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List permutation invariant linear codes: Theory and
Applications

Kostis Xenoulis

Abstract—The class of q-ary list permutation invariant linear
codes is introduced in the current work along with probabilistic
arguments that validate their existence when certain conditions
are met. The specific class of codes is characterized by an upper
bound that is tighter than the generalized Shulman-Feder bound
and relies on the distance of the codes’ weight distribution to
the binomial (multinomial respectively) one. The bound applies
to cases where a code from the proposed class is transmitted
over a q-ary output symmetric discrete memoryless channel and
list decoding with fixed list size is performed at the output.
In the binary case, the new upper bounding technique allows
the discovery of list permutation invariant codes whose upper
bound coincides with sphere-packing exponent. Furthermore, the
proposed technique motivates the introduction of a new class of
upper bounds for general q-ary linear codes whose members are
at least as tight as the DS2 bound as well as all its variations for
the discrete channels treated in the current work.

Index Terms—Discrete symmetric channels, double exponen-
tial function, list decoding, permutation invariance, reliability
function.

I. INTRODUCTION

THE development of efficient and simplified bounding
techniques which apply to structured families of codes

constitutes a major research area in the field of coded com-
munications. Their importance lies in their ability to designate
characteristics under which the proposed codes achieve low
error decoding probability with rates close to the capacity
of the considered channels. A vast majority of bounding
techniques have been constructed for structured ensembles of
codes over discrete and continuous channels, as it is reported in
the literature [1]. Their usefulness relies among others on their
ability to apply to specific families as well as to fully random
ensembles of codes. A classical representative of the class of
these techniques, which applies to both categories of codes, is
the generalized second version of the Duman-Salehi bound
(DS2) [2, Section II.B]. For specific codes, many reported
bounds such as Shulman-Feder bound (SF) [3] for discrete
memoryless channels and Divsalar bound [4] for binary input
additive Gaussian channels, consist special cases of the DS2
bound. The latter can be applied to the fully random ensemble
of codes and provide Gallager’s random coding theorem [5].

An interesting class of bounding techniques for the error
decoding probability of specific codes is the one which enjoys
random coding characteristics, such as the SF bound and its
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generalized version, reported in [2, Appendix A]. The latter
relates the coding exponent of nonrandom codes to the expo-
nent deduced from the random coding analysis of Gallager [5].
Specifically, through the construction of an artificial ensemble
of codes from a single block code, the difference between
the error exponent of the specific code and the exponent of
the random coding ensemble under maximum likelihood (ML)
decoding is revealed to be equal to a constant term. This term
depends only on the weight spectrum of the code and its
relation to the binomial (multinomial) distribution and not on
the channel’s characteristics. The importance of the presented
bounds lies on their close similarity to the sphere packing
lower bound [6] on the error decoding probability and its
tightest versions for finite blocklengths, presented in [7] and
[8] respectively.

The purpose of the current work is to provide new tight
upper bounds for the fixed size list error decoding probability,
both in the spirit of the SF bound and its generalized version,
that are able to approach the sphere-packing lower bound.
Exponential error bounds and random coding exponents for
list error decoding with variable list size have been established
in [9] for the class of randomly constructed codes. Similar
results under fixed-size list decoding were presently recently
in [10] for the class of fixed-composition codes. Regarding
specific codes, error performance bounds under fixed-size list-
decoding are provided in [11] and [12]. In [11] the bounds
specialize to linear codes and continuous output channels and
rely on the distances between the codewords on the list. On
the other hand, [12] focuses on the derivation of Gallager-
type bounds both under variable and fixed size list decoding.
The presented bounds are message independent for general-
symmetric channels and apply to both random and structured
linear block codes (or code ensembles).

Regarding the case of (structured) code ensembles, the
bounds presented in the current work are deployed by replac-
ing weighted sums of likelihood ratios in the DS2 technique as
well as in the proof of the random coding theorem by double
exponential functionals. We perform so in order to exploit
the concave behavior of the double exponential function in
the error decoding region of a code under fixed size list
decoding and combine it with the random coding technique.
To proceed further, the class of L-list permutation invariant
linear codes is introduced. It is revealed that every member of
the class enjoys the same list error decoding probability for the
transmission of coded information over discrete memoryless
symmetric channels. The specific approach constitutes a new
design paradigm where the need for bounding techniques, that
lead to tight closed-form upper bounds, enables the definition
of a new class of codes. For a list permutation invariant linear
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code, the proposed bounding technique leads to tight upper
bounds in relation to SF bound and its generalized version
while it still relies on the similarity of the code’s weight
distribution to the binomial one. The analytic construction of
members belonging to the previous class of codes constitutes a
heavy computational process since it relies on the satisfaction
of certain properties of a code’s distance distribution matrix.
Nevertheless, the probabilistic method [13] and specifically
Lovasz’s Local Lemma allows the proof of existence of such
a class of codes and renders them as a useful tool in the
calculation of the reliability function of discrete memoryless
channels for certain coding rates.

The double exponential technique, as described in the
previous paragraph, is relative new and has appeared in [14].
In general, double exponential bounds have appeared in the
analysis of error exponents for channels with feedback, such
as in [15] and references therein, but are not related to the
presented technique. The latter can also be applied to general
q-ary linear codes leading to a tighter version of the DS2
bound. Nevertheless, it violates the need for simplified bounds
since it requires the knowledge of fine details of a code’s
characteristics, such as the full coset weight distribution. The
previous obstacle is circumvented by noting that the key
ingredient of the DS2 bound is a weighted average of the
sum of likelihood ratios of the code’s codewords with respect
to the transmitted one, and that this sum can be replaced
with respective sums of horizontally flip sigmoid functions.
The latter manage to smooth the effect of the erroneous
decoding region in the calculation of the list error decoding
probability and thus achieve a tradeoff between the desirable
characteristics of bounding techniques. Namely, the presented
bounds are tighter than the DS2 bound while their evaluation
does not require any extra knowledge in comparison to the
DS2 bound.

The present paper extends the work in [14] with the in-
troduction of the class of q-ary L-list permutation invariant
linear codes and the analysis of the error performance of
its members under list decoding for transmission over q-
ary discrete symmetric memoryless channels. Towards the
extension of list permutation invariant codes from binary to
q-ary fields and in comparison to [14], a new definition of L-
list permutation invariant codes is provided in order to address
a broader class of candidate codes. Even though the extension
to the general q-ary case is straightforward, the derivation of an
analytic error bound expression is rather complicated. In what
follows, Section II specifies the properties underpinning the
class of L-list permutation invariant linear codes and presents
a relaxed condition under which such codes appear to exist.
Under this condition, subsection II-A validates the existence of
permutation invariant codes and enables the analysis of their
list-error decoding probability, leading to the upper bounds
presented in Sections III and III-A respectively. The class
of permutation invariant codes is utilized in Section IV to
provide the reliability function of binary symmetric channels
for certain coding rates. Finally, a new class of bounding
techniques is presented in Section V for general q-ary linear
codes, while Section VI concludes the analysis by numerically
comparing the developed bounds for the new class of codes.

II. PERMUTATION INVARIANCE

Let the transmission of an arbitrary set of messages M,
with cardinality M , over a discrete memoryless q-ary output
symmetric channel, with the use of an (N,R) linear code C
defined over the finite field Fq , {0, 1, . . . , q−1}. Specifically,
each message m ∈ [0,M − 1] with M = qNR, is encoded
onto an N length codeword cm ∈ FNq of C, where c0 is
the all-zero codeword, and is transmitted over the symmetric
channel described by the transition probability Pr(y|cm),
where y ∈ FNq the N length sequence at the output of the
channel. During the transmission, each symbol of a codeword
remains the same with probability 1 − p, while it is changed
to another of the remaining q − 1 symbols with probability
p/(q − 1). In the analysis that follows, we denote by dmin

the minimum Hamming weight of the linear code C and by
Sl1,...,lq−1

the number of codewords of C having a fixed type
[16, Ch. 11] with li occurrences of symbol i. Furthermore, we
denote the weight distribution of a linear code C over Fq as
the sequence {Sk}Nk=dmin

where

Sk ,
∑

l1+...+lq−1=k

Sl1,...,lq−1
. (1)

The translate set y − C , {y − c, c ∈ C} is called a coset of
the linear code C, while the vector with the smallest Hamming
weight in the aforementioned set is called a coset leader. The
weights of the vectors in the coset y − C define the weight
distribution of the considered coset, while the largest weight
of a coset leader equals the covering radius of C, denoted
by ρ(C). The relative radius of C is defined respectively as
ρr(C) , ρ(C)/N .

Definition 1: The distance distribution matrix Γ of a linear
code C is defined as the K × (N + 1) matrix having as rows
all the possible K different coset weight distributions. The
first row of Γ defines the weight distribution of C, while all
other rows are identified by the weight of the coset leader
(coset weight). If the weight distribution of the coset of the
received vector y belongs to the i-th row of the matrix,
then y has

∑t
k=0 Γi,k codewords within Hamming distance

t. Furthermore, the j-th column of Γ, j ∈ [0, N ], denotes the
number of codewords a vector y of Hamming weight i can
have at exact Hamming distance j.
Considering list decoding is performed at the output of the
channel with list size L, the conditional error decoding prob-
ability given the transmission of message 0 is

PLe|0,C =
∑

y∈YL
0,C

Pr(y|c0, C) (2)

where

YL
0,C ,

{
y ∈ FNq : ∃{li}Li=1

with Pr(y|cli , C) ≥ Pr(y|c0, C), li 6= 0
}
. (3)

Since the channel is memoryless and output symmetric, the
error decoding region YL

0,C is equivalently expressed as

YL
0,C =

{
y ∈ FNq : ∃{li}Li=1

with wt(y − cli) ≤ wt(y), li 6= 0
}

(4)
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where wt(y) denotes the Hamming weight of a q-ary vector
y, with the respective algebra defined over the finite field Fq .
Moreover, if for λ, ρ ≥ 0, we define as in [14]

Ω(y, C, λ, ρ) ,
LρPr(y|c0)

λρ(∑
m6=0 Pr(y|cm)

λ
)ρ (5)

then, for every y ∈ YL
0,C it holds

1 ≤ fde (Ω(y, C, λ, ρ)) , fde(x) , exp (1− exp (x− 1)) (6)

and the error decoding probability PLe|0,C in (2) is upper
bounded for any λ, ρ ≥ 0 as

PLe|0,C ≤
∑

y∈YL
0,C

Pr(y|c0, C)fde(Ω(y, C, λ, ρ)). (7)

It is noted that Ω(y, C, λ, ρ) is exactly the inverse of the
expression used to bound the indicator function φm(y) in [5,
Eqs. (4),(5)]. If we proceed by extending the above sum over
the set FNq , then we cannot easily exploit the concavity of the
double exponential function. Thus we cannot average over the
random ensemble of codes and employ Jensen’s inequality to
produce a random coding exponent. This is due to the fact
that fde(Ω(y, C, λ, ρ)) is concave with respect to Ω(y, C, λ, ρ)
only for y ∈ YL

0,C . To surpass the previous obstacle and take
advantage of the special form of (7), we seek for a family
of linear codes where each code has the same error decoding
region YL

0,C . This motivates us to define the class of L-list
permutation invariant linear codes.

Definition 2: An (N,R) linear code C with distance distri-
bution matrix Γ is called L-list permutation invariant if both
the following properties are satisfied:
L1: there exists a positive integer wopt ∈ [ddmin/2e, N/2)

such that

min
κ∈[1,K]

wopt∑
w=1

Γκ,wopt ≥ L+ 1 (8)

and1

max
κ∈[1,K]

wopt−1∑
w=1

Γk,w ≤ L. (9)

L2: For all κ ∈ [1,K] there exists a wLκ > wopt such that
Γκ,wopt+1 = . . . = Γκ,wLκ−1 = 0 and Γκ,wLκ ≥ L+ 1.

In case L = 1, we call the specific code ML permutation
invariant.

Example 1: As an example, we consider the ternary [13, 7, 5]
quadratic-residue code of [17] with distance distribution matrix
depicted in Table I. If we select wopt = ddmin/2e = 3,
then for L = 1, property L1 is satisfied, since the sum of
the columns before the 3-rd one is lower than or equal to
1. Furthermore, property L2 is also satisfied since for every
row, in columns 4 and 5 there is an element greater than 2.
Consequently, the specific code is ML permutation invariant.
With similar arguments, selecting wopt = 4 let us deduce that
the specific code is also 6-list or 7-list or 8-list or 9-list or
10-list permutation invariant.

1Relation maxκ∈[1,K],w<wopt Γk,w ≤ L was used in [14, Def. 2] instead
of (9).

TABLE I
DISTANCE DISTRIBUTION MATRIX Γ OF THE TERNARY [13, 7, 5]

QUADRATIC-RESIDUE CODE OF [17, TABLE I]

0 1 2 3 4 5 6 7 8
1 78 182 286 390

1 15 57 167 295 432
1 4 11 54 164 304 435
1 2 16 57 146 319 429
1 2 14 64 144 296 469
1 2 14 62 151 294 446

5 15 50 163 294 446
4 16 56 154 288 461
3 20 55 138 311 463
2 23 54 131 328 438
4 18 51 149 313 444
4 16 58 147 290 484

Remark 1: Property L1 in fact guarantees that if a vector
y of Hamming weight wopt ≥ ddmin/2e, which causes an
L-list decoding error, is permuted then the permuted vector
still causes an L-list decoding error. Namely, consider a
vector y of weight wopt that has Γκ,wopt 6= 0 codewords at
exact Hamming distance wopt. Then, y will have

∑wopt
w=1 Γκ,w

codewords within distance wopt. Consider now a permuted
vector y′ of y and suppose that it has Γκ′,wopt 6= 0 codewords
at exact distance wopt where κ′ 6= κ. Then according to (8),
the permuted vector of y will still have

∑wopt
w=1 Γκ′,w ≥ L+ 1

codewords within Hamming distance L. Furthermore, the
specific property in (9) guarantees that all vectors of Hamming
weight lower than wopt do not cause an L-list decoding error.
Regarding property L2, the latter ensures that all vectors y of
Hamming weight greater than wopt do cause an error. Indeed,
under the validity of (8), in every row of the matrix Γ, every
sum of the elements of the respective row up to w for every
w > wopt will be greater than L+ 1.
As in [14], from an L-list permutation invariant linear code
C we create an ensemble of linear codes E by considering
all possible position permutation codes PC. A PC code is
constructed by multiplying every codeword of C with a N×N
position permutation matrix P which has a single 1 in every
row and column and is orthogonal, PPT = PTP = I , where
I is the N×N identity matrix and PT the transpose matrix of
P . The permutation ensemble E is utilized in order to prove the
following property for an L-list permutation invariant linear
code.

Lemma 1: For an (N,R) linear code C that is L-list
permutation invariant, all codes in the position permutation
ensemble E have the same error decoding region YL0 .

Proof: The proof of the lemma follows the same line
as in the proof of [14, Lemma 1]. In particular, suppose
that in the original L-list permutation invariant code C the
received vector is y ∈ YL0,C where the weight distribution of
the unique coset y − C is {Γν,w}Nw=0. Due to the restriction
imposed by condition L1, it must be wt(y) ≥ wopt. Indeed,
if wt(y) < wopt, then according to (9) y will have at most
L − 1 codewords, not including the all zeros codeword c0,
within Hamming distance wt(y). Thus this y will not cause a
list decoding error.
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Let such a received vector y ∈ YL0,C with wt(y) = wopt.
Then y has

∑wopt
k=1 Γν,k − 1 ≥ L codeword(s), different from

c0, within Hamming distance wopt. Let, for any permutation
matrix P , the corresponding permuted vector PTy of y ∈
YL0,C . Vector PTy is also of weight wopt while the weight
distribution of coset PTy−C is denoted by {Γξ,w}Nw=0, where
ξ does not necessarily equal ν. Since L is selected as the
minimum sum over all rows of Γ up to the wopt-th column
minus 1 and

∑wopt−1
w=1 Γκ,w ≤ L for all κ ∈ [1,K] (property

L1), vector PTy also has L codewords {cli}Li=1 of C, apart
from the all-zeros codeword c0, within distance wt(y) = wopt,
i.e. wt

(
PTy − cli

)
≤ wt(y), i ∈ [1, L]. Thus PTy ∈ YL0,C .

Moreover, according to the previous inequality it is noted

wt(y) ≥ wt
(
PTy − cli

)
= wt

(
P
(
PTy − cli

))
= wt (y − Pcli) . (10)

The inequality presented in (10) indicates that y also has L
codewords {cli}Li=1, apart from c0, of the permuted code PC
within distance wt(y). Hence, y ∈ YL0,C causes a list decoding
error in PC.

Suppose now that y ∈ YL0,C with weight wt(y) = wLν ∈
(wopt, w

L
κ ], for some ν ∈ [1,K], and consider the weight

distribution of the corresponding coset y−C, {Γν,w}Nw=0. For
any permutation matrix P , the weight distribution of coset
PTy − C is denoted by {Γξ,w}Nw=0, where again ξ is not
necessarily equal to ν. Then, due to property L2, vector PTy
has Γξ,wLξ −1 ≥ L codewords of C, apart from c0, at Hamming
distance wLξ ≤ wLν . Equality holds in the latter relation in case
cosets y−C and PTy−C have the same weight distribution.
Consequently, PTy ∈ YL0,C , while the weight transformation
(10) guarantees that vector y also causes a list decoding error
in the permuted code PC. Finally, in all other cases where
y ∈ YL0,C and wt(y) > wLκ for all κ ∈ [1,K], vector PTy

always has minκ∈[1,K]

∑wLκ
w=1 Γκ,w − 1 ≥ L codewords of C

within distance wt(y) and thus PTy ∈ YL0,C .
The specific property stated in Lemma 1 constitutes the main
reason for defining the class of L-list permutation invariant
codes. In particular, taking the average of both sides of (7) over
the permutation ensemble E we manage to change the order
of summation with respect to YL

0,C and E . Since the double
exponential function is concave over the subset YL

0,C , we are
able to provide an analytic tight bound for the specific codes,
as shown in Section III. An easy to track set of necessary
conditions for the definition of L-list permutation invariant
linear codes is provided next according to the following
lemma.

Lemma 2: Let for a non-negative integer t < N/2 −
ddmin/2e and a positive integer s all of the following con-
ditions be valid for a linear code C:

i) every vector y ∈ FNq of weight ddmin/2e+ t has at least
L+ 1 codewords of C within distance ddmin/2e+ t.

ii) every vector y ∈ FNq of weight w < ddmin/2e+ t has at
most L codewords of C within distance w.

iii) each vector y ∈ FNq of weight at most ρ(C) has at least
L+ 1 codewords of C within distance ddmin/2e+ t+ s.

Then C is L-list permutation invariant.

Proof: If according to Definition 2 we select wopt =
ddmin/2e + t, then due to the first statement of the current
lemma, according to which every vector y has at least L+ 1
codewords within distance ddmin/2e + t, property L1 of
Definition 2 will be satisfied. This is due to the fact that the
minimum of the elements of the (ddmin/2e + t)-th column
of the distance distribution matrix Γ will be at least L + 1.
Moreover, according to the second statement, the sum of all
rows of Γ up to the (ddmin/2e+ t)-th column, will be at most
L. Furthermore, if the third statement of the lemma is satisfied,
then for every row (coset weight distribution) of Γ there exists
a column s positions right to the (ddmin/2e+ t)-th one, such
that each vector y with weight up to the covering radius ρ(C)
has at least L+1 codewords within distance ddmin/2e+ t+s.
Consequently, property L2 of Definition 2 is also satisfied.

Remark 2: For t = 0 the second statement of Lemma 2 is
trivial, since all vectors y with weight w < ddmin/2e have
only the zero codeword within distance w. This is the case
employed in the analysis next. Specifically, if for t = 0 the
fixed list size L satisfies

L > S1, S1 ,
ρ(C)+ddmin/2e+s∑

k=dmin

Sk (11)

where terms Sk are provided by (1), then C is L-list per-
mutation invariant. Indeed, according to the first statement of
Lemma 2, a codeword c∗, apart from the all-zeros one c0,
which is at Hamming distance at most ddmin/2e from a vector
y of Hamming weight wt(y) = ddmin/2e, should satisfy

wt(c∗) ≤ 2ddmin/2e.

The previous statement follows due to the previous assump-
tions and the Hamming distance inequality according to which

wt(c∗)− wt(y) ≤ ddmin/2e.

Therefore, if we set

S2 ,
2ddmin/2e∑
k=dmin

Sk (12)

then every vector y of weight ddmin/2e enjoys at most S2
codewords within distance ddmin/2e. With similar arguments,
one can deduce that the Hamming weight of each codeword
c∗ satisfying the third statement of Lemma 2 is constrained to

wt(c∗) ≤ ρ(C) + ddmin/2e+ s.

Thus the maximum number of codewords a vector y of weight
ρ(C) has within distance ddmin/2e + s is S1. Since ρ(C) ≥
ddmin/2e [18], it holds S2 < S1 and consequently the validity
of (11) confirms the L-list permutation invariance property of
the linear code C.

A. Existence of L-list permutation invariant linear codes

The construction of general L-list permutation invariant
linear codes appears to be a rather difficult process, since it
requires the analytic calculation of the distance distribution
matrix Γ of the code. In what follows, with the aid of Lemma
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2 and for t = 0, we investigate the conditions under which
such codes appear to exist.

Theorem 1: Let an (N,R) linear code C satisfy for some
positive integer s

min
{
S1q−N(1−Hq(δ′)−Hq(ρr(C))),S2(q − 1)Nδ·

q−N(1−2Hq(δ))
}

(L− 1)e < 1 (13)

where δ = ddmin/2e/N , δ′ = (ddmin/2e + s)/N and S1
defined in (11). If L ∈ [2,S1] and 1/2 > max{ρr(C), δ′}, then
with positive probability C is L-list permutation invariant.

Proof: Consider an (N,R) random linear code C over
the field Fq constructed by choosing NR linearly independent
vectors of length N over Fq . Let B(y, r) denote the Hamming
ball with center y and radius r, i.e. B(y, r) = {y′ ∈ FNq :
wt(y−y′) ≤ r} with volume Vol(B(y, r)). If Hq(p) denotes
the entropy function Hq(p) , −p logq p− (1−p) logq(1−p),
then the volume of the considered Hamming ball is upper
bounded as

Vol(B(y, ddmin/2e)) ≤ qNHq(δ). (14)

Let the following parametrized events, where the all-zeros
codeword c0 is excluded:

Al =
{
∃ y ∈ FNq , {c∗i }li=1 \ c0 : {c∗i }li=1 fall in a Hamming

ball B(y, ddmin/2e) with wt(y) = ddmin/2e
}

Bl =
{
∃ y ∈ FNq , {c∗i }li=1 \ c0 : {c∗i }li=1 fall in a Hamming

ball B(y, ddmin/2e+ s) where wt(y) ≤ ρ(C)
}
.

We are interested in upper bounding the following series of
probabilities Pr(Al,Bl) for every l ∈ [2, L], where events
Al,Bl are not necessarily disjoint. It is easily deduced that
Pr(Al,Bl) is a decreasing function with respect to l so that we
concentrate on upper bounding Pr(A2,B2). Due to inequality

Pr(A2,B2) ≤ min {Pr(A2),Pr(B2)} (15)

we examine separately the probabilities on the right hand side
of the previous inequality. In what follows, we make use of
the following argument stated in [19] and in the proof of
[20, Theorem 5.6]. Namely, every set of L distinct non-zero
messages in F kq contains a subset of at least ` = dlogq(L)e
messages which are linearly independent over Fq . It is easily
verified that such linearly independent `-tuples are mapped to
` mutually independent codewords by a random linear code.

For the event A2, the respective probability is upper
bounded by the probability there exists a y ∈ FNq with
Hamming weight wt(y) = ddmin/2e having ` = dlogq 2e = 1
codeword c∗1 out of at most S2 codewords within Hamming
distance ddmin/2e, according to Remark 2. The latter proba-
bility is upper bounded according to (14) and the union bound

as

Pr(A2)≤ S2
∑

y∈FNq
wt(y)=d dmin

2 e

Vol(B(y, ddmin/2e)
qN

≤ S2
(

N

ddmin

2 e

)
(q − 1)

d dmin
2 e qNHq(δ)

qN

≤ S2(q − 1)
Nδ
q−N(1−2Hq(δ)) (16)

where we have made use of the following relation(
n

k

)
≤ qnHq( kn ).

In a similar manner, the investigated probability of the event
B2 is upper bounded as

Pr(B2)≤ S1
∑

y:wt(y)≤ρ(C)

(
N

wt(y)

)
(q − 1)wt(y) q

NHq(δ
′)

qN

≤ S1q−N(1−Hq(δ′)−Hq(ρr(C)) (17)

where the above sum with respect to wt(y) equals the volume
of a Hamming ball with center the all-zero codeword c0 and
radius ρ(C). It is reminded that ρr(C) is the relative covering
radius of the C. Combing (15)-(17) we have

Pr(A2,B2) ≤ min
{
S1q−N(1−Hq(δ′)−Hq(ρr(C)),

S2(q − 1)Nδq−N(1−2Hq(δ))
}
. (18)

It is noted that each event Al ∩ Bl, l ∈ [2, L] depends on at
most L−1 others, while the probability of each event is upper
bounded by the right hand side of (18). Then according to the
symmetric case of Lovasz Local Lemma [13, Corollary 5.1.2],
if (13) is satisfied, then with positive probability, none of the
events Al ∩Bl, l ∈ [2, L] are valid, and thus the statements of
Lemma 2 when t = 0 are satisfied.
The range of linear codes which satisfy (13) is mainly con-
strained by the employment of (15) and the use of Lemma 2
for t = 0. The latter provide only sufficient conditions for a
linear code to be permutation invariant. Moreover, the proof of
non-trivial existence results for t > 0 requires the development
of new bounds in the spirit of [19]. The latter relate the number
of codewords of a linear code that fall in a Hamming ball with
regard to the ball’s radius.

Remark 3: If a linear code C is 2-list permutation invari-
ant, then it is also ML permutation invariant according to
Definition 2. Thus, one can prove the existence of an ML
permutation invariant code just by validating (13) for a code
C with L = 2.

Remark 4: The positive integer constant s incorporated in
(13) through δ′ affects the rate of the code C for which the
latter is L-list permutation invariant. Indeed, since S1,S2 <
M = qNR, the sufficient condition (13) of Theorem 1 can be
replaced by the most stringent inequality

min
{

(q − 1)Nδq−N(1−2Hq(δ)−R),

q−N(1−Hq(δ′)−Hq(ρr(C))−R)
}

(L− 1)e < 1. (19)
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Furthermore, if C is binary (q = 2), then (19) reduces to

2−N(1−2H2(δ)−R)(L− 1)e < 1 (20)

since 1/2 > min{ρr(C), δ′} ≥ δ under the assumption of
Theorem 1. It is worth mentioning that for large N (20) is
approximated for finite L by

R < R∗ , 1− 2H2(δ).

Rate R∗ is compared next with the capacity of the binary
symmetric channel C = 1−H2(p), where p denotes the error
transition probability of the channel. One can easily prove by
simple differentiation that H2(λx) − λH2(x), λ < 1/x, is
an increasing function with respect to x when λ < 1 and a
decreasing one when λ > 1. If H2(p) < H2(2δ) or p < 2δ
then R∗ < C since H2(2δ) < 2H2(δ).

Remark 5: For finite list size L and infinite blocklength
N , one can still apply Lovasz Local Lemma since the latter
applies to a finite number of events Al ∩ Bl, l ≤ L. This is
not the case when list size L → ∞, and thus the number M
of messages is infinite, since one has to employ arguments
different from this of compactness2, to prove the existence of
an L-list permutation invariant linear code. Nevertheless, the
previous case deserves further investigation since according
to the discussion in [19, Subsection II.B] and the references
therein, transmission rates very close to the capacity 1−Hq(p)
of discrete memoryless symmetric channels can be treated, in
case L is very large.

III. ERROR PROBABILITY ANALYSIS

Due to the channel symmetry, the average error list decoding
probability PLe with constant list size L of any linear code
C, over the set of messages M equals PLe|0 [12, Appendix
A]. Furthermore, for each code in the constructed permutation
ensemble E , message 0 is encoded onto the all zero-codeword
c0 so that Pr(y|c0, C) = Pr(y|c0) is valid for all C ∈ E .
Taking the mean value over the ensemble E on both sides
of (7) and utilizing the error decoding invariance principle of
Lemma 1 we have

PLe ≤ min
λ,ρ≥0

∑
y∈YL0

Pr(y|c0)E [fde(ΩL(y, C, λ, ρ))] . (21)

Due to the concavity of the double exponential function fde(·)
over y ∈ YL0 where Ω(y, C, λ, ρ) ≤ 1, application of Jensen’s
inequality leads to

PLe ≤ min
λ,ρ≥0

∑
y∈YL0

Pr(y|c0)fde (E [ΩL(y, C, λ, ρ)]) . (22)

Applying again Jensen’s inequality to the convex function
1/xρ, ρ ≥ 0 of ΩL(y, C, λ, ρ) in (5) gives the following upper
bound for PLe :

PLe ≤ min
λ,ρ≥0

∑
y∈FNq

Pr(y|c0)·

fde

 LρPr(y|c0)
λρ(∑

m 6=0E
[
Pr(y|cm, C)λ

])ρ
 . (23)

2The compactness argument is utilized successfully in the proof of [13,
Theorem 5.2.2]

The mean value appearing in the denominator of the double
exponent in (23) is with respect to all possible permutations
of the original code C. We extend here the bound of [14] to
the case where an (N,R) L-list permutation invariant linear
code C defined on the field Fq is transmitted over a discrete
memoryless q-ary output symmetric channel.

Lemma 3: The mean value in the denominator of fde(x) in
(23) is upper bounded for all ρ′ ≥ 0 as:(

E
[
Pr (y|cm, C)λ

])ρ
≤ (M − 1)ρ

′P

 N∑
l=0

∑
l1+...+lq−1=l

bl1,...,lq−1

(
vl1,...,lq−1

bl1,...,lq−1

)Q
ρ′P
Q

·

·

q−N ∑
x∈FNq

Pr (y|x)
1

1+ρ′

ρ′

(24)

after setting λ = 1/(1 + ρ′)P and ρ = ρ′P , where

bl1,...,lq−1
,

(
N

l1,...,lq−1

)
qN

,

vl1,...,lq−1
,

{
0 li = 0, ∀i ∈ [1, q − 1]
Sl1,...,lq−1

M−1 otherwise

P,Q ≥ 1,
1

P
+

1

Q
= 1. (25)

The proof of the lemma above is provided in Appendix A. The
numerator in bl1,...,lq−1

is the multinomial coefficient. We next
apply Lemma 3 to the right hand side of (23) in order to obtain
the following analytic expression for the upper bound of an
L-list permutation invariant code. The proof of the theorem is
given in Appendix B.

Theorem 2: Consider the transmission of an arbitrary set
of messages M over a q-ary symmetric channel with the use
of an (N,R) L-list permutation invariant linear code C with
M = qNR, defined over the finite field Fq . Then the average
L-list error decoding probability, over all messages inM, PLe
of C is upper bounded as

PLe ≤ min
ρ′≥0,P≥1

N∑
l=0

(
N

l

)
(1− p)N−lpl·

fde

((
L

M − 1

)ρ′P
αp,q(l, N, ρ

′)

FC(P )
ρ′
βp,q(N, ρ′)

)
(26)

where

αp,q(l, N, ρ
′),

[
(1− p)N−l

(
p

q − 1

)l] ρ′
1+ρ′

βp,q(N, ρ
′) ,

[
1

q
(1− p) 1

1+ρ′ +
q − 1

q

(
p

q − 1

) 1
1+ρ′

]ρ′N
(27)

and

FC(P ) , N∑
l=0

∑
l1+...+lq−1=l

bl1,...,lq−1

(
vl1,...,lq−1

bl1,...,lq−1

) P
P−1

P−1

. (28)
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Remark 6: Parameter P in Theorem 2 is noted to control the
effect of the distance between the code’s weight distribution
and this of a fully random block code. Each term of the
weight distribution of the latter code equals the multinomial
coefficient. For q = 2 the bound of Theorem 2 reduces to the
bound [14, Theorem 1, eq.(13)].

Remark 7: The analysis provided in the proofs of Lemma
3 and Theorem 2 can be used in order to expand the general-
ization of the Shulman-Feder bound provided in [2, Appendix
A] to the non-binary case.

Remark 8: If the fixed list size L is selected so that L ≤
Sl∗0 ,l∗1 ,...,l∗q−1

,{
l∗0, l
∗
1, . . . , l

∗
q−1
}
, arg max

l0,...,lq−1

vl1,...,lq−1

bl1,...,lq−1

. (29)

then the optimum value of P in the bound (26) of Theorem
2, as well as in the analysis of [2, Appendix A] which leads
to the generalized form of Shulman-Feder bound, is Popt = 1.
Then, we have

FC , lim
P→1+

FC(P ) = max
l0,...,lq−1

vl1,...,lq−1

bl1,...,lq−1

. (30)

In the sequel, we consider the limiting case P → 1+, since it
simplifies the analysis.

Remark 9: Suppose that for very large N , there exists an
(N,R) binary linear code C that is L-list permutation invariant.
Then, C cannot be fully random, i.e. the distance spectrum
equals the binomial distribution. Otherwise we could apply
inequality exp(1 − exp(x − 1)) ≤ 1/x to the right hand
side of (26) of Theorem 2 for transmission over a binary
symmetric channel and get an upper bound over the list error
decoding probability that is tighter than the lower bound on
the respective error probability provided in [6].

A. Refinement of the bound of Theorem 2

The effectiveness of the bound in (26) for an L-list permu-
tation invariant linear code C is mainly affected by its weight
distribution and the relation of the latter to the multinomial
distribution. Indeed, the larger term FC in the denominator of
the double exponent of (26) is, the looser the specific bound of
Theorem 2 becomes for the output symmetric discrete mem-
oryless channels. At least numerically, the proposed bound is
noted to be loose for binary linear codes which contain the
all ’1’ codeword (there exists a codeword in which exactly
one symbol from Fq \ {0} is repeated N times). This also
appears to be the reason Shulman-Feder bound is loose for
some codes.

A linear code C will not contain a codeword in which
exactly one symbol from Fq \ {0} is repeated N times if and
only if there does not exist a row in the parity check matrix
of C which sums up to zero modulo q, where |Fq| = q. In
case C is binary, the previous statement is equivalent to the
nonexistence of a row in the corresponding parity check matrix
with an even number of ones. In what follows, we utilize
Gallager’s first bounding technique in order to provide a tight
bound for the presented class of codes, which enjoy at least
one codeword of Hamming weight N . We consider an L-list
permutation invariant linear code C that satisfies the conditions

of Lemma 2 for a non-negative integer t < N/2 − ddmin/2e
and a positive constant s such that s+ t < N/2− ddmin/2e.
If we set

Cb , {c ∈ C : ∃ k ∈ Fq \ {0}, ci = k ∀i ∈ [1, N ]} (31)

the error decoding region Y L0,C defined in (3) is equivalently
expressed as the union of the following set

Y L0,Cb
= {y ∈ FNq : ∃{li}Li=1, with some cli ∈ Cb such that

Pr(y|cli , C) ≥ Pr(y|c0, C), li 6= 0} (32)

and its complement Ŷ L0,Cb
, where every c /∈ Cb. Consider a

y ∈ Y L0,Cb
so that there exists a c ∈ Cb with ci = k,∀i ∈ [1, N ]

satisfying according to (4)

wt(y − c) ≤ wt(y). (33)

If we define

tk(y) , |{i : yi = k}| (34)

then for the considered y ∈ Y L0,Cb
and the specific codeword

c where ci = k it holds according to (33)

q−1∑
l=0

tl(y)− tk(y) ≤
q−1∑
l=1

tl(y)⇔ t0(y) ≤ tk(y) (35)

where it is noted
q−1∑
l=0

tl(y) = N,

q−1∑
l=1

tl(y) = wt(y). (36)

In the special case of F2 = {0, 1}, it holds

t0(y) = N − wt(y), t1(y) = wt(y)

and (35) gets the form

N

2
≤ wt(y).

Under the previous analysis and notations, the subset defined
in (32) is equivalently expressed as

Y L0,Cb
= {y ∈ FNq : ∃{li}Li=1 Pr(y|cli , C) ≥ Pr(y|c0, C),
li 6= 0 and t0(y) ≤ tk(y) for some k ∈ Fq \ {0}}. (37)

Then the error probability PLe is upper bounded as

PLe ≤ Pr(y ∈ Ŷ L0,Cb
|c0) + Pr

(
q−1⋃
k=1

{t0(y) ≤ tk(y)}
∣∣∣c0) (38)

where for y ∈ Ŷ L0,Cb
, t0(y) > tk(y),∀k ∈ Fq \{0}. Due to the

memoryless nature of the treated channels, the second term of
the sum in the right hand side of (38) satisfies

Pr

(
q−1⋃
k=1

{t0(y) ≤ tk(y)}
∣∣∣c0) =

q−1∑
k=1

Pr (t0(y) ≤ tk(y)|c0)

=

q−1∑
k=1

N/2∑
l0=0

∑
∑q−1
i=1 li=N−l0
lk≥l0

(
N

l1, . . . , lq−1

) q−1∏
i=0

Pr(i|0)li (39)
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where li stands for the number of times symbol i appears in
sequence y. Under the assumption that the discrete memory-
less channels are symmetric, the innermost sum in the right
hand side of (39) equals

(1− p)l0
(

p

q − 1

)N−l0 ∑
∑q−1
i=1 li=N−l0
lk≥l0

(
N

l1, . . . , lk, . . . , lq−1

)
.

Due to counting arguments it holds for every k ≥ 1

Pr(t0(y) ≤ tk(y)) = Pr(t0(y) ≤ t1(y)).

Thus (39) gets the form

Pr

(
q−1⋃
k=1

{t0(y) ≤ tk(y)}
∣∣∣c0) = (q − 1)

N/2∑
l0=0

(1− p)l0 ·

(
p

q − 1

)N−l0 ∑
∑q−2
i=1 li=N−l0
l1≥l0

(
N

l1, . . . , lq−1

)

or equivalently

Pr

(
q−1⋃
k=1

{t0(y) ≤ tk(y)}
∣∣∣c0) = (q − 1)

N/2∑
l0=0

Ûl0(1− p)l0 ·

(
p

q − 1

)N−l0
, where

Ûl0 ,

{ (
N
l0

)
, q = 2∑

l1≥l0
(
N
l0,l1

)
(q − 2)N−l0−l1 , q > 2

. (40)

Regarding the first term of the sum in the right hand side
of (38), the event y ∈ Ŷ L0,Cb

is equivalent to the statement
that none of the codewords, that cause a list decoding error
when y is the received sequence at the output of the channel,
belong to the set Cb, defined in (31). Excluding set Cb from
the codewords that may cause a list decoding error does
not alter the L-list permutation invariance property of the
considered code C. Thus one can directly apply Lemma 1 and
the bounding technique that leads to Theorem 2 to the first
term of the sum in the right hand side of (38).

Indeed, consider a vector y of Hamming weight w ∈
[wopt, N/2) and let all codewords c such that wt(y − c) =
wt(y) = w (i.e. we examine the particular column w of
the code’s distance distribution matrix Γ). Suppose also there
exists a c∗ ∈ Cb such that wt(y−c∗) = wt(y) or equivalently
there exists a k ∈ Fq \ {0} where according to (34) and (36)
it holds

t0(y) = tk(y) with t0(y) = N − wt(y),

tk(y) = wt(y)−
q−1∑
l=1
l 6=k

tl(y)

or equivalently

wt(y) =
N

2
+

1

2

q−1∑
l=1
l 6=k

tl(y).

Under our initial assumption wt(y) < N/2, the relation above
and the set definition of Y L0,Cb

in (37) we deduce that there
cannot exist a codeword c∗ ∈ Cb such that y ∈ Y L0,Cb

.
Thus the exclusion of the set Cb from the error decoding
region Y L0 does not alter the first N/2 − 1 columns of the
distance distribution matrix Γ. Consequently, C is still an L-
list permutation invariant code. Indeed the first two conditions
of Lemma 4 are satisfied, and this is also the case with the
third one, since we have assumed s < N/2 − ddmin/2e. In
accordance with Theorem 2 the following lemma holds true.

Lemma 4: Under the same assumptions of Theorem 2, the
average L-list error decoding probability, over all messages
in M, PLe of an L-list permutation invariant linear code C,
that satisfies conditions of Lemma 2 for a non-negative integer
t < N/2−ddmin/2e and a positive constant s such that s+t <
N/2− ddmin/2e, is upper bounded as

PLe ≤ min
ρ′≥0

N∑
l=0

(
N

l

)
(1− p)N−lpl·

fde

((
L

M − 1

)ρ′
αp,q(l, N, ρ

′)

F̂ρ′C βp,q(N, ρ′)

)
+

N/2∑
l0=0

Ûl0(1− p)l0
(

p

q − 1

)N−l0
(41)

where functions αp,q, βp,q are defined in (27), Ûl0 is defined
in (40) and

F̂C , max
l0,...,lq−1

li<N,∀i∈[1,q−1]

vl1,...,lq−1

bl1,...,lq−1

. (42)

Remark 10: The symmetric channel behavior encountered
in the bounds of the current section is captured by the
generic notions of symmetry in [12] and [21]. In order to
apply the double exponential technique to such symmetric
channels, code structures different from the Hamming distance
distribution matrix of Definition 1 have to be considered, while
artificial ensembles, possibly different from the permutation
one, must be constructed. On the other hand the new bounds
cannot be directly applied to non-symmetric channels. The
lack of channel symmetry, as defined in the current work,
prevents from treating only the transmission of the all-zeros
codeword c0 in the calculation of the error decoding prob-
ability. Furthermore, the permutation invariance property as
described in Lemma 1, is not necessarily preserved. Thus for
the transmission of each message, we have to consider the
largest error decoding region within the class of permuted
codes for the specific message, in order to apply the double
exponential technique. The latter method is expected to lead
to a loss of performance in the deduced error bounds.

IV. ON THE RELIABILITY FUNCTION OF BINARY
MEMORYLESS SYMMETRIC CHANNELS

Through the application of inequality fde(x) ≤ 1/x to the
right hand side of (26), the list error decoding probability of
an L-list permutation invariant linear code C satisfies for any
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ρ ≥ 0

PLe ≤ exp
(
−N max

ρ≥0

{
Eo(ρ, q)−

ρ
(
R− lnL

N + lnFC
N

) })
(43)

where

Eo(ρ, q) = ρ ln q − (1 + ρ) ln

[
(q − 1)

(
p

q − 1

) 1
1+ρ

+

(1− p) 1
1+ρ

]
. (44)

The domain of parameter ρ in (43) motivates the quest for
specific cases under which the previous bound approaches
from above and for very large block length N the sphere
packing lower bound [6] on list decoding error probability for
discrete memoryless symmetric channels. The latter bound is
expressed as

PLe ≥ exp
{
−N

[
Eo(ρ∗, q)−

ρ∗
(
R− lnL

N −O1(N)
)

+O2(N)
]}

(45)

where ρ∗ is the optimum ρ ≥ 0 that maximizes the exponent
in the right hand side of (45) and

O1(N) =
ln 8

N
+
q lnN

N
, O2(N) =

√
8

N
ln

e√
pmin

+
ln 8

N
.

Term pmin expresses the minimum transmission probability of
a symbol. For the q-ary symmetric channel it holds pmin =
p/(q − 1).

Under the scope of (43) and (45) and the restriction that
the fixed list size L remains finite according to Remark 5,
we are interested in investigating the existence of (N,R) L-
list permutation invariant linear codes for which FC in (30) is
lnFC = o(N), where o(N)/N approaches 0 as N becomes
large. In this way, we are able to provide the reliability
function of discrete memoryless symmetric channels for these
rates under which Theorem 1 is valid. In the current work,
we restrict3 to binary codes. Mimicking the arguments of
[22, Section II], we construct a random ensemble of (N,R)
binary linear codes by selecting independently, with the same
probability each of the N bits of the NR lines of the generator
matrix. In what follows, we denote by D(ξ1||ξ2) the Kullback-
Leibler distance

D(ξ1||ξ2) , ξ1 log2

ξ1
ξ2

+ (1− ξ1) log2

1− ξ1
1− ξ2

(46)

while a(N)
.
= b(N) is used to denote the asymptotic expo-

nential equivalence of terms a(N), b(N) with respect to N ,
as this is defined in [22, Section II.A]. The weight distribution
SξN of an (N,R) typical binary linear block code from the

3The main reason for not addressing non-binary codes in the current section
is the fact that for very large blocklengths N , one can only show code
existence results with characteristics similar to these stated in (47). Thus
a non-binary L-list permutation invariant linear code does not necessarily
possess a normal-like weight distribution for very large N .

linear code ensemble satisfies for very large N and for every
ε > 0

SξN

{
.
= 2

N
(
R−D

(
ξ|| 12

))
,
∣∣ 1
2 − ξ

∣∣ ≤ 1
2 − ξ′(R)− ε

= 0,
∣∣ 1
2 − ξ

∣∣ ≥ 1
2 − ξ′(R) + ε

(47)

where ξ′(R) is the minimum distance of the code4 provided
by the solution of

D(ξ|| 12 )−R = 0 (48)

with respect to ξ. Nonbinary linear codes with weight distribu-
tion characteristics similar to these of (47) also appear in [23,
Section 4]. Furthermore, the probability of an (N,R) random
linear code C over F2 with FN being exponential large of
order O(N) is upper bounded as

Pr
(
FC ≥ eO(N)

)
≤

Pr

(
∃ ξ : SξN ≥ 2

N
(
R−D

(
ξ|| 12

)
+O(1)

))
. (49)

The above relation is easily deduced with the aid of definitions
in (25) and (30) respectively, if we employ the following
relations for very large N

Pr
(
FC ≥ eO(N)

)
=

Pr

(
max

0<l≤N
Sl(
N
l

) ≥ 2−N (2NR − 1)eO(N)

)
≤

Pr

(
∃ ξ : SξN ≥

(
N

ξN

)
2N(R+O(1)−1)

)
and (

N

ξN

)
≥ 2NH(ξ)−o(N), D

(
ξ
∣∣∣∣1

2

)
= 1−H2(ξ).

Combining (47) with (49), it is concluded that for very large
N the probability in the right hand side of (49) approaches 0
and thus a typical linear code C from the random linear code
ensemble has lnFC .

= o(N). With the aid of (47) and Theorem
1, we examine the existence of codes from the linear code
ensemble that are L-list permutation invariant. In particular,
in the asymptotic blocklength regime, parameters S1 and S2
defined in (11) and (12) respectively satisfy in accordance with
(47) for finite values of parameter s > 0,

S1 .
= 2

N

(
R−D

(
ξ′(R)

2 +ρr(C)
∣∣∣∣ 1

2

))
, S2 = 1. (50)

Replacing (50) in Theorem 1, the sufficient condition (13)
for the L-list permutation invariance property of a linear code
satisfies equivalently

min

{
2
−N

[
1−H2

(
ξ′(R)

2

)
−H2(ρr(C))+D

(
ξ′(R)

2 +ρr(C)
∣∣∣∣ 1

2

)
−R
]
,

2
−N

[
1−2H2

(
ξ′(R)

2

)]}
<

1

(L− 1)e
. (51)

4In the asymptotic blocklength regime, linear codes C with rate R and
relative minimum distance ξ′(R) < 1/2 for which (48) is not valid do not
exist.
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It is noted that the necessary condition L < S1 of Theorem
1, which enables the application of Lovasz Local Lemma
to the finite case, is satisfied since we consider finite list
sizes L, while S1 is exponentially large according to (50).
Consequently, (51) is expressed with the aid of relation
D(x||1/2) = 1−H2(x) as

max
{
D
(
ξ′(R)

2

∣∣∣∣ 1
2

)
+D

(
ξ′(R)

2 + ρr(C)
∣∣∣∣ 1

2

)
−

H2 (ρr(C))−R, 1− 2H2

(
ξ′(R)

2

)}
> 0. (52)

Proposition 1: For all code rates R and relative covering
radius ρr(C) under which (52) is valid, the reliability function
of binary memoryless symmetric channels is provided by
sphere-packing exponent

E(R) , sup
ρ≥0

(Eo(ρ, 2)− ρR)

where Eo(ρ, 2) is given by (44).
The calculation of the relative covering radius ρr(C) of a linear
code C in the asymptotic blocklength regime is difficult and
thus we resort to bounds that provide sufficient conditions
under which (52) is valid. As an example, we consider the
redundancy bound of [24, Proposition 2] for a binary linear
code C according to which ρr(C) ≤ 1 − R. The Kullback-
Leibler distance D(ξ|| 12 ) in (46) as well as −H(ξ) are
decreasing with respect to ξ ≤ 1

2 . Thus, in case

ξ′(R)

2
+ 1−R ≤ 1

2
or R ≥ 1 + ξ′(R)

2
(53)

we have
ξ′(R)

2
+ ρr(C) ≤

1

2

and consequently (52) holds true for code rates R for which
the following function5

f(R) , max
{
D
(
ξ′(R)

2

∣∣∣∣ 1
2

)
+D

(
R− ξ′(R)

2

∣∣∣∣ 1
2

)
−

H2 (R)−R, 1− 2H2

(
ξ′(R)

2

)}
(54)

is strictly positive. The specific function is illustrated in Fig.
1 for those code rates R which satisfy (53). Namely, for
R ≥ 0.5475, f(R) is strictly positive and monotonically
increasing. Therefore, for all code rates R ≥ 0.5475 there
exists a respective L-list permutation invariant binary linear
code, whose error decoding probability coincides with sphere-
packing lower bound. The previous rate region does not nec-
essarily coincide with the critical region [25, eq. (5.6.30)] for
which the reliability function of the binary symmetric channel
is known. For example, let the binary symmetric channel with
error transition probability p = 0.005. Then, the reliability
function of the channel equals supρ∈[0,1] (Eo(ρ, 2)− ρR) for
all rates R ∈ [Rc(5× 10−3), 1−H2(5× 10−3)], where Rc(p)
is the critical rate of the channel given as

2Rc(p) , 1− log2

(√
1− p+

√
p
)

+
√

1− p log2(1− p) +
√
p log2(p)

2
(√

1− p+
√
p
) . (55)

5In the binary case, D(x||1/2) and H2(x) are symmetric around 1/2.
Thus D(1− x||1/2) = D(x||1/2) and H2(1− x) = H2(x).

0.55 0.6 0.65 0.7 0.75 0.8 0.85

0.5

0.6

0.7

0.8

code rate R

f(
R
)

Fig. 1. Examination of the positiveness of f(R) in (54) for code rates R
which satisfy (53).

Proposition 1 extends the previous region to [0.5475, 1 −
H2(5× 10−3)] since Rc(5× 10−3) = 0.648437.

The proof of existence of L-list permutation invariant linear
codes of finite blocklength N with error decoding proba-
bility close to improved sphere packing bounds of [7] and
[8] deserves further investigation as it requires an analytic
construction process. In general, the proposed bound (43) is
able to approach the sphere-packing bound (45) since the
optimization parameter ρ, that controls the magnitude of the
sum of likelihood ratios 1/Ω(y, C, λ, ρ) for a vector y, is
not constrained to [0, 1]. To achieve this, special structure
is imposed on the examined codes as well as the artificially
constructed ensembles, so that Lemma 1 becomes valid and
parameter lnFC in (28) is of order o(N). One can argue that
the double exponential function substitutes ρ in mitigating the
effect of large values in E[1/Ω(y, C, λ, ρ)] and thus ρ can be
greater than 1.

V. COMPARISONS WITH PREVIOUS BOUNDS: A NEW
CLASS OF BOUNDING TECHNIQUES

The bounding technique which is presented in Section II and
leads to bound (7) can be applied to general linear codes with
no particular restrictions, such as list permutation invariance.
The resulting bound appears to be tighter than the DS2 bound
for list decoding, but its computability comes at the extra cost
of requiring in-depth knowledge of the code’s characteristics.
Indeed, if we extend the sum in (7) over the set FNq , the
average list error decoding probability of the linear code C
over the set of messages M is upper bounded as

PLe|0 ≤ min
λ,ρ≥0

∑
y∈FNq

Pr(y|c0)·

fde

 Lρ Pr(y|c0)λρ(∑
m6=0 Pr(y|cm)λ

)ρ
 . (56)
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PLe|0 ≤ min
λ≥0,ρ∈[0,1]
g0(y):{0,1}→R

1

Lρ
((1− p)g0(0) + pg0(1))

N(1−ρ)
(

N∑
d=dmin

Sd

(
(1− p)g0(0)1−

1
ρ + pg0(1)1−

1
ρ

)N−d
(

d∑
r=0

(
d

r

)(
(1− p)g0(0)1−

1
ρ

)d−r (
pg0(1)1−

1
ρ

)r
fde

((
p

1− p

)λ(2r−d))))ρ
. (63)

Since the treated channels are memoryless and symmetric, we
have in line to the proof of Theorem 2

Pr(y|c0)λρ(∑
m6=0 Pr(y|cm)λ

)ρ =

∑
m6=0

(
p

(q − 1)(1− p)

)λ(wt(y−cm)−wt(y))
−ρ . (57)

Furthermore, for a fixed y ∈ FNq , sequence {wt(y−cm)}M−1m=0

equals the weight distribution of the coset that y belongs to,
and is given by the i(y)-th row of matrix Γ according to
Definition 1. Thus the right hand side of (57) equals(

N∑
l=0

Γi(y),l

(
p

(q − 1)(1− p)

)λ(l−wt(y))
)−ρ

. (58)

If for each row i of the coset weight distribution matrix Γ we
group together those vectors y ∈ FNq of the same weight w
and denote their number by Γ

(w)
i,l , the upper bound of (56) on

PLe|0 is expressed due to (57)-(58) and the reasoning that leads
to (88) in Appendix B as

PLe|0≤ min
λ,ρ≥0

K∑
i=1

N∑
w=0

Γ
(w)
i,l (1− p)N−w

(
p

q − 1

)w
·

fde

( 1

L

N∑
l=0

Γi,l

(
p

(q − 1)(1− p)

)λ(l−w)
)−ρ . (59)

The DS2 bounding technique for discrete memoryless chan-
nels can be applied to the right hand side of (56) and thus lead
to a bound similar to (59), which is tighter than the classical
DS2 bound for list decoding. Nevertheless, its calculation
requires details (sequences Γi,l and Γ

(w)
i,l ) about the structure

of the linear code C, which are finer than these required for
the exact calculation of error decoding probability. The above
discussion identifies the difficulties in the exploration of new
efficient bounding techniques, which provide bounds tighter
than the ones mentioned in the literature [1].

Identifying the order of summation in (56) with respect
to y ∈ FNq and m ∈ [1,M − 1] as the main reason that
leads to the extremely complicated bound (59), we are able to
circumvent the previous difficulties and provide a new tight
bound. Thus, instead of following the analysis of (3)-(6), we
note from (3) that for λ, ρ ≥ 0

if y ∈ YL
0,C , 1 ≤

 1

L

∑
m 6=0

fde

((
Pr(y|c0)

Pr(y|cm)

)λ)ρ

. (60)

If we combine (60) with (2), we get the following bound on
the error decoding probability for the specific linear code C

PLe|0 ≤ min
λ,ρ≥0

∑
y∈FNq

Pr(y|c0)·

 1

L

∑
m 6=0

fde

((
Pr(y|c0)

Pr(y|cm)

)λ)ρ

(61)

where the sum with respect to y is expanded from YL
0,C to

FNq . It is noted here that a direct comparison between (61)
and the bound of (7) with the sum extended over FNq is
not straightforward. Applying the DS2 bounding technique [2,
Sec. II.B] to the right hand side of (61) under the assumption
ρ ≤ 1, we get for a non-negative un-normalized tilting measure
G0(y)

PLe|0 ≤ min
λ≥0
ρ∈[0,1]

1

Lρ

 ∑
y∈FNq

G0(y) Pr(y|c0)

1−ρ∑
m6=0

∑
y∈FNq

Pr(y|c0)G0(y)1−
1
ρ fde

((
Pr(y|c0)

Pr(y|cm)

)λ))ρ
. (62)

Due to inequality fde(x) ≤ 1/x, it follows that the right hand
side of (62) is tighter than the classical DS2 bound and all
its modifications related to Shulman-Feder bound, as reported
in [26] and [12]. In what follows we provide an expression
for the tight bound of (62) in the case of binary memoryless
output symmetric channels with F2 = {0, 1}, and G0(y) =∏N
i=1 g0(yi) for a positive function g0(y) : {0, 1} → R. The

general alphabet case is more complicated and is provided in
Appendix C. The analysis for binary input ternary output has
recently appeared in [27].

Theorem 3: Consider the transmission of a set of messages
M with cardinality M with the use of an (N,R) binary
linear block code C over a binary symmetric channel with
error transition probability p. If the weight distribution of C
is provided by the sequence {Sd}Nd=dmin

where dmin is the
minimum distance of the code, then the average list decoding
error probability over M is upper bounded as shown by (63)
at the top of the current page.

Proof: The base of the first term of the product in the right
hand side of (62), which is raised to the 1−ρ power, depends
only on the transmitted codeword c0 and equals according to
the assumptions of the theorem

∑
y∈FNq

G0(y) Pr(y|c0) =

N∑
i=1

∑
yi∈Fq

N∏
i=1

g0(yi) Pr(yi|0) =
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N∏
i=1

∑
yi∈Fq

g0(yi) Pr(yi|0) =

∑
y∈Fq

g0(y) Pr(y|0)

N

= ((1− p)g0(0) + pg0(1))
N
. (64)

For the second term of the product in the right hand side
of (62), we treat each term of the sum with respect to m
separately. Specifically, consider a specific codeword cm of C
with Hamming weight d and let the subsets Im0 and Im1 consist
of the positions in the sequence cm where symbols 0 and 1
appear respectively, so that |Im0 | = N−d and |Im1 | = d. Then,
the double exponent in the right hand side of (62) satisfies(

Pr(y|c0)

Pr(y|cm)

)λ
=
∏
i∈Im1

(
Pr(yi|0)

Pr(yi|1)

)λ
(65)

and is independent of the positions i ∈ Im0 . Thus, we have∑
y∈FNq

Pr(y|c0)G0(y)1−
1
ρ fde

((
Pr(y|c0)

Pr(y|cm)

)λ)
=

∑
i∈Im0

∑
yi∈Fq

∏
i∈Im0

Pr(yi|0)g0(yi)
1− 1

ρ

∑
i∈Im1

∑
yi∈Fq

∏
i∈Im1

Pr(yi|0)g0(yi)
1− 1

ρ fde

∏
i∈Im1

(
Pr(yi|0)

Pr(yi|1)

)λ . (66)

The first product in the right hand side of (66) satisfies∑
y∈Fq

Pr(y|0)g0(y)1−
1
ρ

N−d

=

(
(1− p)g0(0)1−

1
ρ + pg0(1)1−

1
ρ

)N−d
. (67)

For the second term of the product in the right hand side of
(66) consider a specific value of the subsequence {yi}i∈Im1
which consists of r symbols 1 and d− r symbols 0. For this
value, the respective summand in the examined term of the
product amounts to(

Pr(0|0)g0(0)1−
1
ρ

)d−r (
Pr(1|0)g0(1)1−

1
ρ

)r
·

fde

((
Pr(0|0)

Pr(0|1)

)λ(d−r)(
Pr(1|0)

Pr(1|1)

)λr)
=
(
pg0(0)1−

1
ρ

)r
·

(
(1− p)g0(0)1−

1
ρ

)d−r
fde

((
p

q − 1

)2λr−λd)
. (68)

Since the right hand side of (68) is noted to depend only
the Hamming weight r of the subsequence {yi}i∈Im1 ,

(
d
r

)
subsequences contribute in the manner of (68) in the sum of
the second term of the product in (66) and thus the latter sum
equals

d∑
r=0

(
d

r

)(
(1− p)g0(0)1−

1
ρ

)d−r (
pg0(0)1−

1
ρ

)r
fde

((
p

q − 1

)2λr−λd)
. (69)

The proof of the theorem is now complete if in (62) we
substitute (64) as well as the result of the combination of
(69) with (67) along with the note that the product of these
two terms is related to the codeword cm only through it’s
Hamming weight d.

Remark 11: If we apply inequality fde(x) ≤ 1/x to the right
hand side of (63), then one gets the DS2 bound for the binary
symmetric channel. Indeed, if we set

γC1 (ρ) ,
1

Lρ
((1− p)g0(0) + pg0(1))

N(1−ρ)

γC2 (ρ, d) ,
(

(1− p)g0(0)1−
1
ρ + pg0(1)1−

1
ρ

)N−d
then we have

PLe|0 ≤ γC1 (ρ)

(
N∑

d=dmin

Sdγ
C
2 (ρ, d)pλd(1− p)λd

(
d∑
r=0

(
d

r

)
·

(
(1− p)1−2λg0(0)1−

1
ρ

)d−r (
p1−2λg0(1)1−

1
ρ

)r ))ρ
=

γ1(ρ)

(
N∑

d=dmin

Sdγ
C
2 (ρ, d)pλd(1− p)λd·

(
(1− p)1−2λg0(0)1−

1
ρ + p1−2λg0(1)1−

1
ρ

)d)ρ
=

γC1 (ρ)

(
N∑

d=dmin

Sdγ
C
2 (ρ, d)·

(
pλ(1− p)1−λg0(0)1−

1
ρ + p1−λ(1− p)λg0(1)1−

1
ρ

)d)ρ
.

Remark 12: Due to concavity of xρ, ρ ∈ [0, 1], the bound
of Theorem 3 can be applied to random ensembles of codes,
where the average weight distribution is easier to calculate
than in the stand-alone case.

Remark 13: Comparing the double exponential function
fde(x) with f1(x) , 1/x for x > 0, as illustrated in Fig. 2,
fde(x) is noted to mitigate the effect of codewords cm in the
sum (60) for which the likelihood ratio Pr(y|c0)/Pr(y|cm) <
1 (wt(y − c)− wt(y) < 0 respectively) for a given y ∈ FNq .
The question whether a horizontally flip sigmoid function dif-
ferent from the double exponential function and strictly lower
than or equal to f1(x) can be employed in the DS2 bounding
technique naturally arises. Sigmoid functions interpreted as
cumulative distribution functions of continuous probability
functions appear to be good candidates. In the sequel we
consider the normalized horizontally flip sigmoid

f2(x) ,
erfc

(
0.5ex−1

)
erfc(0.5)

(70)

depicted in Fig. 2, where

erfc(x) = 1−
√

2

π

∫ √2x

0

e−
z2

2 dz.

The scaling factor 0.5 is selected so that f2(x) is as close as
possible to f1(x) in the region close to 1. We refer to the upper
bound (63) where fde(x) is replaced by f2(x) as (63)-erfc. It
is noted that f2(x) is slightly larger than f1(x) in the region
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Fig. 2. Horizontally flip sigmoid functions fde(x) and f2(x) ,
erfc(0.5 exp(x − 1))/ erfc(0.5) used to replace f1(x) , x−1, x > 0 in
the classical DS2 bound.

around 1 and lower than f1(x) and fde(x) in the complement
of the previous region.

Remark 14: Any horizontally flip sigmoid function s(x)
with behavior similar to those of Fig. 2 constitutes an upper
bound to the following version of the unit step function
u(x) = 1, x ∈ [0, 1], u(x) = 0, x > 1. Even though u(x)
appears as the tightest s(x) one can employ to replace f1(x)
in the DS2 bounding technique, nevertheless it fails to provide
analytic bound expressions. Furthermore, any smooth s(x)
with (1− s(x))(1− x) ≤ 0, x ≥ 0 and s(x) ≤ 1/x provably
approximates the probability of the error decoding region in a
manner more efficient than f1(x).
According to Remarks 12 and 14, we are able to apply the
DS2 bounding technique to the random ensemble of codes [5]
as in [2], with f1(x) replaced by any s(x) that satisfies the
properties of the previous remark.

Proposition 2: The average probability of error P e over the
ensemble of random codes and over all messages is upper
bounded for every function s(x) : [0,∞) → [0,∞), (1 −
s(x))(1− x) ≤ 0 as

P e ≤ min
λ≥0
ρ∈[0,1]

Mρ
∑
y

(∑
x

qN (x) Pr(y|x)

)
·

(∑
x′

qN (x′)s

(
Pr(y|x)λ

Pr(y|x′)λ
))ρ

(71)

where qN (xm) denotes the probability distribution with which
we map a message m to a codeword xm in the code ensemble.
The un-normalized tilting distribution GmN (y) that minimizes
the random coding version of the DS2 bound, in analogy to
[2, eq.(10)], and leads to (71) is given by

GmN (y) =

(∑
x′

qN (x′)s

(
Pr(y|xm)λ

Pr(y|x′)λ
))ρ

. (72)

Gallager’s random coding theorem results now as a special
case of (71) if we select s(x) = 1/x and set λ = 1/(1 + ρ).
The quest for proper forms of functions s(x) which are able to

provide tight bounds in the finite blocklength regime (for the
average code the random coding bound is tight [28]) requires
further analysis.

Remark 15: The previous analysis can be applied in order
to derive upper bounds on the bit error decoding probability of
q-ary linear systematic codes. In particular, for a binary linear
systematic code C, as stated in [1, Section 4.8], the upper
bound (63) of Theorem 3 can be used as an upper bound
to the bit error decoding probability of C with the weight
distribution sequence {Sd}Nd=dmin

replaced by the input-output
weight enumeration sequence {S′d}Nd=dmin

where

S′d =

NR∑
w=1

w

NR
S′w,d

and S′w,d designates the number of codewords of C with
information weight w and Hamming weight d.

VI. APPLICATIONS

In the current section, we consider the transmission of the
binary Reed-Muller RM(2, 5) code over a discrete memoryless
binary symmetric channel with error transition probability p
as well as the transmission of the ternary [13, 7, 5] quadratic
residue (QR) [17] over a discrete memoryless 3-ary symmetric
channel, with error transition probability p/2. At the output
of the considered channels, we perform list decoding under
fixed list sizes L1 and L2 respectively. With the aid of the
distance distribution matrices illustrated in [18, Table 11.4]
and Table I, the latter list size values are constrained to the
following sets L1 ∈ L1 = {5, 16} and L2 ∈ L2 = {1, 6}
so that the considered RM and QR codes are L1-list and
L2-list permutation invariant respectively. Under the previous
communication setups, we calculate the upper bounds on
list decoding error probability of Theorem 2, Lemma 4 and
Theorem 3. For ease of analysis we allow P → 1 and
utilize accordingly the terms FC and F̂C defined in (28) and
(42) respectively. We next compare the previous bounds with
the list decoding version of the DS2 bound as well as the
generalized version of Shulman-Feder (GSF) bound. The latter
gets the following form [2, eq. (A17)] for P → 1

Pe ≤ min
ρ∈[0,1]

(
(M − 1)F̂C

)ρ
qρN

·∑
y

(∑
x

Pr(y|x)
1

1+ρ

)1+ρ
N

. (73)

It is noted that both codes satisfy the conditions of Lemma
4 regarding the treated list sizes. Indeed, the RM(2, 5) code,
in case of L1 = 5 satisfies Lemma 4 for (t, s) = (0, 4) and
the same is valid in case of L1 = 16 for (t, s) = (2, 2).
In addition, the QR code for L2 = 1 satisfies Lemma 4 for
(t, s) = (0, 1), while the same holds true for L2 = 5 under
(t, s) = (1, 1). The numerical optimization of all bounds was
performed6 with the aid of “SciPy” package in Python.

6Due to the nonlinear behavior of the examined bounds with respect to
the parameters under optimization, the minimization process is repeated with
different initial values and the minimum is taken.
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Initially we consider the case of the RM(2, 5) code and
evaluate numerically the bounds (26), (41) and (63) along with
the DS2 bound presented in the equation of Remark 11 and
the GSF bound of (73) for fixed list sizes L1 ∈ L1. Results
are depicted in Figs. 3a, 3b for the two cases of fixed lists
size L1 = 5 and L1 = 16 respectively in relation with error
transition p of the binary symmetric channel. For L1 = 5,
bound (63) of Theorem 3 is the tightest one, while the bound
(41) of Lemma 4 is close to the optimized version of the DS2
bound with respect to parameters λ, ρ, g0, g1. For L1 = 16,
there exists a region of error tradition probabilities where the
bound of Lemma 4 is the tightest one. For both list sizes, the
bound of Theorem 2 is noted to be loose. This is due to the
fact that FC ' 65537. This appears to be the case also for the
QR code where F̂C ' 729.

Next we treat the case where the [13, 7, 5] Quadratic Residue
QR code is transmitted over a 3-ary symmetric channel with
error transition probability p/2. For the general q-ary case, the
average list decoding error probability is proved in Appendix
C to satisfy

PLe|0 ≤ min
λ≥0
ρ∈[0,1]

1

Lρ

∑
y∈Fq

Pr(y|0)g0(y)

N(1−ρ)

·

 N∑
l=dmin

∑
y∈Fq

Pr(y|0)g0(y)1−
1
ρ

N−l

·

∑
l1+...+lq−1=l

Sl1,...,lqf3

(
λ, ρ, {li}q−1i=1

)ρ

. (74)

Function f3 is defined in (106) and satisfies for the specific
channel,

f3(λ, ρ, {li}2i=1) =
∑∑(

l1
|Y0,Im1 |, |Y1,Im1 |

)
·(

l2
|Y0,Im2 |, |Y2,Im2 |

)
f1(λ, ρ, {|Y0,Imj |}

2
j=1, {|Yj,Imj |}

2
j=1)·

f2(ρ, {li}2i=1, {|Yj,Imj |}
2
j=1, {|Y0,Imj |}

2
j=1). (75)

The first sum is with respect to all possible values of
|Y0,Im1 |, |Y1,Im1 | and |Y2,Im1 | that sum up to l1 while the second
sum is with respect to all |Y0,Im2 |, |Y1,Im2 | and |Y2,Im2 | that sum
up to l2 respectively. Furthermore, functions f1, f2, defined in
(103) and (105) respectively, satisfy for the specific channel

f1(λ, ρ, {|Yj,Imj |}
2
i=1, {|Y0,Imj |}

2
i=1) =

(p
2
g0(1)

)|Y1,Im1
|
·(p

2
g0(2)

)|Y2,Im2
|
((1− p)g0(0)1−

1
ρ )
|Y0,Im1

|+|Y0,Im2
|·

fde

( p

2(1− p)

)λ(|Y1,Im1
|−|Y0,Im1

|+|Y2,Im2
|−|Y0,Im2

|
)

and

f2(ρ, {li}2i=1, {|Yj,Imj |}
2
i=1, {|Y0,Imj |}

2
i=1) =(p

2
g0(1)1−

1
ρ

)X1
(p

2
g0(2)1−

1
ρ

)X2

where X1 = l1 − |Y1,Im1 | − |Y0,Im1 | and X2 = l2 − |Y2,Im2 | −
|Y0,Im2 |.

Numerical results of the optimized bounds with respect to
the free parameters are presented in Figs. 4a and 4b for the
permutation invariant list size cases L2 = 1 and L2 = 6
respectively. In both figures, the generalized SF bound is not
depicted since it is very close to 1. This is also the case
with the bound (26) of Theorem 2 when L2 = 1. Numerical
imprecisions during the numerical minimization process are
responsible for the non-monotonic behavior of the curve of
Theorem 3 in Fig. 4b as well as the curly curve of the
optimized DS2 bound in Fig. 4a.

Finally, we study the difference between the bound in
(63) and the bound in (63) when the double exponential is
replaced with the horizontally flip sigmoid function in (70).
We consider again the transmission of the RM(2, 5) over a
binary symmetric channel with error transition probability p
under list decoding with fixed list size L = 1. The difference is
illustrated in Fig. 5 to be extremely small. Thus there appears
to be no loss in the analysis if we employ a horizontally flip
sigmoid function s(x), different from the double exponential
function fde(x), which is not necessarily strictly lower than
f1(x) = 1/x. The previous observation can appear useful
in the extension of the current analysis to continuous output
channels.
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Ratio between the bounds (63) and (63)-erfc

Fig. 5. Ratio between the bounds (63) and (63)-erfc in log log scale for
the transmission of the RM(2, 5) code over a binary symmetric channel with
error transition probability p. List decoding is performed at the output of the
symmetric channel with fixed list size L = 1.

VII. SUMMARY

In the current work, the class of L-list permutation invariant
q-ary linear codes is introduced along with a new technique
to upper bound their error decoding probability under list
decoding. The existence of codes belonging to the defined
class is confirmed with the aid of probabilistic arguments,
when specific conditions regarding their rate, weight distribu-
tion and covering radius are met. Considering a q-ary discrete
memoryless output symmetric channel as the transmission
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(a) L1 = 5
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(b) L1 = 16

Fig. 3. Comparison of the upper bounds (26) of Theorem 2, (41) of Lemma 4 and (63) of Theorem 3 along with the DS2 bound of Remark 11 and generalized
Shulman-Feder bound (73) for the transmission of the RM(2, 5) code over a binary symmetric channel with error transition probability p. List decoding is
performed at the output of the symmetric channel with fixed list size L1.
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(b) L2 = 6

Fig. 4. Comparison of the upper bounds (26) of Theorem 2, (41) of Lemma 4 and (63) of Theorem 3 along with the DS2 bound of Remark 11 and generalized
Shulman-Feder bound (73) for the transmission of the [13, 7, 5] Quadratic Residue (QR) code over a 3-ary symmetric channel with error transition probability
p/2. List decoding is performed at the output of the symmetric channel with fixed list size L2. For the case L2 = 1, bound (26) of Theorem 2 and the
generalized Shulman-Feder bound of (73) are very close to 1 and thus not illustrated in Fig. 4a. For L2 = 6, the generalized Shulman-Feder bound of (73)
is close to 1 and thus not depicted in Fig. 4b.

medium, the new bound for the specific class of codes is
proved to be tighter than the generalized version of Shulman-
Feder bound and relies on the same parameters. A refined ver-
sion of the new bound is also presented employing Gallager’s
first bounding technique and separating the error decoding
region according to the Hamming weight of the received
sequences. Furthermore, the structure of the bound along with
the previous existence results provide the reliability function
of the treated channels for certain coding rates. The extension
of these coding rates to the whole rate region below the cutoff
rate of the discrete symmetric channels consists an interesting
research goal.

Under proper modifications, a new class of bounding tech-

niques is also derived. The latter class applies to all q-ary linear
codes while all its members, characterized by horizontally flip
sigmoid functions, improve the DS2 bound as well as all its
variations for discrete channels. Moreover, the calculation of
the new bounds require exactly the same code information
necessary for the calculation of the DS2 bound. The random
coding versions of the members of the new class appear to
extend the random coding theorem presented by Gallager.
Nevertheless, the derivation of analytic expressions for the
respective random coding bounds appears rather difficult and
requires the analysis of certain properties underpinning the
employed horizontally flip sigmoid functions.

The extension of the proposed approach to non-symmetric
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channels is not straightforward. In particular, the error de-
coding probability is no longer the same for every message
and thus the bounds cannot be calculated for linear codes of
high dimension. In addition, the existence of a permutation
invariance property for non-symmetric channels appears rather
infeasible.
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APPENDIX A
PROOF OF LEMMA 3

Consider a codeword cm of C of Hamming weight l and
let l0, l1, . . . , lq−1 denote the number of times the symbols
0, 1, . . . , q − 1 appear in cm respectively. It holds l1 + . . . +
lq−1 = l and l0 + l1 + . . . + lq−1 = N . Then, the possible
number of permutations of cm is given by(

N

l1

)
·
(
N − l1
l2

)
· . . . ·

(
N − l1 − l2 − . . .− lq−2

lq−1

)
=

N !

l0!l1! . . . lq−1!
=

(
N

l1, . . . , lq−1

)
(76)

which is exactly the multinomial coefficient. Consequently, the
mean value in the left hand side of (24) is expressed as

E
[
Pr (y|cm, C)λ

]
=

1(
N

l1,...,lq−1

) (Nl1)∑
j1=1

(N−l1l2
)∑

j2=1

. . .

(N−l1−...−lq−2
lq−1

)∑
jq−1=1

Pr
(
y|εj1,...,jq−1

)λ
= E

[
Pr
(
y|εl1,...,lq−1

)λ]
(77)

where εl1,...,lq−1 is a vector of Hamming weight l consisting of
l1, . . . , lq−1 symbols 1, . . . , q − 1 respectively, and εj1,...,jq−1

a permutation of εl1,...,lq−1 . It holds∑
m 6=0

E
[
Pr (y|cm, C)λ

]ρ

=

 N∑
l=0

l1+...+lq−1=l

Sl1,...,lq−1E
[
Pr
(
y|εl1,...,lq−1

)λ]

ρ

(78)

where Sl1,...,lq−1 is the number of codewords of C consisting
of l1, . . . , lq−1 1, . . . , q − 1 symbols respectively. Due to the
definitions in (25), relation (78) is equivalently expressed as

(M − 1)
ρ

 N∑
l=0

l1+...+lq−1=l

bl1,...,lq−1

(
vl1,...,lq−1

bl1,...,lq−1

)
·

E
[
Pr
(
y|εl1,...,lq−1

)λ]

ρ

. (79)

Since
N∑
l=0

∑
l1+...+lq−1=l

bl1,...,lq−1
= 1 (80)

application of the following variant of Hölder’s inequality

∑
i

Piαiβi ≤
(∑

i

Piα
Q
i

) 1
Q
(∑

i

Piβ
P
i

) 1
P

P,Q ≥ 0,
1

Q
+

1

P
= 1,

∑
i

Pi = 1, αi, βi ≥ 0 (81)

to (79) leads to the following upper bound

(M − 1)
ρ

 N∑
l=0

l1+...+lq−1=l

bl1,...,lq−1

(
vl1,...,lq−1

bl1...,lq−1

)Q
ρ
Q

·

 N∑
l=0

l1+...+lq−1=l

bl1,...,lq−1E
[
Pr
(
y|εl1,...,lq−1

)λ]P


ρ
P

. (82)

For the third term of the product in (82) it holds through (77),
the definition of bl1,...,lq−1 in (25) and application of Jensen’s
inequality to the mean value for P ≥ 1 N∑

l=0
l1+...+lq−1=l

bl1,...,lq−1
E
[
Pr
(
y|εl1,...,lq−1

)λP ]


ρ
P

=

 N∑
l=0

l1+...+lq−1=l

(Nl1)∑
j1=0

. . .

(N−...−lq−2
lq−1

)∑
jq−1=0

Pr
(
y|εj1,...,jq−1

)λP
qN


ρ
P

=

q−N ∑
x∈FNq

Pr (y|x)
λP


ρ
P

. (83)

If in (82) and (83) we set λ = 1/(1 + ρ′)P and ρ = ρ′P with
ρ′ ≥ 0, then the claim of the lemma is established.

APPENDIX B
PROOF OF THEOREM 2

Since the channel is memoryless we have ∑
x∈FNq

Pr(y|x)
1

1+ρ′

ρ′

=

 ∑
x1∈Fq

Pr(y1|x1)
1

1+ρ′

ρ′

· . . . ·

 ∑
xN∈Fq

Pr(yN |xN )
1

1+ρ′

ρ′

(84)

while for every yi, due to the channel’s symmetry, it holds ∑
xi∈Fq

Pr(yi|xi)
1

1+ρ′

ρ′

=

[
p̂

1
1+ρ′ + (q − 1)p̂

1
1+ρ′
q

]ρ′
(85)
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where p̂ = 1−p and p̂q = p/(q−1). Thus from (84) and (85) ∑
x∈FNq

Pr(y|x)
1

1+ρ′

ρ′

=

[
p̂

1
1+ρ′ + (q − 1)p̂

1
1+ρ′
q

]Nρ′
. (86)

Moreover, due to the memoryless nature of the channel it holds

Pr(y|c0) =

N∏
i=1

Pr(yi|0) = p̂N−wt(y)p̂wt(y)q . (87)

If we substitute (86) to (24) of Lemma 3 and apply the result
along with (87) to the sum in (23), we deduce that each y of
Hamming weight l contributes to the previous sum with the
term

fde

 qNρ
′
Lρ
′P

(M − 1)ρ′P

[
p̂N−lp̂lq

] ρ′
1+ρ′

FC(P )
ρ′
[
p̂

1
1+ρ′ + (q − 1)p̂

1
1+ρ′
q

]ρ′N
 (88)

where, under the relation 1/P + 1/Q = 1 of (25), FC(P ) is
given by (28). Since the number of vectors y with Hamming
weight l consisting of li symbols i ∈ [1, q− 1] is provided by
the multinomial coefficient(

N

l1, . . . , lq−1

)
(89)

where it is noted∑
l1+...+lq−1=l

(
N

l1, . . . , lq−1

)
=

(
N

l

)
(q − 1)l (90)

the upper bound in (23) is expressed with the aid of (88)-(90)
as

PLe ≤
N∑
l=0

(
N

l

)
p̂N−lplfde

 qNρ
′
Lρ
′P

(M − 1)ρ′P
·

[
p̂N−lp̂lq

] ρ′
1+ρ′

FC(P )
ρ′
[
p̂

1
1+ρ′ + (q − 1)p̂

1
1+ρ′
q

]ρ′N
 . (91)

We next proceed to optimize the upper bound of (91) under
the assumptions L < Sl∗0 ,...,l∗q−1

and (29) of Remark 8 by
minimizing the corresponding function

g(P ) , P ln
M − 1

L
+ lnFC(P ) (92)

with respect to P ≥ 1. To simplify the analysis, we consider
without loss of generality the binary alphabet case F2 = {0, 1}
so that g(P ) gets the form

g(P ) = P ln
M − 1

L
+ (P − 1) ln

N∑
l=0

bl

(
vl
bl

) P
P−1

. (93)

The sign of the second derivative of g(P ) in (93) is determined
by the sign of the following term(

N∑
l=0

bl

(
vl
bl

) P
P−1

(
ln
vl
bl

)2
)(

N∑
l=0

bl

(
vl
bl

) P
P−1

)
−

(
N∑
l=0

bl

(
vl
bl

) P
P−1

ln
vl
bl

)2

which is equivalent to an expression of the form(∑
i

cid
2
i

)(∑
i

ci

)
−
(∑

i

cidi

)2

, ci ≥ 0.

The latter expression is easily proved to be a non-negative
quantity so that g(P ) of (93) is a convex function of P ≥ 1.
Indeed, our argument is justified if for positive sequences αi
and βi we consider Hölder’s inequality(∑

i

αiβi

)2

≤
∑
i

α2
i

∑
i

β2
i

and set βi =
√
ci and αi =

√
ci|di|. An equivalent represen-

tation of (93) is

g(P ) = P ln
M − 1

L
+ (P − 1) ln

N∑
l=0

vl

(
vl
bl

) 1
P−1

. (94)

The first derivative of g(P ) is an increasing function of P
since g(P ) is convex and equals

dg(P )

dP
= ln

M − 1

L
+ ln

N∑
l=0

vl

(
vl
bl

) 1
P−1

−

1

P − 1

∑N
l=0 vl

(
vl
bl

) 1
P−1

ln vl
bl∑N

l=0 vl

(
vl
bl

) 1
P−1

.

Furthermore, as P approaches 1 from above it holds

lim
P→1+

dg(P )

dP
= ln

M − 1

L
+ ln vl∗ = ln

Sl∗

L

where l∗= arg max
l

vl
bl
.

According to the assumption of Remark 8, reduced to L <
Sl∗ in the binary case, the above limit is positive and thus
due to convexity the first order derivative of g(P ) is positive.
Consequently, g(P ) is convex and monotonic increasing and
its minimum value is achieved as P approaches 1. The limit
of g(P ) as P approaches 1 from above is equal to FC defined
in (30).

APPENDIX C
EXTENSION OF THEOREM 3 TO THE GENERAL ALPHABET

CASE

Since the channel is memoryless, each factor in the double
exponent of (62) satisfies

Pr(y|c0)

Pr(y|cm)
=
∏
i1∈Im1

Pr(yi1 |0)

Pr(yi1 |1)

∏
i2∈Im2

Pr(yi2 |0)

Pr(yi2 |2)
· . . . ·

∏
iq−1∈Imq−1

Pr(yiq−1
|0)

Pr(yiq−1 |q − 1)
=

q−1∏
j=1

∏
ij∈Imj

Pr(yij |0)

Pr(yij |j)
(95)
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where each subset Imj , j ∈ [0, q − 1] with cardinality |Imj |
consists of the positions where symbol j appears in the
codeword cm respectively. For every fixed y ∈ FNq we analyze
the products in (95). Let the set Yk,Imj consist of the positions
of vector y where symbol k ∈ Fq appears inside the respective
subset Imj of y. Since the considered channel is also output
symmetric, each product of (95) satisfies according to the
previous notation for j ≥ 1∏

ij∈Imj

Pr(yij |0)

Pr(yij |j)
=

(
p̂q
p̂

)|Yj,Im
j
|(

p̂

p̂q

)|Y0,Im
j
|

=

(
p̂q
p̂

)|Yj,Im
j
|−|Y0,Im

j
|
. (96)

Embedding (96) into (95) we have

Pr(y|c0)

Pr(y|cm)
=

(
p̂q
p̂

)∑q−1
j=1

(
|Yj,Im

j
|−|Y0,Im

j
|
)
. (97)

The previous product of terms is independent of Y0,Im0 as well
as Yk,Imj for k 6= j. Moreover, it is noted that |Im0 | = N −
wt(cm) and

∑q−1
j=1 |Imj | = wt(cm). For the binary alphabet

case where q = 2 we have
q−1∑
j=1

(
|Yj,Imj | − |Y0,Imj |

)
= |Y1,Im1 | − |Y0,Im1 |

and

wt(cm + c0) = |Y1,Im1 |+ |Y0,Im1 |
so that

q−1∑
j=1

(
|Yj,Imj | − |Y0,Imj |

)
= wt(cm)− 2|Y0,Im1 |.

Furthermore, it holds |Y0,Im1 | = wt(cm) − wt(y · cm) so that
combining all previous relations we deduce

q−1∑
j=1

(
|Yj,Imj | − |Y0,Imj |

)
= 2wt(y · cm)− wt(cm)

= wt(y)− wt(y + cm).

Consider a subsequence {yij}ij∈Imj and suppose that symbol
j appears in positions Yj,Imj over it while symbol 0 appears in
positions Y0,Imj . The rest of the positions of the subsequence
{yij}ij∈Imj , in total |Imj | − |Yj,Imj | − |Y0,Imj |, are occupied by
symbols from the subset Aj , {0, 1, . . . , q− 1} \ {0, j}, with
cardinality |Aj | = q − 2. Since with q − 2 symbols from Aj
we are able to construct

J∑
k1=0

. . .

J−∑j−2
i=1 ki∑

kj−1=0

J−∑j−1
i=1 ki∑

kj+1=0

. . .

J−∑i∈Aj
ki∑

kq−2=0(
J

k1, . . . , kj−1, kj+1, . . . , kq−2

)
= (q − 1)J (98)

sequences, the total number of subsequences {yij}ij∈Imj with
|Yj,Imj | symbols j and |Y0,Imj | symbols 0 is given by( |Imj |

|Yj,Imj |, |Y0,Imj |

)
(q − 1)

|Imj |−|Yj,Imj |−|Y0,Im
j
|
. (99)

It is reminded that( |Imj |
|Yj,Imj |, |Y0,Imj |

)
=

( |Imj |
|Yj,Imj |

)(|Imj | − |Yj,Imj |
|Y0,Imj |

)
is the multinomial coefficient defined in (76). The main reason
for expressing the possible number of subsequences of length
J , whose elements take values in Aj , with the multiple sums
of the left hand side of (98) is our effort to designate the
number ki of times symbols i ∈ Aj appear in the respective
subsequences.

Let the un-normalized tilting measure G0(y) =∏N
i=1 g0(yi) for some positive function g0(y) and N

the set of natural numbers [1, N ]. Under the previous
assumption and the fact that (97) does not depend on Y0,Im0 ,
the inner summation of the second product in the right hand
side of (62) is equivalently expressed as

∑
y∈FNq

Pr(y|c0)G0(y)1−
1
ρ fde

((
Pr(y|c0)

Pr(y|cm)

)λ)
=

∏
i∈Im0

 ∑
yi∈Fq

Pr(yi|0)g0(yi)
1− 1

ρ

 ·
 ∑
k∈N\Im0

∑
yk∈Fq

q−1∏
j=1

∏
ij∈Imj

Pr(yij |0)g0(yij )
1− 1

ρ

 ·
fde

q−1∏
j=1

∏
ij∈Imj

Pr(yij |0)λ

Pr(yij |j)λ

 . (100)

For the first term of the product in the right hand side of (100),
since |Im0 | = N − wt(cm) it holds

∏
i∈Im0

 ∑
yi∈Fq

Pr(yi|0)g0(yi)
1− 1

ρ

 =

∑
y∈Fq

Pr(y|0)g0(y)1−
1
ρ

N−wt(cm)

. (101)

For the second term of the same product, the summation is
noted to be over only those yi ∈ Fq where i ∈ N \ Im0 .
We express the subsequence {yi}i∈N\Im0 as the concatenation
of subsets {yi}i∈Im1 , {yi}i∈Im2 , . . . , {yi}i∈Imq−1

and consider
a possible value of that subsequence. For this value the
respective summand of the product in the right hand side of
(100) equals in accordance to (97) and the discussion justifying
relations (98) and (99)

p̂
∑q−1
j=1 |Y0,Im

j
|
p̂

∑q−1
j=1 |Yj,Imj |

q g0(0)
∑q−1
j=1 |Y0,Im

j
|
q−1∏
j=1

g0(j)
|Yj,Im

j
|·

fde

( p̂q
p̂

)λ∑q−1
j=1

(
|Yj,Im

j
|−|Y0,Im

j
|
) (102)

where it is reminded p̂ = 1−p and p̂q = p/(q−1). Using the
notation of subset Aj for j ∈ [1, q−1] defined in the paragraph



XENOULIS: LIST PERMUTATION INVARIANT LINEAR CODES 19

before (98), the previous equation is expressed equivalently as
the product of the following two terms

f1

(
λ, ρ, {|Y0,Imj |}

q−1
j=1, {|Yj,Imj |}

q−1
j=1

)
, p̂

∑q−1
j=1 |Y0,Im

j
|

p̂

∑q−1
j=1 |Yj,Imj |

q g0(0)
(1− 1

ρ )
∑q−1
j=1 |Y0,Im

j
|
q−1∏
j=1

g0(j)
(1− 1

ρ )|Yj,Imj |

fde

( p̂q
p̂

)λ∑q−1
j=1

(
|Yj,Im

j
|−|Y0,Im

j
|
) (103)

and
q−1∏
j=1

(
p̂qg0(j)1−

1
ρ

)∑
i∈Aj

|Yj,Im
i
|
. (104)

The two terms above are noted to be independent regarding
the subscripts of the subsequence {yi}i∈N\Im0 . Indeed, the
first term (103) depends only on the subscripts

⋃q−1
j=1{Y0,Imj ∪

Yj,Imj } while the second term (104) depends on the rest posi-
tions {N \ Im0 } \

⋃q−1
j=1{Y0,Imj ∪ Yj,Imj }. Thus, if we consider

the summation on the second term of the product in the right
hand side of (100), for a subsequence {yi}i∈N\Im0 whose
elements in positions

⋃q−1
j=1{Y0,Imj ∪Yj,Imj } remain fixed, and

thus the term (103) is fixed, we get the following sum of
terms of the form in (104) over all possible combinations over
{N\Im0 }\

⋃q−1
j=1{Y0,Imj ∪Yj,Imj } with the help of the expansion

in the left hand side of (98)

f2

(
ρ, {|Imj |}q−1j=1, {|Yj,Imj |}

q−1
j=1, {|Y0,Imj |}

q−1
j=1

)
,

q−1∑
j=1

∑
∑
k 6=j l

j
k=Xj

(
Xj

lj1, . . . , l
j
j−1, l

j
j+1, . . . , l

j
q−1

)
·

q−1∏
k=1

(
p̂qg0(k)1−

1
ρ

)∑
i∈Ak

lik
(105)

where Xj = |Imj | − |Yj,Imj | − |Y0,Imj |. The latter term is
analogous to the one given in (69) in the proof of Theorem 3.
If we group together all subsequences {yi}i∈N\Im0 with the
same values regarding the sets {|Y0,Imj |}

q
j=1 and {|Yj,Imj |}

q
j=1,

then the second term in the right hand side of (100) equals
with the aid of (103) and (105)

f3

(
λ, ρ, {|Imj |}q−1j=1

)
,

q−1∑
j=1

q−1∑
i=0

|Imj |−
∑i−1
k=0 |Yk,Imj |∑

|Yi,Im
j
|=0

q−1∏
j=1

q−1∏
i=0

(|Imj | −∑i−1
k=0 |Yk,Imj |

|Yi,Imj |

)
·

f1

(
λ, ρ, {|Y0,Imj |}

q−1
j=1, {|Yj,Imj |}

q−1
j=1

)
·

f2

(
ρ, {|Imj |}qj=1, {|Yj,Imj |}

q−1
j=1, {|Y0,Imj |}

q−1
j=1

)
. (106)

Substituting (106) and (101) into the right hand side of (100),
the bound in (63) is expressed equivalently as shown in
(74), where it is reminded that l1, . . . , lq−1 is the number of
codewords in C that consist of li symbols i respectively.
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