnot in D. In 
onsequen
e, the set W is exa
tly the set D in Proposition 1. Withthe set D known, the sets A and C 
an be 
onstru
ted easily.Theorem 2. The time for solving an instan
e hG; ku; kli of Min-CVCB, whereG is a bipartite graph of n verti
es and m edges, is O(mpn+ t(ku + kl)), wheret(ku + kl) is the time for solving an instan
e hG0; k0u; k0li for Min-CVCB, wherek0u � ku, k0l � kl, and G0 has a perfe
t mat
hing.Proof. LetG = (U[L;E), and the instan
e hG; ku; kli asks for a minimumvertex
over for G with at most ku U -verti
es and at most kl L-verti
es. We apply thealgorithm des
ribed above to 
onstru
t the sets D, A, and C in GE-Theorem.The algorithm has its time 
omplexity dominated by that of 
onstru
ting amaximum mat
hing in G, whi
h is bounded by O(mpn). Now let G0 = G(C).Sin
e the set A is 
ontained in every minimum vertex 
over for G and no vertexin the set D is in any minimum vertex 
over, if the set A 
ontains hu U -verti
esand hl L-verti
es, then the graph G has a minimum vertex 
over with at most kuU -verti
es and at most kl L-verti
es if and only if the graph G0 has a minimumvertex 
over with at most k0u = ku � hu U -verti
es and at most k0l = kl � hlL-verti
es. By GE-Theorem, the graph G0 has a perfe
t mat
hing. utThe te
hnique of redu
tion to problem kernel has been widely used in thestudy of parameterized 
omputation and in the resear
h in fault 
overage ofre
on�gurable arrays. Theorem 2 provides a mu
h stronger version for this te
h-nique than previously proposed versions in both areas.Hasan and Liu [7℄ proposed the 
on
ept of 
riti
al sets. The 
riti
al set of abipartite graph G is the interse
tion of all minimum vertex 
overs for G, whi
his, equivalently, the set A in GE-Theorem. However, Hasan and Liu were un-able to 
hara
terize the stru
ture of the remaining graph when the 
riti
al set isremoved from the graph G. By la
k of this observation, they proposed to inter-la
e the pro
ess of bran
h-and-bound sear
hing and the pro
ess of 
onstru
tingthe 
riti
al set [7℄. On the other hand, Theorem 2 indi
ates expli
itly that theremaining graph G0 after removing the 
riti
al set A and the independent setD has a perfe
t mat
hing. This fa
t immediately limits the size of the graphG0. Moreover, sin
e every minimum vertex 
over for the graph G0 
ontains ex-a
tly one end from every edge in a perfe
t mat
hing in G0, a 
areful study 
anshow that the 
onstru
tion of 
riti
al sets during the bran
h-and-bound pro
ess4



proposed in [7℄ is totally unne
essary. This observation 
an signi�
antly speedup the sear
hing pro
ess. Finally, having a perfe
t mat
hing in the graph G0will enable us to derive further powerful stru
ture te
hniques in the sear
hingpro
ess, whi
h will be illustrated in detail in the next se
tion.The redu
tion to problem kernel te
hnique has been very powerful in design-ing eÆ
ient parameterized algorithms [1, 3, 6, 12℄. Fernau and Niedermeier have
onsidered a generalized version of the Min-CVCB problem (in whi
h the min-imization of the vertex 
over is not required), and des
ribed how to redu
e thegraph size to 2kukl. Theorem 2 enables us to improve this bound to 2(ku + kl):The fa
ts that the graph G0 has a perfe
t mat
hing and that a minimum vertex
over of G0 has at most k0u U -verti
es and at most k0l L-verti
es ne
essarily boundthe number of verti
es in G0 by 2(k0u + k0l) � 2(ku + kl). In the development ofparameterized algorithms for minimum vertex 
over for general graphs, Chen,Kanj, and Jia [3℄ proposed to apply the 
lassi
al Nemhauser-Trotter Theorem[11℄ that 
an redu
e the problem size to 2k, where k is the size of a minimumvertex 
over. Similar to GE-Theorem, Nemhauser-Trotter Theorem de
omposesthe verti
es of a graph into three parts D0, A0, and C 0, where D0 is an indepen-dent set, A0 is a subset of someminimum vertex 
over, and the indu
ed subgraphG(C 0) has its minimum vertex 
over of size at least half of C 0. When appliedto bipartite graphs, GE-Theorem, whi
h de
omposes the graph into three partsD, A, and C, is mu
h stronger than Nemhauser-Trotter Theorem in all aspe
ts:the set A is 
ontained in every minimum vertex 
over for G while the set A0 isonly 
ontained in some vertex 
over for G. In parti
ular, for the appli
ation ofthe Min-CVCB problem, the set A0 
annot be automati
ally in
luded in theminimum vertex 
over being sear
hed. Moreover, sin
e the subgraph G(C) hasa perfe
t mat
hing, it follows dire
tly that the minimum vertex 
over for G(C)
ontains at least half of the verti
es in C. By la
k of having a perfe
t mat
hing,the subgraph G(C 0) also 
annot take the advantages we will use in the sear
hingpro
ess, whi
h will be des
ribed in the next se
tion.3 EÆ
ient Sear
h by DM-De
ompositionA

ording to Theorem 2, we 
an 
on
entrate on instan
es hG; ku; kli of theMin-CVCB problem, where G is a bipartite graph that has a perfe
t mat
hing andhas at most 2(ku + kl) verti
es.A 
onne
ted bipartite graph B = (U [L;E) is elementary if every edge of Bis 
ontained in a perfe
t mat
hing in B. An elementary bipartite graph B hasexa
tly two minimum vertex 
overs, namely U and L [8℄. This property makesour sear
hing pro
ess very eÆ
ient on the elementary bipartite graph B: weshould ex
lusively in
lude either U or L in the minimum vertex 
over.The 
lassi
al Dulmage-Mendelsohn De
omposition Theorem (shortly DM-Theorem) [8℄ provides a ni
e stru
ture for bipartite graphs with perfe
t mat
hingso that the above suggested sear
hing pro
ess 
an be applied e�e
tively.Proposition 2. (DM-Theorem). A bipartite graph G = (U[L;E) with perfe
tmat
hing 
an be de
omposed into elementary bipartite subgraphs Bi = (Ui [5



Li; Ei), i = 1; : : : ; r, su
h that every edge in G between two subgraphs Bi and Bjwith i < j must have its U-vertex in Bi and its L-vertex in Bj .The subgraphs Bi will be 
alled blo
ks. A blo
k Bi is a d-blo
k if jUij = jLij =d. Edges 
onne
ting two di�erent blo
ks will be 
alled \inter-blo
k edges".Lemma 1. Let G = (U [L;E) be a bipartite graph with perfe
t mat
hing. Thenthe de
omposition of G given in Proposition 2 
an be 
onstru
ted in time O(jEj2).Proof. An edge e in G is an inter-blo
k edge if and only if e is not 
ontained inany perfe
t mat
hing in G [8℄. Consider the algorithm given in Figure 1.DM-De
ompositionInput: a bipartite graph G = (U [ L;E) with perfe
t mat
hingOutput: the blo
ks B1, : : :, Br in DM-Theorem1. 
onstru
t a perfe
t mat
hing M in G;2. for ea
h edge e = [u; v℄ in G doif the graph G� = G� fu; vg has no perfe
t mat
hingthen mark e as an \inter-blo
k edge";3. remove all inter-blo
k edges;4. sort the remaining 
onne
ted 
omponents: B1, : : :, Br, so that everyinter-blo
k edge 
onne
ts a U -vertex in a lower indexed blo
k to anL-vertex in a higher indexed blo
k.Fig. 1. Dulmage-Mendelsohn De
ompositionNote that an edge e = [u; v℄ is in a perfe
t mat
hing in the graph G if andonly if the graph G � fu; vg has a perfe
t mat
hing. Therefore, Step 2 of thealgorithm DM-De
omposition 
orre
tly determines the inter-blo
k edges. ByDM-Theorem, ea
h 
onne
ted 
omponent after Step 3 is a blo
k for the graphG. Now applying the topologi
al sorting in a straightforward way will order theblo
ks so that ea
h inter-blo
k edge in the graph G 
onne
ts a U -vertex in alower indexed blo
k to an L-vertex in a higher indexed blo
k.Constru
ting the perfe
t mat
hingM takes time O(jEjpjEj) [10℄. Consideran edge e = [u; v℄ in G. If e is inM then obviously e is not an inter-blo
k edge. Ife is not inM , then after removing the verti
es u and v and their in
ident edges,the mat
hing M be
omes a mat
hing M� of jM j � 2 edges in the remaininggraph G�. Thus, the remaining graph G� has a perfe
t mat
hing if and onlyif there is an augmenting path in G� with respe
t to the mat
hing M�. Sin
etesting the existen
e of an augmenting path 
an be done in linear time [8℄, we
on
lude that we 
an de
ide whether an edge in G is an inter-blo
k edge in timeO(jEj). Therefore, Step 2 of the algorithm DM-De
omposition takes timeO(jEj2), whi
h dominates the 
omplexity of the algorithm. utNow we are ready to des
ribe the main body of our algorithm for the Min-CVCB problem. Let hG; ku; kli be an instan
e of the Min-CVCB problem,6



where G = (U [ L;E) is a bipartite graph with perfe
t mat
hing, and G hasat most 2(ku + kl) verti
es. We �rst apply DM-Theorem that de
omposes thegraph G into blo
ks Bi = (Ui[Li; Ei), su
h that every inter-blo
k edge 
onne
tsa U -vertex in a blo
k of lower index to an L-vertex in a blo
k of higher index.It is easy to see that a minimum vertex 
over of the graph G must be the unionof minimum vertex 
overs of the blo
ks. Sin
e the only two minimum vertex
overs of the blo
k Bi are Ui and Li, the 
onstrained minimum vertex 
over ofthe graph G with at most ku U -verti
es and at most kl L-verti
es must be theunion of properly sele
ted U -parts and L-parts from the blo
ks.The exe
ution of our algorithm is depi
ted by a sear
h tree whose leaves
orrespond to the potential 
onstrained minimum vertex 
overs K of the graphG with at most ku U -verti
es and at most kl L-verti
es. Ea
h internal node ofthe sear
h tree 
orresponds to a bran
h in the sear
hing pro
ess. Let F (ku + kl)be the number of leaves in the sear
h tree for �nding a minimum vertex 
overof at most ku U -verti
es and at most kl L-verti
es in the bipartite graph G. Welist the possible situations in whi
h we bran
h in our sear
h pro
ess.Case 1. A blo
k Bi is a d-blo
k with d � 3.Let Bi = (Ui[Li; Ei). Sin
e the 
onstrained minimum vertex 
over K of thegraph G either 
ontains the entire Ui and is disjoint from Li, or 
ontains theentire Li and is disjoint from Ui, we bran
h in this 
ase by either in
luding theentire Ui in K (and removing Li from the graph) or in
luding the entire Li in K(and removing Ui from the graph). In ea
h 
ase, we add at least 3 verti
es in the
onstrained minimum vertex 
over K. Thus, this bran
h satis�es the re
urren
erelation: F (ku + kl) � 2F (ku + kl � 3) (1)A blo
k sequen
e [B01; : : : ; B0h℄ is a blo
k 
hain if there is an edge from theU -part of B0i to the L-part of B0i+1 for all 1 � i � h� 1. Observe that the 
hainimpli
ation 
an speed up the sear
hing pro
ess signi�
antly. For example, if wein
lude the L-part of the blo
k B01 in the minimum vertex 
over K, then theU -part of B01 must be ex
luded. Sin
e there is an edge in G from the U -partof B01 to the L-part of B02, we must also in
lude the entire L-part of B02 in K,whi
h, in 
onsequen
e, will imply that the L-part of B03 must also be in
luded,and so on. Thus, the L-part of B01 in the minimum vertex 
over K implies thatthe L-parts of all blo
ks in the 
hain must be in K. Similarly, the U -part ofB0h in K implies that the U -parts of all blo
ks in the 
hain must be in K. Thisobservation enables us to handle many 
ases very eÆ
iently.Case 2. A 2-blo
k is an interior blo
k in a blo
k 
hain.Let [B0; B;B00℄ be a blo
k 
hain, where B is a 2-blo
k. Then in
luding theL-part of B in the minimum vertex 
over K for
es at least 3 verti
es in K(the L-parts of B and B00), and ex
luding the L-part of B also for
es at least 3verti
es in K (the U -parts of B and B0). Thus, in this 
ase, the bran
h satis�esthe re
urren
e relation (1).Case 3. The U -parts of three di�erent 2-blo
ks are 
onne
ted to the L-partof the same 1-blo
k, or the U -part of a 1-blo
k is 
onne
ted to the L-parts ofthree di�erent 2-blo
ks. 7



Suppose that the U -parts of the 2-blo
ks B01, B02, and B03 are 
onne
ted tothe L-part of the 1-blo
k B00. Then in
luding the U -part of B00 in the minimumvertex 
over K for
es at least 7 verti
es (the U -parts of all the four blo
ks) inK, and ex
luding the U -part of B00 for
es at least 1 vertex (the L-part of B00) inK. Therefore, the bran
h satis�es the re
urren
e relationF (ku + kl) � F (ku + kl � 7) + F (ku + kl � 1) (2)Similar analysis shows that (2) is also appli
able to the other sub
ase.Case 4. All Cases 1-3 are ex
luded.Be
ause Case 1 is ex
luded, there are only 1-blo
ks and 2-blo
ks. Sin
e Case2 is ex
luded, either the U -part or the L-part of ea
h 2-blo
k is not in
ident onany inter-blo
k edges. Therefore, we 
an re-order the blo
ks as:B01; : : : ; B0x; B0x+1; : : : ; B0y; B0y+1; : : : ; B0z (3)where B01, : : :, B0x are 2-blo
ks whose L-parts are not in
ident on inter-blo
kedges, B0x+1, : : :, B0y are 1-blo
ks, and B0y+1, : : :, B0z are 2-blo
ks whose U -partsare not in
ident on inter-blo
k edges, su
h that every inter-blo
k edge goes fromthe U -part of a lower indexed blo
k to the L-part of a higher indexed blo
k.Note that for any index i, 1 � i � z, the U -parts of B01, : : :, B0i plus the L-partsof B0i+1, : : :, B0z make a minimum vertex 
over for the bipartite graph G. Now to
onstru
t a 
onstrained minimum vertex 
over K of the bipartite graph G withat most ku U -verti
es and at most kl L-verti
es, we have the following situations.If ku + kl > k, where k is the size of a minimum vertex 
over of the graphG, then we 
an pi
k an index i su
h that the U -parts of the blo
ks B01, : : :, B0i
onsist of either ku�1 or ku verti
es (su
h an index always exists sin
e all blo
ksare 1-blo
ks and 2-blo
ks). Now the U -parts of the blo
ks B01, : : :, B0i togetherwith the L-parts of the blo
ks B0i+1, : : :, B0z make a minimum vertex 
over withat most ku U -verti
es and at most k � (ku � 1) � kl L-verti
es.Thus, we 
an assume that ku + kl = k.If 2x � ku � 2x+(y�x), then let i = ku� x. The minimum vertex 
over K
onsisting of the U -parts of B01, : : :, B0i and the L-parts of B0i+1, : : :, B0z 
ontain(i � x) + 2x = ku U -verti
es and k � ku = kl L-verti
es. Thus, K is a desiredminimum vertex 
over satisfying the 
onstraint.If ku < 2x and ku is even, then the U -parts of the �rst ku=2 2-blo
ks plusthe L-parts of the rest of the blo
ks make a desired minimum vertex 
over.Now 
onsider the 
ase ku < 2x and ku is odd. If the graph G has no 1-blo
ks, then obviously there is no minimum vertex 
over with ku U -verti
es andkl L-verti
es. Thus we assume that the graph G has at least one 1-blo
k.It is easy to see that there is a minimum vertex 
over of exa
tly 1 U -verti
esif and only if there is a 1-blo
k whose L-vertex has degree 1, and there is aminimum vertex 
over of exa
tly 3 U -verti
es if and only if there is a 1-blo
kwhose L-vertex is adja
ent to the U -part of at most one 2-blo
k. Thus, we 
anfurther assume ku � 5.Pi
k the 1-blo
k B of the minimum index i in sequen
e (3). Sin
e Case 3 isex
luded, there are at most two 2-blo
ks B0 and B00 with their U -parts adja
ent8



to the L-vertex of B. Note that sin
e Case 2 is ex
luded, no inter-blo
k edges 
anbe in
ident on the L-parts of the blo
ks B0 and B00. Now re-order the sequen
e(3) by removing B, B0, and B00 from the sequen
e then re-inserting B0; B00; Bin the front of the sequen
e. Sin
e the L-parts of B0 and B00 are not adja
entto inter-blo
k edges and inter-blo
k edges from the L-part of B only go to theU -parts of B0 and B00, the new sequen
e still has the property that every inter-blo
k edge links the U -part of a lower indexed blo
k to the L-part of a higherindexed blo
k. Now the U -parts of the blo
ks B0, B00, and B plus the U -partsof the next (ku � 5)=2 2-blo
ks in the new sequen
e and the L-parts of the restof the blo
ks give a minimum vertex 
over for G with ku U -verti
es and kl L-verti
es. In 
ase the L-vertex of B is adja
ent to the U -part of fewer than two2-blo
ks, the desired minimum vertex 
over K 
an be 
onstru
ted similarly.Finally, the 
ase ku > 2x + (y � x) 
an be redu
ed to the previous 
ase byreversing the sequen
e (3), ex
hanging the U -part and L-part of the bipartitegraph G, and ex
hanging the numbers ku and kl.Thus, in Case 4 the Min-CVCB problem 
an be solved in linear time.4 Putting all togetherWe summarize all the dis
ussions in the algorithm given in Figure 2.CVCB-SolverInput: a bipartite graph G = (U [ L;E) and two integers ku and klOutput: a minimum vertex 
over K of G with at most ku U -verti
es andat most kl L-verti
es, or report no su
h a vertex 
over exists1. for ea
h U -vertex u of degree > kl doin
lude u in K and remove u from G; ku = ku � 1;2. for ea
h L-vertex v of degree > ku doin
lude v in K and remove v from G; kl = kl � 1;3. apply GE-Theorem to redu
e the instan
e so that G is a bipartitegraph with perfe
t mat
hing and has at most 2(ku + kl) verti
es;4. apply DM-De
omposition to de
ompose G into blo
ks B1, : : :, Br;5. while one of the Cases 1-3 in se
tion 3 is appli
able, bran
h a

ordingly;6. solve the instan
e for Case 4 in se
tion 3.Fig. 2. The main algorithmSteps 1-2, taking time O(kn), make immediate de
isions on high degree ver-ti
es. If a U -vertex u of degree larger than kl is not in K, then all neighbors of ushould be in K, whi
h would ex
eed the bound kl. Thus, su
h U -verti
es shouldbe automati
ally in
luded. Similar justi�
ation applies to L-verti
es of degreelarger than ku. After Steps 1-2, the degree of the verti
es in the graph is boundedby k0 = maxfku; klg. Sin
e ea
h vertex 
an 
over at most k0 edges, the numberof edges in the resulting graph must be bounded by k0(ku + kl) � (ku + kl)2,otherwise the graph 
annot have a desired minimum vertex 
over.9



Theorem 2 allows us to apply GE-Theorem in Step 3 to further redu
e thebipartite graph G so that G has a perfe
t mat
hing. The running time of thisstep is bounded by O((ku + kl)3). The number of verti
es in the graph G now isbounded by 2(ku + kl).Step 4 applies DM-Theorem to de
ompose the graph G into elementary bi-partite subgraphs. By Lemma 1, this takes time O((ku + kl)4).As we have dis
ussed in Se
tion 3, if any of Cases 1-3 is appli
able, we
an bran
h in our sear
hing pro
ess with the re
urren
e relations (1) and (2).Eventually, we rea
h Case 4 in Se
tion 3, whi
h 
an be solved in linear time.It is easy to verify that F (ku + kl) = 1:26ku+kl satis�es the re
urren
e rela-tions (1) and (2). Thus, the running time of Step 5 in our algorithm is boundedby O(1:26ku+kl(ku + kl)2), where the fa
tor (ku + kl)2 is the size of the graphresulted from Step 4. Using the general te
hnique given in [13℄, we 
an furtherredu
e the time 
omplexity of Step 5 to O(1:26ku+kl). Combining all these, we
on
lude with the following theorem.Theorem 3. The Min-CVCB problem is solvable in time O(1:26ku+kl + kn).5 Con
luding remarksParameterized 
omputation theory has proved very useful in designing pra
ti
alalgorithms in industrial appli
ations, in parti
ular for many NP-hard optimiza-tion problems. In this paper, we have developed a simple and signi�
antly im-proved algorithm for theMin-CVCB problem, whi
h arises from the extensivelystudied fault 
overage problem for re
on�gurable arrays in the area of VLSI man-ufa
turing. Our algorithm is 
on
eptually simple, easy to implement, and ni
ely
ombines 
lassi
al graph stru
tural results with the re
ently developed te
h-niques in parameterized 
omputation. For typi
al appli
ations, our algorithm isfaster than the previous known algorithms by several orders of magnitude.Our improvement is on the redu
tion of the base in the exponential runningtime, whi
h is of great theoreti
al and pra
ti
al importan
e in the study ofNP-hard optimization problems. For example, redu
ing the base by 0:01 in theparameterized vertex 
over algorithm has resulted in upto 60% improvementin the running time for the appli
ation program used in bio
hemistry [5℄. Ouralgorithm redu
es the base by more than 0:14 (from 1:4k to 1:26k) from theprevious known algorithms for the Min-CVCB problem.We point out that our investigation emphasizes on the pra
ti
ality of the al-gorithms, whi
h in
ludes simpli
ity (both 
on
eptual and algorithmi
) and e�e
-tiveness. The running time of our algorithm 
ould be further improved slightly ifwe examine in more depth the 
ombinatorial stru
tures in a 
ase-by-
ase exhaus-tive manner, whi
h is something that we tried to avoid sin
e it would deprive ouralgorithm from its simpli
ity and pra
ti
ality. We might also apply the dynami
programming te
hniques, as illustrated in [3℄, whi
h will improve the algorithmrunning time to O(1:247ku+kl + kn). However, this improvement is at the 
ostof exponential spa
e. 10
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