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Improvement of Gallager Upper Bound and its
Variations for Discrete Channels
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Abstract—A new tight upper bound on the maximume-likelihood
(ML) word and bit-error decoding probabilities for specific codes
over discrete channels is presented. It constitutes an enhanced
version of the Gallager upper bound and its variations resulting
from the Duman-Salehi second bounding technique. An efficient
technique is developed that, in the case of symmetric channels,
overcomes the difficulties associated with the direct computation
of the proposed bound. Surprisingly, apart from the distance and
input—output weight enumerating functions (IOWEFs), the bound
depends also on the coset weight distribution of the code.

Index Terms—Coset weight and distance distributions, Gallager
bound, inverse exponential sum inequality, maximum-likelihood
(ML) decoding, word and bit error probabilities.

I. INTRODUCTION

RROR probability evaluation is a significant performance

measure of coded information transmission over various
communication channels. The high complexities involved in its
calculation necessitates the introduction of efficient bounding
techniques. Classical treatments [1] as well as modern ap-
proaches [2, pp. 2-3] provide tight bounds mostly for random
and specific families of codes (turbo codes [3], low-density
parity-check (LDPC) codes [4]), since the latter are treated
more easily than specific codes. Thus, the existence of at least
one optimum code within these families is assured, but the re-
spective characteristics of the optimum code remain unknown.
The development of new bounding techniques is crucial to the
accommodation of optimum specific codes, which can achieve
arbitrarily low error decoding probability with rates close to the
channel’s capacity.

The present work introduces a tight upper bound on the max-
imum-likelihood (ML) error decoding probability of specific
codes over discrete channels. The bound is deduced from an in-
verse sum exponential inequality, analogous to the log-sum in-
equality [5, Theorem (2.7.1)], over the set of erroneous received
vectors and is suitable for both word and bit error probability
analysis. Moreover, the bound is proved to be a tighter version
of Gallager’s first upper bound [1]. Due to the above charac-
teristics, application of the DS2 bounding technique leads to a
tighter version of the DS2 bound [6]. As a consequence, the pro-
posed bound produces tighter bounds than several known cases
of the DS2 form, such as Divsalar [7].
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The direct calculation of the proposed bound is prohibi-
tively complex for specific large length codes. For instance,
if linear block codes are used for information transmission
through a binary-symmetric channel, the determination of the
corresponding Voronoi regions [8] is necessary for the bound
calculation. As a consequence, the majority of performance
bounds existing in the literature [2, pp. 3—4] rely only on basic
features, such as the distance spectrum and input—ouput weight
enumeration function (IOWEF) of the examined codes.

In the rest of this paper, Section II introduces the tight upper
bound on the ML word and bit error decoding probabilities,
respectively, based on the inverse exponential sum inequality.
Section III treats the set of erroneous received vectors for dis-
crete symmetric channels and thus closed-form expressions of
the bound are obtained. Section IV concludes the analysis and
applies the new upper bound to specific codes, thus revealing its
tightness over the DS2 bound.

II. TiGHT UPPER BOUND ON THE ML ERROR
DECODING PROBABILITY

Let C be a block code of length » and dimension k, over a
field F with g elements. Letalsoe; € F™,i =0,...,¢"—1and
S4,d = dpin, . ..,n denote, respectively, the codewords and
the distance distribution of the code C, with d,;,, its minimum
distance. If ¢ and y are two vectors in F™", then d (¢, ¥) is the
Hamming distance between them and wt(¢), wt(y) their cor-
responding Hamming weights. For an arbitrary set of messages
M with cardinality M|, a message m, 0 < m < |[M| —1,
is mapped to a codeword ¢,,, of the above code C' and is trans-
mitted over a discrete communication channel with transition
probability Pr(y|c,, ). ¥ is the received vector at the output of
the channel, also of length n. The set of received vectors is de-
noted by Y. Each received vector Y is decoded back onto the
set of messages M, according to the ML rule. For the afore-
mentioned transmission procedure, Gallager’s upper bound [1]
on the code’s error decoding probability yields

Popm <Y Pr(yles)Km(y, C, A, p) (1
yey

where

Km(y, C, A, p) =

>

m’'#m

(o)) e

and A, p > 0. A modified version is provided by the DS2 tech-
nique [2, Sec. 4.2.2]. Let G,,,(y) be an arbitrary nonnegative
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function over Y, that may also depend on the transmitted mes-
sage m. Then, for A > 0and 0 < p <1

1—p
Pepm < ZPr ylen)Gn(y)
yeyY
) . 1-1/p Pr(y|em) Y
<m§my€§;P wlem )~ () )

3

The introduction of a tighter upper bound on the ML error de-
coding probability is made possible by the following inverse ex-
ponential sum inequality.

Theorem 1 (Inverse Exponential Sum Inequality): For posi-
tive numbers, a1, ao, ..., a, and B, Bo, ..., Oy

(z%) W Syt

with equality if and only if 3;/«; = counst.

Proof: The function f(t) = te! 't > 0 is strictly convex
on the set of positive reals because f”(t) = t=3¢!~ > 0 for all
positive ¢. Hence, by Jensen’s inequality, it holds that

Z aitietiq > (Z a,L-t,L-) e(Zi a"ti)71 5)

% %

1= 1 a5 eﬂl/aq

“

i=1 1 1 o

with a; > 0 and ) .a; = 1. Setting t; = «;/f; and a; =
Bi/ >, Bi in (5), the later is transformed into

Pi %e@i/ai

{0k

Bi Qi

()"

—1
(ZZ Bi/ <Z ﬂi) ai/,ﬁi)
e : (6)
or, equivalently, into

Zaie’g"/ai > (Z Om‘,) eziﬂi/zi i @)

Rearranging and taking logarithms in (7), we establish (4). O

The inverse exponential sum inequality of Theorem 1 is used
below in the error decoding probability analysis.

Theorem 2: Consider the transmission of an arbitrary set of
messages M over a discrete communication channel, through
the utilization of an (n, k) code C. Let Y”, denote the set of
erroneous received vectors given that the message m is trans-
mitted

an:{er:Elm'E/\/L m' £ m,

Pr(ylem) > Pr(glen) }
and

Ln(C,A p) = min Kp(y, C, A, p).

yey?

m
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Then the ML word error decoding probability for the specific
code, given that the message m is transmitted, is upper-bounded
forall A\,p > 0 by

Pujn <L (C A 0) 7 | D Pr(ylem)Km(y, C, A, p)
yey
< > Pr(ylen) Ky, C. N, ). ®)

yey
Proof: The leftmost inequality is derived by invoking The-
orem 1. Indeed, for each y € Yf’ﬂ, set

By = Pr(ylen), ay = ByKm(y,C, A, p). ©
Then
> Pr(ylen) = Pojm. (10)
yey?,
Application of Theorem 1 leads to
b o Zveyy, Prlen) Ko (y, .2, p)en GO0
e(m S 7
| e, Pr(ylen)Ku(y.C. 0 0)
x| 3 Pr(ylen)Km(y,C. A p) (1)

yey?,
The claim follows if in the first term /C,, (y, C, A, p) is replaced
by its minimum value £,,(C, A, p) over Yf;‘ and the sum of
the second term in (11) is extended over the larger set Y. To
establish the second inequality, it suffices to show that the term
involving the logarithm is less than 1. This is indeed the case
because £L,,(C, A, p)~! is lower or equal to 1. O

Theorem 2 provides a bound on the ML word error decoding
probability that is tighter than Gallager bound, as noted from
the second inequality in (8). Moreover, the DS2 technique can
be applied to the second term of the first inequality in (8) for all
p < 1, thus leading to a tighter version of the DS2 bound.

Theorem 3: Under the assumptions of Theorem 2, the ML
word error decoding probability is upper-bounded for all A >
0,0 < p <1 and any nonnegative function G,,(y) by

1-p
Pepm <L (C A, 0) 7D Pr(ylem) G (y)
yey
A\ P
(5 S o () Y
m’'#myeY Pr(y|cm)

12)

A similar upper bound on the bit error decoding probability
can easily be deduced as a special case of theorem 1. Specifi-
cally, as in [7], consider a binary systematic (n, k) block code
C, and an encoder that maps each k-bit information block into
an n-bit codeword ¢ € C'. For each codeword ¢,,, € C, the
corresponding information block u,,, has components uy, ;, 1 =

., k respectively. Then, the bit error decoding probability
given the transmitted message m, is written as

1
Poym = 2 Z Pr(ylem)
yey? ’

m

(13)
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where

Yb/:{yGY:EIm’eM,m';émandElie[1,I<:]

m

such that Pr(yle,) > Pr(yle,) and t,; # 'u,m,i}. (14)

According to [7, egs. (75)—(81)], when y € Yl;,;, it holds for all

0<p<landA >0

A P
Z d(uml7um) <1;)r((y||(;m/))>
m’'#m ryicm
1 (15)

Icm'(yv C7 Uv /\7 p)

Y

where U is the set of information blocks. Consequently, if
B; and «; in Theorem 1 are replaced by Pr(y|e,)/k and
K. (y,C,U,\ p)Pr(ylen)/k, respectively, the following
upper bound is obtained for the bit error decoding probability.

Theorem 4: If the assumptions of Theorem 2 hold and

L (C,UNp) = Ien;n K. (y,C,U,\, p) (16)
then the ML bit error decoding probability satisfies
Pypm < L0, (C,U N p) ™
> %Pr(ylcm)K:n(m C.UAp) |- (D)

yey

The second term of the product in the right-hand side of (17)
equals Gallager’s upper bound on the bit error probability while
the first term of the same product is lower or equal to 1 due
to (15).

III. SPECIAL CASES OF THEOREMS 2 AND 4

The transmission of an arbitrary set of messages M through
a linear block code C, based on a field F' with ¢ elements,
over memoryless and output-symmetric channels is considered
in this section. Suppose that (1 — p) is the probability that a
transmitted symbol is received correctly while p/(q — 1) is the
probability that a transmitted symbol is converted into one of the
q — 1 remaining symbols. It is assumed that 1 —p > p/(q — 1).
Without loss of generality, the all-zero codeword ¢ is trans-
mitted, and ML decoding is performed at the channel output.
Due to the above transmission characteristics, ML decoding is
equivalent to minimum distance decoding and the distance dis-
tribution {S4} of C equals its weight distribution. ¥'{, denotes
the set of erroneous received vectors, given that ¢ is trans-
mitted.

A. Binary Input—Discrete Output Channels

Let Z = {0,1} be the channels’s input alphabet and J the
channel’s output alphabet, not necessarily binary. Let y € Yf;.

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 9, SEPTEMBER 2009

Then g is closer according to the ML decoding rule to a code-
word ¢,,,, m # 0 than any other codeword, so that

r P
Pr(ylen) Pr(ylen) )
Ko(y,C, A, p)= <-———————— + ST
oW OXD= Ty ) 2\ Frtylen
- p
Pr(ylem) )A
> |1+ ( (18)
; o \ Pr(yleo)
Since the channel is memoryless
wt(e,,)
Pr(yleo) Pr(y;,0)

=1
where 7;,] = 1...wt(e,,) denote the positions of 1’s in the
codeword ¢,,,/. Equation (19) is always lower-bounded by

_ Pr(yln)) ")
min
yeJ Pr(y|0)

since each fraction in the right-hand side of (18) is
lower-bounded by X = minyc s Pr(y|l)/Pr(y|0) and the
number of fractions appearing in the corresponding expression
is exactly wt(e,,’). Applying (20) to every term of the sum in
the right-hand side of (18), we obtain

(20)

p

Ko(y,C A p) > |14 Y avilen)
m’#m,0

2L

or equivalently

P

Ko(y,C, A, p) > [1 —awten) 4y X*Wt“m/)] - (@2
m'#£0

The latter expression indicates that the minimum value of

Ko(y,C, A, p) is achieved when wt(e,,) is minimum and not

equal to 0, since X < 1 and the inner sum of the right-hand

side of (22) is constant. Thus, due to the equivalence of the
distance and weight enumerating functions

n P
— MmN SdXM] .(23)

KO(:’}? C: )‘7 p) Z [1
d=dmin

Replacing (23) in the right-hand side of the first inequality of (8),
and employing the DS2 technique with the arbitrary nonnega-
tive function G™(y) = []:_, g(y:), we arrive at the following
theorem.

Theorem 5: Consider the transmission of a set of messages
M through a binary linear (n, k) code C over a discrete memo-
ryless output-symmetric channel. Given that the all-zero code-
word ¢y is transmitted, the ML word error decoding probability
is upper-bounded for all A > 0,0 < p < 1 and any nonnegative
function g(y) by

n -r
P < [1 — XMdmin Z SdXAd]
d=dmin

n(1—p)
: (Z Pr(yIO)g(y)>
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(& slgrom)

d=dmin

'(ZPr(yIO)l_kPr(yl1)Ag(y)1‘1/”> ) .

Y

The proposed technique also covers those special cases of
the DS2 bound, where the corresponding technique is applied
to every term P, |o(d) of the overall union bound [2, eq. (4.45)]

Pe|0 < Z Pe|0(d)

d=dmin

(25)

Specifically, for every subcode Cy, containing all codewords ¢,,
of weight d

1
Pe|0(d) <

p
- P
(1+ (Sa— 1))(“) K

(n—d)p
: (Z Pr(yIO)g(y)l_””>

dp
: (Z Pr(yIO)l‘*Pr(yl1)Ag(y)1‘1/”> (26)
Yy
since the minimum value of the left-hand side of (21) is consid-
ered over the erroneous decoding region of Cjy.

For small values of X, the lower bound (21) and hence the
first factor of the right-hand side of (24) are close to one since the
corresponding terms SqX?,d = dpiy, ..., n are small. Thus
for high signal-to-noise ratio (SNR), the upper bound (24) is
close to Gallager’s upper bound (1). In low-SNR regimes, the
impact of this factor becomes substantial. Illustrating examples
are provided in Section I'V.

Analogous results hold for the bit error probability analysis.
More precisely we have

Koy, C.U. X p) 2 ld(um,uo) (1 - areem)
P
2 d(um'vuo)XWt(cm’)l @7)

m/#0
and the minimum value achieved by K{(y, C, U, A, p), is

}CE](y7 C? U7 A7p) Z

n P
< min  d(tn, uo) (1—X’\d‘"‘")> + > s;x*d]
vxt(cm). dmin d=dmin

(28)

with S/, = Zﬁ,=1 Aw,q and A,, 4 the input—output weight enu-
merating function of the systematic code C'.
B. Discrete Channels and Coset-Based Analysis

Since the channel is memoryless and output symmetric, each
fraction in (19) becomes

(M)A _ ((q ) 1)1;p>x(wt<y>—wt<y—c*>)

2
Pr(yleo) ’ 29
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where ¢, the all zero codeword. Given a specific y* € Yg, in
analogy to [9, eq. (33)], we define

deg(y*|co)

= {cm eC,m#0:wt(y" —em) < Wt(y*)}| . (30)

deg(y*|ey) is the number of codewords whose Hamming dis-
tance from y* is lower than or equal to wt(y*). The corre-
sponding ratio (29) for each of the above codewords is greater

or equal to 1 so that
P

Pr(y*|cm,)>*
S (HE ) > deg(y*leo)’.  (31)
m’#0 ( Pr(y*|c0) - g(y | 0)
In analogy again to [9, eq. (43)], for every y* € Y7,
deg(y"|co) E B! — _—dmi“ <j<n (32)
0 2 >t

where ¢ denotes the coset of ¥*, j; = wt(y*) and B¢ is the
number of words of weight w in the coset ¢. Contrary to [9,
eq. (43)], the term B’ contributes to the sum in the right-hand
side of (32), since the 1nequa11ty in (30) is not strict. Moreover,
the absence of codeword ¢ in the previous definition justifies
reducing by 1 the aforementioned sum. Consequently, through
(31) and (32)

P
> mi Bl — 33
2 min <(dm.,,%%2 ien Z ) (33)

where 7 is the set of all cosets ¢ of the code C.

min
Yy EYy

Theorem 6: Under the assumptions of Theorem 5, the ML
word error decoding probability is upper-bounded for all A >
0,0 < p < 1 and any nonnegative function g(y) by

-1

Pejo < | mi B —1
el0 = <Itré1’1r'l <|’dmm1}121'|n<]<n 2:: ) )
n(l—p)
: (Z Pr(yIO)g(y))

(3 sgromors)

d=dmin

'(ZPr(yIO)l_kPr(yl1)*9(3/)1‘1”) ) . Gd

Y

Example 1: Consider the perfect Hamming code of length 7
with its coset weight distribution depicted in Table I [10, p. 170,
example (1)]. Since the minimum distance of the code is 3, all
cosets with minimum weight at least [1.5] are examined. Then
for j; = 2,...,7

Jt P
. . t — _ p
min <22}127; B! 1) 3+1-1)". (35)
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(a) The improving term of the exrended (24, 12, 8) binary Golay code.

Fig. 1.
tradeoff variable p = 0.1, p = 0.5, respectively.

TABLE I
THE COSET WEIGHT DISTRIBUTION OF THE PERFECT HAMMING CODE OF
LENGTH 7
Coset leader | Number of vectors of given weight Number
Weight o 1 2 3 4 5 6 17 of cosets
0 1 0 0 7 7 0 0 1 1
1 0 1 3 4 4 3 1 0 7

The minimum value is achieved for j; = 2, since for j; > 2, the
sum over 7 in the right-hand side of (33) increases. Actually,
since the minimum distance of the code is an odd number, there
will always exist a term in the left-hand side of (33) strictly
greater than one.

Note that for a binary linear code C', the cardinality of each
term B! # 0, w > 0 appearing in every coset ¢ stems from
codewords ¢,,,m # 0 with weight less than or equal to 2w.
Indeed, from (30) and the triangle inequality wt(y* — €,,) +
wt(y*) > wt(en), it is deduced 2wt (y*) > wt(en ). Thus, if
wt(y)* = w, it holds wt(e,,) < 2w.

The above argument is used to upper-bound the bit error de-
coding probability of a systematic code C.. Let {, 5, denote the
optimum values that minimize the right-hand side of (33) The

codewords ¢,,, m # 0 that contribute to the sum } 3/, B’ -1
have Hammmg weight less than or equal to 27 ;- Among these,

only Zw 1 A1, have 1nf0rmat10n block weights equal to 1,

while the remaining, » ;' Bt -1- EZJLI A1, have infor-
mation block weights greater than or equal to 2. Thus

27, 2j;

Alw+2 B*—l Al w
Z Z Z

2-7t

_ZZBt 2= Ava.

w=1 w=1

K[I](y7 C? U7 A? p

(36)

Consequently, due to (17), (36), and the DS2 technique the fol-
lowing statement holds.

(b) The improving term of the (32, 16, 8) Reed Muller code.

The improving term (first term of the product (24)) of binary codes over the memoryless binary-symmetric channel with error transition probability p and

Theorem 7: Under the assumptions of Theorem 5, the ML bit
error decoding probability is upper-bounded for all A > 0,0 <
p < 1 and any nonnegative function g(y) by

2j¢
- .
oo (1 (i, 2 -2 ) )
n(1-p)
: (Z Pr(yIU)g(y)>
y

( Z S (Z r(ylo)g(y)l‘””>

d=dmin

-<ZPr(yIU)l‘APr(yl1)*9(1/)1_1/”) ) . @3N

Y

-1

Note that if the codewords with information block weights equal
to 1 are removed, a nonlinear code with lower bit error decoding
probability may result.

IV. APPLICATIONS AND CONCLUSION

The transmission of coded information over a memoryless
binary input and output-symmetric channel is considered. The
extended (24,12,8) binary Golay code and the (32,16,8)
Reed-Muller code are utilized. The coset weight distributions
of these codes are given in [11, Table 8.4] and [11, Table 11.4],
respectively. For the Golay code, the first term of the product in
(24) is calculated for error transition probabilities p < 0.3 and
is depicted in Fig. 1(a). For p > 0.15, the corresponding upper
bound in (24) is only slightly better than the Gallager bound.
On the other hand, the minimum in the right-hand side of (33)
occurs for the coset t with J; = [dmin/2] = 4 and is equal to
(B%)? = 5. Thus, the new upper bound (34) is 1 /5 tighter than
the DS2 bound. Regarding the bit error probability decoding for
the Golay code, only A1 g = 3 codewords of weightup to 25;5 =38
have information block weight equal to 1 while B} — A, 3 = 2
have information block weight greater than 1. Thus, due to (36),
the new upper bound (37) is 1/7” tighter than the DS2 bound.
For the Reed—Muller code, in the calculation of the right-hand
side of (33), the family with coset leader weight equal to 1 is not
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p x 102

02
0.18 |
0.16 |
o
0 014 ¢
012
o1 —bound eq.(24)|{
-------- 52
0.08 1 1 1 1 1 1 1 1
11 12 13 14 15 16 17 18 19 2
p x 10
072 : : .
o071}
07}
069 |
o
[}
o
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067 =
066 .
0.65 : ' :

73 74 75 76

77 78 79 8 81 82

p x 107

Fig. 2. The new upper bound (24) and the classical DS2 bound (3) on the error probability P. o, with un-normalized tilting measure (38), for the transmission of
the (60, 38) block code over a binary-symmetric channel with error transition probability p.

taken into consideration, due to the restriction imposed by the set
definition (30). Hence, the minimum value of the inner term on
the right-hand side of (33)isequalto (2 — 1)” = 1 and thusnoim-
provement in Gallager’s first upper bound and its DS2 variations
results through the specific technique for the Reed—Muller code.
The first term of the product in (24) is calculated again for error
transition probabilities p < 0.3 and only slight improvements
are yielded, as depicted in Fig. 1(b).

Finally, we consider the transmission of an (60, 38) block
code over a binary-symmetric channel with error transition
probability p. The previous code is constructed by terminating,
in depth 20, the R = 2/3 convolutional code tabulated in [12],
with generator matrix

2 01
G = <2 3 0> )
The proposed bound of (24) and the classical DS2 bound (3) are

minimized over A > 0,0 < p < 1, with un-normalized tilting
measure g(y)

o) = (321107 + 3Pe*) Prtui0) . G

The full weight distribution of the code is taken into consider-
ation in the previous minimization procedure. The two upper
bounds are illustrated in Fig. 2, for regions of p where the term
in the right-hand side of (23) contributes most. In all other cases,
the two bounds are essentially the same.

We conclude that a desirable design characteristic of a spe-
cific code for discrete memoryless channels is that the first few
terms in the coset weight distribution, with weight greater than
or equal to one half the code’s minimum distance, are as large
as possible. This aspect is closely related to the list decoding
concept, since when an error occurs all the codewords in the list
fail the decoding rule. Finally, the amenability of the new upper
bound to mismatched decoding rules, especially for continuous
output channels, and its implications for new efficient code de-
signs is under study.
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