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Achievable Rates for Nonlinear Volterra Channels
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Abstract—Random coding theorems and achievable rates for
nonlinear additive noise channels are presented. Modeling the
channel’s nonlinear behavior as a causal, stationary Volterra
system, upper bounds on the average error probability are ob-
tained for maximum likelihood and weakly typical set decoding.
The proposed bounds are deduced by treating correct decoding
regions as subspaces of high concentration measure and deploying
exponential martingale inequalities. Due to the union bound effect
and the i.i.d. assumption imposed on the codewords components,
the deduced exponents constitute only lower bounds on the true
random coding exponents of nonlinear channels. Cubic and
fourth-order nonlinearities are used as examples to illustrate the
relation of the random coding exponents and achievable rates with
respect to the channel’s parameters.

Index Terms—Achievable rates, cut-off rate, martingale inequal-
ities, maximum likelihood/weakly typical set decoding, nonlinear
channels, random coding exponents, Volterra systems.

I. INTRODUCTION

V ARIOUS communication channels, including wireless
and optical fibers, exhibit nonlinear behavior that de-

grades the quality of information transmission. In satellite
communication systems [1, Chap. 14], the amplifiers located
on board satellites usually operate at or near the saturation
region in order to conserve energy. Saturation nonlinearities
of amplifiers introduce nonlinear distortions in the transmitted
signals. In a similar way, power amplifiers in hand held mo-
bile terminals are forced to operate in a nonlinear region to
secure high power efficiency in mobile cellular communica-
tions [2, Chap. 12]. In optical fibers [3], dispersion noise and
nonlinearities pose substantial channel impairments that need
to be overcome with advanced signal processing techniques.
Unlike short-reach multimode fibers where the transmitted
signal will excite a number of propagating modes, longer reach
applications cannot be modelled as linear due to the effects
of chromatic dispersion (light propagates with a wavelength
dependent velocity in fiber) and polarization-made dispersion
arising from manufacturing defects, vibration or mechanical
stresses in the fiber. The effect of direct (square law) detection
on such optically linear impairments is to make them nonlinear
in the electrical domain. Likewise, the single-mode fiber that
permits only a single optical mode to propagate, is best de-
scribed as a nonlinear channel with finite memory

(1)
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where comprises additive noise, is the transmitted signal
and is the received sample. The function could be a member
of a dense subset of the set of continuous real valued functions
on a compact subset of , such as the set of polynomial func-
tions, neural networks and radial basis functions [4]. It is known
[4], [5] that models of the form (1) are fairly general as they
can approximate every time invariant causal stable system with
fading memory. If is a polynomial function, (1) becomes a
Volterra model [6]. Volterra models have been widely used to
model nonlinear channels [1], since they offer a reasonable bal-
ance between faithful representation of the physical system and
analytic tractability.

Random coding theorems constitute critical performance
measures of coded information transmission since they describe
the exponential behavior of error probability. The main ob-
stacle in obtaining calculable, closed form upper bounds on the
average error decoding probability of nonlinear channels stems
mainly from the difficulty of defining the channel’s output
probability density function. Thus, the general formula for
channel capacity given by [7] cannot easily be employed. The
aforementioned difficulty is strengthened by the fact that the
nonlinear channel is not generally memoryless, and thus, mo-
ment generating functions appearing in Chernoff-like bounds
are hard to compute for ensembles of codes. Previous work on
the calculation of maximum likelihood (ML) error performance
of nonlinear gaussian noise channels under Volterra series
representations and for specific coded modulation schemes is
reported among others in [1, Chap. 14], [8], [9], and [10].

Computationally feasible random coding results for nonlinear
channels are not readily linked to the coding theorem for fi-
nite state channels [11, Sec. 5.9], since the channel state must
be known at the receiver. Furthermore, the approach in [12],
where the Perron–Frobenius theorem is utilized, provides closed
form expressions only for the generalized symmetric cut-off
rate. In order to overcome these restrictions, the present work
approaches the specific coding theorem problem in a different
and more general manner (nonsymmetric inputs), by utilizing
the theory of martingale processes [13]. Erroneous decoding re-
gions are interpreted as subspaces of low concentration measure
and as such are bounded by exponential martingale inequali-
ties. The latter provide tight concentration inequalities for mul-
tivariate functions with memory. Moreover, the proposed ap-
proach allows the treatment of nonlinear channels when the
corresponding transition probability law is unknown or when
suboptimum decoding algorithms are performed. According to
[14], [15], and [16], there exist cases where ML decoding is per-
formed with respect to the wrong channel law, due to imprecise
channel measurement, or the respective decoding implementa-
tion is too complex. To handle such cases, the current work em-
ploys a weakly typical set decoding procedure with respect to an
arbitrary input-output dependence measure, different from the
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information density used in strong typical
set decoding [17].

Under the random coding setup presented in [11, Sec. 5.5],
we consider the transmission of an arbitrary set of messages
with cardinality over a nonlinear additive noise channel
(1), where is polynomial. Specifically, let for each message

, where , an
-length codeword be selected randomly from the ensemble

of block codes and transmitted over the nonlinear
channel

(2)

The channel output vector is whereas
and are the channel input and

noise vectors, respectively, and
. All codewords are chosen independently with the same

probability from the ensemble while the components of all
codewords are independent and identically distributed (i.i.d.).
Codeword components take values in a finite subset of .
Therefore, there is such that

(3)

Since the static function in (1) is continuous there exists
such that

In particular, if is polynomial, then

(4)
and

(5)

where

with

(6)

In the sequel, we assume input causality i.e., for all
. Section II treats additive gaussian noise nonlinear chan-

nels and provides exponential upper bounds on the average ML
error decoding probability. Section III introduces weakly typ-
ical set decoding for nonlinear channels with unknown transi-
tion probability law. The selected typical dependence measure
leads to random coding exponents that depend on the channel
input-output correlation [18], in contrary to the classical memo-
ryless approach, where the random exponents are related to the
channel’s mutual information [11, eq. (4.2.2)]. Cubic and fourth
order nonlinear channels are treated in Section IV, where the ef-
fects of the code and channel characteristics on the behavior of

the random coding exponents are demonstrated. Section V indi-
cates directions for further research.

II. NONLINEAR GAUSSIAN NOISE CHANNELS

A. Pairwise Error Probability Analysis

Consider a specific block code and suppose that ML
decoding is performed at the output of channel (2). Suppose also
that the noise vector is i.i.d gaussian with zero mean and vari-
ance . An ML error occurs if, given the transmitted message

and the received vector , another message exists
such that

or equivalently

(7)

Since is the transmitted message, , so that the
error criterion (7) is translated into

(8)

If denotes the event (8), then the ML error decoding
probability for the specific code , given that the message
is transmitted, satisfies

and is upper bounded as in Gallager [11, eq. (5.6.2)]

(9)

We now recall the variant of Hölder’s inequality

and

and the bound presented in [2, pp. 139–140]

Using these bounds, (9) becomes

(10)

The above upper bound applies to a specific block code .
Following the random coding setup of Gallager [11, Chap. 5],
we average both terms of (10) over the ensemble of
block codes, described in Section I. The average ML error
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decoding probability , given the transmitted message ,
satisfies

(11)

Since the codewords are generated independently, (11) is equiv-
alently expressed as

(12)

In a similar manner to [11, eq. (5.6.9)], , are dummy
variables of summation in (12), so that subscripts , can be
dropped and the bound is independent of , . Since there are

choices of , the upper bound in (10) satisfies
through (11) and (12)

(13)

Suppose that , are the th components of the corresponding
random vectors , . Let

where

(14)

and

(15)

We refer to the sequence as the martingale difference
sequence [19] of the random variable with respect to the
joint filter in (14). The mean values appearing in (15)
are with respect to all codewords the random variables , can
be assigned to. Under the previous setup, we note that

(16)

and thus, (13) is equivalently expressed as

(17)

Due to the random coding setup and the independence of the
ensemble’s codewords, it holds

(18)
Moreover, under the assumption that the components

of all codewords are i.i.d., it holds for

(19)

Furthermore, due to the causality assumption stated after (6), the
variances are different
from . For large block lengths , the previous terms
are negligible, and thus, from (18) and (19)

(20)

Finally, combining (17) and (20), we obtain

(21)

B. Random Coding Theorem

The development of exponential upper bounds for the mean
value on the right-hand side of (21) requires bounds on the
conditional deviations and conditional variances

, where according to [19, pp. 24]

(22)

Appropriate bounds are derived in the lemma that follows.

Lemma 1: Under the assumptions that the components of all
codewords are mutually independent and
is chosen as in (3), the martingale differences (15) satisfy

(23)

Proof: Let

(24)



1240 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 3, MARCH 2011

Then, in (15) equals

(25)

Under the lemma assumptions, all samples , for
and are independent from the samples , .

Consequently

(26)

and

(27)

Therefore, due to (26), (27), and (15)

(28)

Using (5), we have

(29)

and thus

(30)

The second summand on the right-hand side of (28) is nonpos-
itive. Therefore, from (28)–(30), it holds

(31)

The proof is established if we insert (31) in (22).

The bounds provided by Lemma 1 lead to random coding
upper bounds on the average ML error decoding probability.
Tighter bounds can be obtained analytically for Volterra systems

of short memory, as shown in Section IV.

Theorem 1: Consider the transmission of an arbitrary set of
messages over a nonlinear Volterra additive gaussian noise
channel (2) with memory . The components of the noise vector
are i.i.d. random variables with 0 mean value and variance .
For each message , an -length codeword

is selected from the ensemble of block codes with
probability , independently from all other codewords and is
transmitted over the channel. If ML decoding is performed at
the receiver, each codeword is chosen with i.i.d components and
the assumptions of Lemma 1 are valid, then for given by
(19) the average error decoding probability is upper bounded
as

(32)
where is given by (33), at the bottom of the page,
and

(34)

Proof: From the arguments of [19, Lemma 3.16] and sur-
rounding it and [19, Lemma 2.8], if is a martingale
difference sequence with maximum conditional deviation and
maximum sum of conditional variances satisfying, respectively

(35)

then for every , it holds

(36)

The basic idea in establishing (36) goes as follows: we express
the left-hand side of (36) as

(37)

and we bound the inner mean value of (37) as in the proof of
Theorem 3.15 in [19, Lemma 2.8]

(38)

We apply the above result setting . Due to Lemma 1,
we have and . Consequently, the mean value
on the right-hand side of (21) is upper bounded due to (36) as

(39)

otherwise
(33)
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Combining (21) and (39), we have

(40)

For fixed and , let

The first and second derivatives of are, respectively

Since , is strictly concave, and thus, has a unique
maximum, at

If , then is increasing in and its max-
imum is achieved at in (40). If , then de-
fines the exponent in (40). Finally, for both cases
of , is non-negative, since and
is increasing for .

Remark: The output variance appearing (33) depends
on the system parameters and the input statistics. The corre-
sponding expression is complicated in the general case. Con-
sider, for instance, a polynomial Volterra system (4) of order

where the input samples take values from the set
with probability . Then

where

Corollary 1: All rates below (33) are
achievable for transmission of information over a nonlinear ad-
ditive gaussian noise channel under ML decoding.

Discussion: In order to illustrate the meaning of Theorem 1,
we consider the discrete memoryless channel with
discrete input and continuous output and compare the respective
achievable rate of Theorem 1 with the corresponding channel
capacity [11, eq. (4.2.3)]. For this channel and
for low values of signal to noise ratio, numerical simulations
demonstrate a very good match. This is discussed in Section IV.
A more refined analysis of the random coding problem for non-
linear channels under the martingale setup and its corresponding
exponential inequalities is expected to yield tighter achievable
rates. This is supported by the recent work [20] where sub-mar-
tingales and optional stopping theorems are utilized properly in
the reproof of Burnashev’s reliability function [21].

III. WEAKLY TYPICAL SET DECODING

In this section, decoding rules for nonlinear channels are
interpreted as concentration measures and martingale theory
is utilized. The analysis can be applied to cases where the
channel’s transition probability law is generally unknown or a
suboptimum decoding algorithm is adopted. Weakly typical set
decoding is first considered under the assumption that a suit-
able bounded function, concentrated around its mean, exists.
Then the nonlinear model (2) is undertaken using a correlation
measure of the channel output, where the decoding function is
not necessarily bounded.

A. Bounded Concentrated Functions and Error Probability
Analysis

Consider an arbitrary bounded function of the
channel’s input and output sequences , respectively, which
is concentrated asymptotically around its mean value with
respect to the joint distribution

(41)
The input output pair is called weakly -typical, if

(42)

This is in analogy to Forney [17], where strong -typicality is
defined as

Under the weakly typical decoding rule and the random coding
setup described in Section I, an error occurs given that message

is transmitted, either if codeword is selected form the
ensemble such that does not satisfy (42) or if there
exists another message for which is selected in-
dependently of such that satisfies (42). Thus, the
average error decoding probability, given that is transmitted,
equals

(43)
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and is upper bounded due to the union bound as

(44)

Furthermore, definition (42) allows the above bound to be equiv-
alently expressed as

(45)

Next, we apply the Chernoff bound [11, eq. (5.4.11)] to both
terms on the right-hand side of (45), to obtain for ,

(46)

The product probability in the innermost term
on the right-hand side of (46) is a direct consequence of the
random coding setup. Indeed, is independent of and
consequently of . Noting that , are dummy variables in
the above mean values, (46) satisfies

(47)

First, we handle the second term on the right-hand side of (47).
Note that is uniquely defined by the transmitted codeword
and the noise sequence , and thus, is expressed as a
Doob martingale process [19, pp. 22]. Specifically, it holds

(48)

where is the martingale difference sequence with re-
spect to the joint filter

where

(49)

and the sequence is defined as

(50)

The mean values appearing in martingale differences (50) are
with respect to the product probability . Further-
more, the mean value of the second summand on the right-hand
side of (47) is equivalently expressed due to (48)–(50) as

(51)

where

(52)

In analogy to (22) and (35), let the conditional deviations and
the maximum conditional variances satisfy, respectively

(53)

Then, for , according to [22, Th.
2.1], (51) is upper bounded as

(54)

where

denotes the Kullback–Leibler divergence.
Next, we consider the first term on the right-hand side of (47).

We follow the same steps as in (48)–(54) where the new martin-
gale difference sequence is with respect to the filters

consisting only of the corresponding sequences , . Since

the first term on the right-hand side of (47) satisfies

(55)

Since the martingale differences behave in a similar
manner to regarding the upper bound of , there
exist constants , in analogy to (53) such that applying
again [22, Th. 2.1], we have

(56)
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The right-hand side of (56) approaches 0 as becomes large,
and thus, from (55) and (56), there exists an arbitrarily
small such that

(57)

Replacement of (54) and (57) to (46) results in

(58)

For the bound (58) to be exponentially decreasing with respect
to , must be of order . Thus, supposing that

, (58) becomes

(59)

Corollary 2: Considering the transmission of information
over the nonlinear Volterra channel (2), all rates below

are achievable, under the weakly typical set decoding
rule described by function and the assumption that

.
In the next subsection, the above analysis is properly modi-

fied to treat a specific unbounded function under the
assumption that the noise samples are i.i.d. and normally dis-
tributed .

B. Weakly Typical Set Decoding for Nonlinear Systems

Note that the exponent in (59) replaces mutual information
in the classical treatment of typical set decoding as an

average measure of dependence. Function can be se-
lected so that the corresponding exponent denotes a normal-
ized correlation between the channel’s input and output. More
specifically, let

(60)

Since the components of all codewords are i.i.d, it holds through
the analysis in (18)–(20) and (60)

(61)

If we set

(62)

then the martingale differences given by (50) satisfy

(63)

Expanding in the same way as in the proof of Lemma 1, we
obtain

(64)
Under the same assumptions of Lemma 1, all samples (62),

and are independent of the samples ,
(the noise samples are i.i.d). Consequently

(65)
Combining (62)–(65), we obtain

(66)

The martingale differences are further expanded due to in-
dependence of the transmitted and noise sequences as

(67)

Since the noise samples are i.i.d. and normally
distributed , it holds

(68)

and thus, in (67) satisfies through (68)

(69)

where



1244 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 3, MARCH 2011

Due to the peak amplitude constraint (3) and its direct conse-
quence (5), we have as in the proof of Lemma 1

(70)

while

(71)

Lemma 2: Suppose that all noise samples
are normally distributed . Then for any and

(72)

The proof of Lemma 2 is provided in the Appendix and takes
advantage of the same technique used for the proof of [22, Th.
2.1] that results in (54).

Theorem 2: Let the transmission of an arbitrary set of mes-
sages over an additive noise nonlinear channel, under the
same random encoding setup of Theorem 1. Let also the noise
samples be i.i.d. and normally distributed , indepen-
dent from the channel input. Then, for any , arbitrarily
small constants, the average error decoding probability is
upper bounded as

(73)

where

(74)

Proof: Due to the specific selection of in (60) and
property (61), the upper bound in (47) satisfies for , in
analogy to (51) and (55)

(75)

The second mean value in the right-hand side of (75) is equiva-
lently expressed as

(76)

We apply Lemma 2 in the inner mean value on the right-hand
side of (76). Then

(77)

Applying the above argument times and combining (76) with
(77), we have

(78)
where

(79)

For fixed , , the first and second derivatives of
with respect to satisfy

respectively

The second derivative of with respect to
is strictly negative. Therefore, is

strictly concave, and thus, the first derivative is decreasing with
respect to . Furthermore, the first derivative satisfies

so that there exists a region of where

Thus, we conclude that

and consequently . For the first summand
on the right-hand side of (75), following the same steps as in
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Fig. 1. Comparison between channel capacity and maximal
achievable rates (82) and (84) with respect to the bound
(32) for binary input , memoryless channels with additive gaussian noise

.

(76)–(78) and noting that behaves similar to for the
upper bound of

(80)

Since the exponent is strictly negative, for arbitrary large

(81)

The proof is complete if we replace (78) and (81) in (75).

Corollary 3: Considering the transmission of information
over a nonlinear Volterra additive gaussian noise channel, all
rates below (74) are achievable for the
weakly typical set decoding rule described by (60).

The tightness of the random coding exponent, given by The-
orem 2, depends on lower bounds for the error decoding prob-
ability of the form provided in [7], for the specific functions

.

IV. APPLICATIONS

In this section, three special cases of the nonlinear system (1)
are considered and the martingale based random coding bounds
are illustrated. First the additive white Gaussian noise channel
with finite inputs and real outputs is studied. This has the form

where and is binary with values in
. The channel capacity is obtained by maximizing

the mutual information with respect to
. The capacity is a well defined function of the signal to

noise ratio , although not given by a closed form
solution. It is depicted in Fig. 1. The achievable rate with respect
to the bound (32) and Corollary 1 is also plotted. Since

and the achievable rate is expressed in
terms of the signal to noise ratio as

(82)
The simplicity of the linear memoryless channel filter enables
us to do better. Indeed we calculate the terms in (20), (22), and

TABLE I
KERNELS OF THE 3RD ORDER VOLTERRA SYSTEM WITH MEMORY 2

TABLE II
KERNELS OF THE 4TH ORDER VOLTERRA SYSTEM WITH MEMORY 3

(35) explicitly and use them in (38) instead of the more crude
bounds in Lemma 1. Thus

(83)

Then according to (40) and Corollary 1, maximal achievable
rates based on martingales are expressed with respect to as

(84)

In Fig. 1, the channel capacity and the maximal achievable rates
(82) and (84) are numerically evaluated in relation with SNR.
The analytic calculation of the parameters in (83) extends the
SNR region for which the martingale achievable rates matches
channel capacity. Furthermore, powerful capacity approaching
codes that achieve low error decoding probability, such as turbo
codes presented in [23], are shown to exist for the specific range
of SNR values.

We consider next the transmission of coded modulated in-
formation over nonlinear channels with the Volterra kernels de-
picted in Tables I and II, respectively. The Volterra systems ,
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Fig. 2. Maximal achievable rates with respect to the bound (32) under ML decoding for BPSK modulated transmission over additive nonlinear
gaussian noise channels of zero mean and variance . (a) Variation of with respect to the modulation parameter for the Volterra system of
Table I. (b) Variation of with respect to the modulation parameter for the Volterra system of Table II.

are of corresponding order and , with re-
spective memories and . Moreover, all Volterra
kernels up to order 3 are the same for , apart from
and . The components of each codeword

are chosen independently from the set
with probability (BPSK modulated). For the ad-

ditive gaussian noise channel, the pair of bounds (35)
on the maximum conditional deviation and maximum sum of
conditional variance is calculated analytically for the martin-
gale differences (15). Specifically, for the maximum sum of
conditional variances, since , it
holds

Since the channel is stationary, we calculate analytically only
the terms and .
These values are then utilized in the exponential martingale in-
equality (38), instead of the upper bounds of Lemma 1. Ac-
cording to Theorem 1 and Corollary 1, maximal achievable rates
with respect to the bound (32) are given by

(85)

For the Volterra systems , , the achievable rates
and respectively are depicted, in

terms of the modulation parameter and for various noise vari-
ances , in Fig. 2. Achievable rates get their maximum values
for low values of , while as the latter increases, the rates are
noted to decrease and behave in a similar way for all the studied
noise variances. Under the typical coding theorem setup and
the specific selection , we calculate
again analytically the quantities
and and utilize them properly under the guid-
ance of (93) in Lemma 2 instead of (70) and (71). According

to Theorem 2 and Corollary 3, maximal achievable rates with
respect to bound (73) are expressed as

(86)

The maximal achievable rates and
for the respective Volterra systems ,

are illustrated, in terms of the modulation parameter and
for various noise variances , in Fig. 3. The corresponding
functions , (6) used for the calculation of the
above achievable rates are given due to Tables I and II as

Comparing Fig. 2(a) with Figs. 3(a) and 2(b) with Fig. 3(b), we
note that maximal achievable rates under the selected weakly
typical set decoding are higher than those under optimum ML
decoding for large values of the modulation parameter . The
main reason for this difference is the utilization of a tighter expo-
nential martingale inequality in Lemma 2 compared to the one
used in Lemma 1. Thus, tighter achievable rates both under ML
and weakly typical set decoding are expected to be achieved by
optimal martingale inequalities. Numerical optimization for the
calculation of (85) and (86) was performed in MATHEMATICA
using the Nelder–Mead algorithm.

V. CONCLUSION

Random coding theorems for nonlinear communication
channels are presented in this work. Martingale theory and
corresponding martingale exponential inequalities are properly
utilized for this purpose. Apart from the additive gaussian noise
channel setup, the martingale approach allows us to define
weakly typical set decoding theorems for nonlinear channels
with unknown transition probabilities. Specifically, due to com-
putation reasons mainly, the information density is replaced by
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Fig. 3. Maximal achievable rates with respect to the bound (73) under the weak typical coding theorem and for
BPSK modulated transmission over additive nonlinear gaussian noise channels of zero mean and variance . (a) Variation of with respect to the
modulation parameter for the Volterra system of Table I. (b) Variation of with respect to the modulation parameter for the Volterra system

of Table II.

a simpler generalized function. The optimality of the deduced
theorems depend on lower bounds for the selected functions
and are currently investigated. The analysis is proper also for
nonstationary environments since the martingale differences
capture the possible changes in the parameters of the channels.

The proposed technique can also be used for linear communi-
cation channels with intersymbol interference (ISI). Due to the
union bound effect apparent in our analysis, we expect that the
deduced coding exponents for the gaussian noise case, are only
lower bounds to the true exponents of the channels. Thus, in
linear channels with ISI, the maximization of our random coding
exponent constitutes only a lower bound in the channel’s ca-
pacity and our coding exponent is lower than the corresponding
deduced from the finite state approach. Nevertheless, for non-
linear channels, little is known, to our knowledge, about their
random coding theorems. Thus, the current methodology is a
first approach towards the aforementioned problem. Moreover,
possible ways, in relation with martingale theory, to leverage
the union bound bound effect are currently studied. They are ex-
pected to yield tighter random coding exponents for linear and
nonlinear channels with memory.

APPENDIX

PROOF OF LEMMA 2

We expand the term on the left-hand side of (72) as

(87)

and apply the variant of Hölder’s inequality [11, eq. (4.15(c))]
to the right hand side of (87). Then due to the expansion in (69)
it holds for

(88)

Since the noise samples are mutual independent
and independent from the transmitted sequence, the first term of
the product on the right-hand side of (88) satisfies

(89)

The innermost mean value on the right-hand side of (89) satisfies
due to the normal distribution of

(90)

and thus, replacing (90) in (89), we have

(91)

Combining (89)–(91) with , a direct conse-
quence of (5), we have

(92)
Consider next the second term of the product on the right-hand
side of (88). Application of inequality [24, Lemma 2] yields due
to , (70) and (71)

(93)

(94)
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Relation (94) results from the direct application of (71) to (93).
The proof is complete if we replace (92) and (94) in (88).
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