First Order Logic

(based on slides by P. Stamatopoulos
(2003))



Logic

Logic is a language for knowledge
representation

Propositional Logic
(Predicate Logic)
First-Order Logic



Propositional Logic Example

e P1:Ifitis hot and humid, then it will rain
P2: If it is humid, then it is hot
P3: It is humid
P4: It will rain

 Formal representation:
P =It's hot
Q = It's humid
R = It will rain
PI1.PAQ—>R
P2:.Q—> P
P3: Q
P4: R

* How can P4 be derived automatically from P1, P2, P3?



First-Order Logic Example

P1: Socrates is a man
P2: Every man is mortal
P3: Socrates is mortal

Formal representation:

P(x): x is a man

Q(x): x is mortal

P1: P(Socrates)

P2: (Vx)(P(x) = Q(x))

P3: Q(Socrates)

How can P3 be automatically derived from P1 and P2?



Propositional Logic

* Two truth values: True (T), False (F)

 Uses atoms (P, Q, ...) representing
propositions that may be T/F

* Well-formed formulas (WFF) are atoms or
combinations using logical connectives
) /\1 V) 9/ &



Truth Table

 Truth evaluation is determined via truth tables
for connectives:

__I--
T T F T
T F F F T F F
F T T F T T F
F F T F F T T



Predicate Logic - First-Order Logic

Extension of propositional logic with constants,
function symbols, predicates

Terms = constants & function expressions

Includes variables and quantifiers (V universal, 3
existential)

A formula with variables is not truth-evaluated
unless quantified

(VX)F true if F is true for every x
(Ix)F true if F holds for at least one x



Interpretations, Models, Equivalence

Interpretation = set of atoms considered true

Interpretation representing real world state =
model

Formula holds in an interpretation if true in that
model

Tautology = true in all interpretations
Contradiction = true in none
Equivalence: P>Q=-PV Qand P->Q=-Q—>-P



Logical Entailment

* Qs a logical consequence of P iff Q holds in
every interpretation where P is true

 Notation:
PEQ

 We ask: from knowledge base P does Q
follow?



Inference Rules () & Modus Ponens

* Modus Ponens rule:

|f

X2y

and x is known to be true
then infer y

* Inference is sound and (for Horn clauses)
complete

 Horn Knowledge Base = formulas of form
a1/\a2.../\am9b



Example Knowledge Base

* Johnis a lawyer

| awyers are rich
Rich people have big houses
Big houses require much work

e Goal: infer
work(house-of(John))
* Process shown step-by-step using Modus Ponens



lawyer(John)

(Vp)(lawyer(p) — rich(p))
(Vp)(house(house-of(p),p))
(Vp)(Vh)(house(h,p) A rich(p) — big(h))
(Vh)(big(h) ~ (dp)(house(h,p)) — work(h))



When Modus Ponens is Not Enough

* |f clauses include disjunction in the
conclusion, MP is not complete
— Resolution (Analysis Rule) is needed

* Example:
aVvb, a—>q, b—>q

infer g via resolution



Resolution

* Resolution can prove queries forward or
backward

* Backward proof: add -Q to KB and derive
contradiction T->F

* Resolution is sound & complete
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Conversion to Normal Form

Remove - , <&

Apply De Morgan
Distribute A / V

Split conjunctions
Re-introduce — if needed

Result: Conjunctive Normal Form (CNF)



Normal Form
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Skolemization (Removing 3)

* 3 variables replaced with Skolem
functions/constants

* Skolemization preserves meaning for queries
without Skolem symbols:
D Eq& Sk(D) Eq



Unification

e Unifier = substitution that makes two
expressions identical

 Most General Unifier (MGU) preferred



Hkes(John, x |{}; Mary, vy = Iﬂhﬂ}

likes(y, Mary) | fx = Mary, v = Jolu ‘I
likes(John, Mary)
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