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( ()*+,)(-./ 0/. ( 1+/ 2/+/3,4(4 *.-/. /-*5/46.0*4 7

,89: ;<=>9?@9A: > ?B=BCD AE 8;BFGH: >9B D<=C9I=JB <IFK9A: IJ89A: 7 4L=<M: C=;: 9?BD A BD 8D: =>NOF8=;B
8 CN > ADCJ<H8N CN: > AL AP: 8D: IJ8N: 7
Q RSTUVWX Y Z[ W\]^_`ab c dDe 4Nf9Ag8 C9 E hHK?: D<M>9A@N E DB LDGiBD D<M CD <DKDLPCH 8JB=ID 9?BD A
<9<9KD8fiB= E DK AGfF8 AfD P<9AK= F fN DK AGfF8 Af= j

Q2, 2[0,1], [0, 1] × [0, 1], 2Z3 , R[x], N[x1, . . . , xn].

M<=;
Q

= A KNC= ? E C= [0, 1]
8;fk=I ?l9A iBD > AP8 CNfD <KDOfDC ALgB DK AGfgB E

Z3 = {x mod 3 : x ∈ Z}
E LD A

K[x] F K[x1, . . . , xn]
9?BD A C= 8JB=I= <=I;HBJfHB f9 8;BC9I98 Ci: D<M C= 8JB=I= K

E 89 f ?D f9CDkINCF
x F 89

n
f9CDkINCi: x1, . . . , xn

E DBC ?8 C= AhD 7 mn f=BP>9:o
dk e /<=>9?@C9 <H: = A p;8 AL= ? DK AGf= ? N = {0, 1, 2, . . .}

E 9p=>AD8fiB= A f9 CNB <KP@N (a, b) 7→ max{a, b}
E

D<=C9I=JB f=B=9A>i: 7 .8hJ9A N DBC Af9CDG9C ALMCNCD O AD CNB <KP@N D;CF q mr f=BP>9:o
sssssst u vwxyz{z|dDe /K E ) N E ) N E 2 9< E ) N E /K 7
dk e <K=89CD AK A8 C ALF E =;>iC9K= } ~ E DBC Af9CDG9C ALMCNCD 7

Q RSTUVWX � Z[ W\]^_`ab c ) ?D =fP>D D<M lNIHCi: CHB fDGNfDC ALgB DBPf98D 8 C= >A>DLC ALM <K=8H�
< ALM CHB 3 ADLKACgB ) DGNfDC ALgB 8L=<9J9A BD LPB9A C A: C9I ALi: 9@9CP89A: D> ADBMNCD >J8L=I9: 7 d2 KMkIN�
fD �j *@PO9C9 MID CD OBH8 CP fDGNfDC ALP D<M CD D@AgfDCD CN: 8;B=I=G9HK?D: 7 �KP�C9 CNB D<PBCN8N
8D: 8 CN OIg88D CHB ) PO ADe 7 , fMB=: CKM<=: BD 8 CDfDCF89A C= 8DCDB ALM 8hi> A= CHB lNIHCgB 9?BD A
BD DBDLDI;pG=JB CD fiIN CN: =fP>D: C=;: 7 6= >A>DLC ALM <K=8H< ALM CN: =fP>D: D<=C9I9?CD A D<M CD
<DKDLPCH PC=fD j

{
0ID?KN E 5F>D E � KA8 CM>=;I=: E � AgKO=: E 5NCg E - ?L=: E 4CKPC=:}

( =fP>D CHB lNIHCgB 9?BD A iBD ;<=8JB=I= CHB <DKD<PBH 9<CP DCMfHB 7 �*h9A kK9G9? iBD iOOKDp= <=;
D<=LDIJ<C9A CD fiIN CN: =fP>D: E 9 ?BD A MfH: LH>AL=<= ANfiB= f9 I=O AL=J: 8;fk=I A8f=J: 7 6= LDCNOMKNfD
Z(x) DING9J9A DB LDA fMB= PB =

x
9?BD A fiI=: CN: =fP>D: 7 ) 9CDpKP8 C9 89 D<IP 9IINB ALP C A: <DKDLPCH

<K=CP89A: LD A DBDLDIJ�C9 CD fiIN CN: =fP>D: j
�7 ∃x∃y∃z (x 6= y ∧ x 6= z ∧ y 6= z ∧ Z(x) ∧ Z(y) ∧ Z(z))

r 7
¬(Z(

4CKPC=:) ∧ Z(
� AgKO=:))

n 7
Z(

- ?L=:
) → ∀xZ(x)

� 7
Z(

� AgKO=:) → Z(
4CKPC=:)

� 7
(Z(

5NCg) ∨ Z(
�KA8 CM>=;I=:)) → ¬Z(

5F>D)
� 7

(Z(
5NCg) ∨ Z(

4CKPC=:)) → ¬Z(
0ID?KN)



sssssst u vwxyz{z|� KA8 CM>=;I=: E 5NCg E 4CKPC=: dO ADC ?qe 7

Q RSTUVWX � Z� W\]^_`ab c dDe �D D<=>9?@=;f9 f9 A8h;KF 9<DOHOF MC A ;<PKh9A <PBCD CKM<=: BD
hHKA8 C=JB n

p=ACNCi: E n ≥ 8
E 89 =fP>9: CHB � F � DCMfHB 7

� ���� /<=>9ALBJ=;f9 MC A = A8h;K A8fM: DING9J9A O AD n = 8, 9, 10
j

8 = 4 + 4
9 = 4 + 5

10 = 5 + 5

� �������� � ���� �<=GiC=;f9 MC A = A8h;K A8fM: DING9J9A O AD 8, . . . , n
p= ACNCi: LD A GD >9?@=;f9 <H:

GD hHKA8 C=JB n+1
p= ACNCi: 89 OLK=J< CHB � F � DCMfHB j 8hNfDC ?l=;f9 iBD OLK=J< CHB � p= ACNCgB

LDA C=;: ;<MI=A<=;: C=;: hHK?l=;f9 89 OLK=J< CHB � F � D<M CNB DIFG9AD C=; A8h;K A8f=J O AD n−3p=ACNCi: 7 4;B9<g: = A8h;K A8fM: A8hJ9A 9<DOHO ALP 7
( <DKD<PBH D<M>9A@N <9K Aih9A iBD I=O ALM IPG=: 7 *BC=< ?8 C9 C= IPG=: LDA 9@NO9?8 C9 C ? >9B <FO9 LDIP 7 mr
f=BP>9:o

dk e *<DBD>ADC;<g8 C9 C=B A8h;K A8fM LDA >g8 C9 f AD D<M>9A@N f9 A8h;KF 9<DOHOF 7 mr f=BP>9:o
sssssst u vwxyz{z|dDe 4C= 9<DOHO ALM kFfD E <Ki<9A n − 3 ≥ 8 ⇒ n ≥ 11.

( <9K?<CH8N MfH: n = 11
>9B ih9A LDI;pG9? D<M

CN kP8N E LD A 9< A<Ii=B N <KMCD8N >9B A8hJ9A O AD n = 11.dk e �D D<=>9?@=;f9 f9 A8h;KF 9<DOHOF MC A ;<PKh9A <PBCD CKM<=: BD hHKA8 C=JB n
p= ACNCi: E n ≥ 12

E
89 =fP>9: CHB � F � DCMfHB 7 4CN kP8N D<=>9ALBJ=;f9 O AD 12, 13, 14

LDA 15
d<g: qe 7 4C= 9<DOHO ALM

kFfD ;<=GiC=;f9 <H: = A8h;K A8fM: DING9J9A O AD 12, . . . , n. �D >9?@=;f9 <H: DING9J9A O AD n + 1,
M<=;

n + 1 ≥ 13.
� AD n + 1 ∈ {13, 14, 15} ih9A D<=>9AhC9? D<M CN kP8N 7 � AD C A: ;<MI=A<9: C Afi: LPB=;f9 M EC A

<DKD<PBH 7 2 Ki<9A n − 3 ≥ 12
g8 C9 BD fD: LDIJ<C9A N 9<DOHO ALF ;<MG98N E A8=>JBDfD E <Ki<9A n ≥ 15.

QRSTUVWX � Z� W\]^_`ab c 3 ?B=BCD A >J= <9<9KD8fiBD 8JB=ID A
LDA B f9

|A| = m
E
|B| = n.

2M89:
> ADp=K9C ALi: 8;BDKCF89A: A → B

;<PKh=;B q 2 M89: D<M D;Ci: 9?BD A �� �q 3 ALD A=I=O9?8 C9 C A: D<DBCF89A:
8D: 7
sssssst u vwxyz{z|
nm, n(n − 1)(n − 2) . . . (n − m + 1) = n!

(n−m)! .

QRSTUVWX [ Z[ W\]^_`ab c /<M C= {1, 2, . . . , n} GiI=;f9 BD > ADIi@=;f9 iBD ;<=8JB=I= f9OiG=;: k<=; BD fNB <9KAih9A >J= >AD>=h AL=J: DL9KD?=;: 7 2 M8= A CKM<= A ;<PKh=;B BD O ?B9A D;CM q
sssssst u vwxyz{z|/<=>9?@C9 <H: = DK AGfM: x CHB ;<=8;BMIHB <=; �PhB=;f9 9?BD A ?8=: f9 C=B DKAGfM S(k, n) CHB k�;<=8;BMIHB C=; {1, 2, . . . , n − k + 1}.

2M8= 9?BD A C= S(k, n) q� AD BD D<=>9?@9C9 <H: x = S(k, n),
=K?8 C9 f AD �� � LD A 9< ? D<9ALMB A8N D<M CD k�;<=8JB=ID C=;

{1, 2, . . . , n}
8 CD k�;<=8JB=ID C=; {1, 2, . . . , n − k + 1}.

QRSTUVWX � Z� W\]^_`ab c dDe 2M8=A CKM<=A ;<PKh=;B O AD BD kPI=;f9 f?D = AL=OiB9AD 7 DCMfHB 89
LJLI= dA8=>JBDfD E BD LPC8=;B 89 8 CK=OO;IM CKD<il A M<=; =A G i89A: >9B 9?BD A DK AGfNfiB9:e q dk e 2M8=A
CKM<= A ;<PKh=;B DB = <DCiKD: LDA N fNCiKD >9B LPG=BCD A >?<ID�> ?<ID q 3 ALD A=I=O9?8 C9 C A: D<DBCF89A: 8D: 7
sssssst u vwxyz{z|dDe 6! = 720

E dk e 6! − 5!2! = 720 − 240 = 480.

r


