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6 789:;<= > ?@ <ABCDEFG H IJK 2LMNOPQ RN S TUVWX JYZ[NO\L S J] ^J_`]J JYZ RJ YJVJ^aRU Qb]cdJ NW]J O
YNYNVJQM`]c S JV O_MeQ OMJ aYNOVc e ML JV O_MeQ OMc f

Q2, 2[0,1], [0, 1] × [0, 1], 2Z3 , R[x], N[x1, . . . , xn].

ZYcg
Q

c O VLRc W S Rc
[0, 1]

QgMhcd WiNO `]J [ OaQ RLMJ YVJjMJR O^P] JV O_MP] S
Z3 = {x mod 3 : x ∈ Z}

S ^J O
K[x]

e
K[x1, . . . , xn]

NW]J O Rc Qb]cdc YcdgU]bMU] MN Qg]RNdNQ R`X JYZ Rc Qb]cdc
K

S QN M WJ MNRJhdLRe
x
e QN

n
MNRJhdLR`X

x1, . . . , xn

S J]R WQ Rc OTJ 5 kl Mc]a[NXm
Ih K -Yc[NW\RN YUX c O ngQ O^c W JV O_Mc W

N = {0, 1, 2, . . .}
S Nnc[OJQM`]c O MN RL] YVa\L

(a, b) 7→ max{a, b}
S

JYcRNdcb] Mc]cNO[`X 5 ,QTbNO L J]R OMNRJ_NR O^ZRLRJ j OJ RL] YVa\L JgRe o kp Mc]a[NXm

6 789:;<= q ?@ <ABCDEFG H ' WJ cMa[J JYZ iLdUR`X RU] MJ_LMJR O^P] J]aMNQJ Q Rc [O[J^R O^Z YVcQUr
Y O^Z RU] 1 OJ^VORP] ' J_LMJR O^P] Q^cYNbNO ]J ^a]NO R OX RNd O^`X N\NRaQNOX J[ OJ]ZLRJ [bQ^cdNX 5 I0 VZhdLr
MJ sf (\ajNRN ZdJ RJ j]UQ Ra MJ_LMJR O^a JYZ RJ J\OPMJRJ RLX Qg]cdc_NUVWJX 5 tVauRN RL] JYa]RLQL
QJX Q RL jdPQQJ RU] ' aj OJK 5 * MZ]cX RVZYcX ]J Q RJMJReQNO Rc QJRJ] O^Z QT`[ Oc RU] iLdURP] NW]J O
]J J]J^Jdgn_cb] RJ M`dL RLX cMa[JX RcgX 5 4c [O[J^R O^Z YVcQUY O^Z RLX cMa[JX JYcRNdNWRJ O JYZ RJ
YJVJ^aRU aRcMJ f

{
.dJWVL S 3e[J S v VOQ RZ[cgdcX S t OPVjcX S 3LRP S + W^cX S 2RVaRcX

}

& cMa[J RU] iLdURP] NW]J O `]J gYcQb]cdc RU] YJVJYa]U NYRa JRZMU] 5 w(TNO hVN_NW `]J `jjVJnc Ycg
JYc^JdbYRNO RJ M`dL RLX cMa[JX S N W]J O ZMUX ^U[O^cYc OLM`]c MN dcj O^cbX QgMhcd OQMcbX 5 4c ^JRLjZVLMJ
Z(x)

JdL_NbNO J] ^JO MZ]c a] c
x
NW]J O M`dcX RLX cMa[JX 5 ' NRJnVaQ RN QN JYda NddL] O^a R OX YJVJ^aRU

YVcRaQNOX ^J O J]J^JdbuRN RJ M`dL RLX cMa[JX f
s5

∃x∃y∃z (x 6= y ∧ x 6= z ∧ y 6= z ∧ Z(x) ∧ Z(y) ∧ Z(z))

p 5
¬(Z(

2RVaRcX
) ∧ Z(

t OPVjcX
))

l 5
Z(

+ W^cX
) → ∀xZ(x)

x 5
Z(

t OPVjcX
) → Z(

2RVaRcX
)

y 5
(Z(

3LRP
) ∨ Z(

vVOQ RZ[cgdcX
)) → ¬Z(

3e[J
)

z 5
(Z(

3LRP
) ∨ Z(

2RVaRcX
)) → ¬Z(

.dJWVL
)

6789:;<= { ?| <ABCDEFG H IJK }J JYc[NW\cgMN MN OQTgVe NYJjUje ZR O gYaVTNO Ya]RJ RVZYcX ]J
TUVOQ Rcb]

n
ncORLR`X S

n ≥ 8
S QN cMa[NX RU] x e y JRZMU] 5



~ ���� -Yc[NO^]bcgMN ZR O c OQTgV OQMZX JdL_NbNO j OJ
n = 8, 9, 10

f

8 = 4 + 4
9 = 4 + 5

10 = 5 + 5

� �������� ~ ���� �Yc_`RcgMN ZR O c OQTgV OQMZX JdL_NbNO j OJ
8, . . . , n

nc ORLR`X ^J O _J [NW\cgMN YUX
_J TUVOQ Rcb]

n+1
nc ORLR`X QN j^VcbY RU] x e y JRZMU] f QTLMJR WicgMN `]J j^VcbY RU] x nc ORLRP]

^JO RcgX gYZdcOYcgX RcgX TUVWicgMN QN j^VcbY RU] x e y JYZ RL] Jde_NOJ Rcg OQTgV OQMcb j OJ
n−3ncORLR`X 5 2g]NYPX c OQTgV OQMZX OQTbNO NYJjUj O^a 5

& YJVJYa]U JYZ[NO\L YNV O`TNO `]J dcj O^Z da_cX 5 (]RcY WQ RN Rc da_cX ^JO N\LjNWQ RN R W [N] YejN ^Jda 5 kp
Mc]a[NXm

Ih K (YJ]J[OJRgYPQ RN Rc] OQTgV OQMZ ^JO [PQ RN M OJ JYZ[NO\L MN OQTgVe NYJjUje 5 kp Mc]a[NXm

6 789:;<= | ?| <ABCDEFG H 1 W]c]RJ O [bc YNYNVJQM`]J Qb]cdJ
A

^JO
B

MN
|A| = m

S
|B| = n.

0ZQNX
[ OJncVNR O^`X Qg]JVReQNOX

A → B
gYaVTcg] o 0 ZQNX JYZ JgR`X NW]J O sr so 1 O^J OcdcjNWQ RN R OX JYJ]ReQNOX

QJX 5

6 789:;<= @ ?@ <ABCDEFG H -YZ Rc
{1, 2, . . . , n}

_`dcgMN ]J [ OJd`\cgMN `]J gYcQb]cdc MNj`_cgX
kYcg ]J ML] YNVO`TNO [bc [OJ[cT O^cbX J^NVJWcgX 5 0 ZQc O RVZYc O gYaVTcg] ]J j W]NO JgRZ o

6 789:;<= � ?| <ABCDEFG H IJK 0ZQcO RVZYcO gYaVTcg] j OJ ]J hadcgMN MWJ c O^cj`]NOJ
7
JRZMU] QN

^b^dc IOQc[b]JMJ S ]J ^aRQcg] QN Q RVcjjgdZ RVJY`i O ZYcg cO _ `QNOX [N] NW]J O JV O_MLM`]NXK o Ih K 0ZQcO
RVZYc O gYaVTcg] J] c YJR`VJX ^JO L MLR`VJ [N] ^a_c]RJ O [WYdJr[ WYdJ o 1 O^J OcdcjNWQ RN R OX JYJ]ReQNOX QJX 5

p


