Opyvdvwon tunuatoc 1: tepirtol AM

o .

http://eclass.di.uoa.gr/

® Toitn, 09:00-11:00 (atovooa A’) o ITEuntyn 09:00-11:00
(oppriéatpo).
Avaxprtd Moadnuatind, . Kolomovhog, oOyyeouua Liu.
80% Boduo,
6mou 1o = 10% and XATOLEC UTOYPEWTIXES AOHNOELC.

® Acutépa 11:00-12:00 (opprdéatpeo).
Ocwpla apriuwyv, II. Tooyxdene, codyyeouua Tooyxden.
20% PBorduon.

Tehnn e€etaon.

L I

Tunuo 2: dotior AM. Awdoxwv I'. Eulonc.



PoovticTrpla teptttv AM

. .

Tettn 16:00-17:00 (atdovoa A’) ¥ pio dpa tnv [Iéumtn
16:00-17:00 (atdovoa Z).

1ot POLTNTES ME TERLTTO Aptduo Mntpwou xou uévo: ula wpo TNy

O wool gortntéc e neptttd Aprdudé Mntewou Yo nnyatvouv tny
Toltn o ot dAdot wioot tnyv Ieuntn. Enouyévee yio Tov xaie
(POLTNTY| TO YEOVTICTHELO elval Ul W TNV EBOOUAOAL.

H »oatavour) Yo yivel wg e€ne....

o -



PoovticTtrpta teptttov AM: Kotoavour
-

KATANOMH TON ®OITHTON (pe neprttd Aprdud Mntpmou
xor povo) LE TMHMATA I'TA TO ®PONTIXTHPIO:

Tnv Teltn autol yia Toug onoloug
X mod 4 = 1.
Ty leuntn autol yio Toug omoloug

X mod 4 = 3.

Eoey X = tpla terevtata dneplo tou Aprduod Mntewou.

o -



PoovticTtrpola tepttTov AM: TopaoetyuaTa

fHAPAAEH‘MA: Eotw gorthteia ye AM 115200600157. T
Exteholye tnyv mpdln

157mod 4 =1 (ywtl 157 =39%4+1).
‘Ao ) goithtpla £xetl ppovtiothelo Toltn.

AAAO ITAPAAEIT'MA: Eotw gortnthc pe AM 115200600071
Exteholye tnyv mpdln

71 mod 4 =3 (ytli 71 =174 4 3).

‘Apa 0 portnTtig €xeL gpovtioThpto TIEum.

o -



Evopln opovtiotrplonyv

=

fTo peovtiotrptlo AEN da Cextvnoetl auéowe, alhd o€ Tepitou pia
eBdoudda and TNV TEWTN Taeddoor. Ou tponynuel avoxolvwon
o710 Ydunua N omola Yar avaeTNUEL Xal 6 TNV Lo TOCEALDAL.

Yhuepa (28 PeBpouvapiov) xou tnv epyduevn Toltn (4 Maptiov)
AEN da yivel gpovtiotiplo.



T etvon Tor Avoprtd Mo nuotind;

r

® oOvoha, m.y. {o,E,M,L,0,0,0},

® Yypdgol,
& oxEpaol aELdUOl Xal UTOCUVOAA TOUG T.Y.
{0,2,4,8,16,32,... },

mewTol apwuol 2,3,5,7,11,13,. . .,

o ) ps)\érn BLocxpwd)v pou?)npomxd)v ocvnxapévcov:

L I

QELIUNTIXEC CLVOPTNOELS, ONA. UE TEDLO OPIOUOV TOUC
oXEEAULOUC.

Ta Otaneprtd avtixetyevo avamaploTavton Ye axplleia oTov
Troloyiotn

Tv AEN ecetdCoupe ota Atoxprtd Modnuatind;
vvey ") avtixeiueva, Madnuotixy avdivon.



\VTIo TOLY Ol OLOXELTOV /CUVEY MY AVTIXEWEVD

. -

ALoxLtd #+ 2LUVEY Y| AVTIXEUEVY
Z, Q R, C
obvoro {0, 1,2, 3}, axoroudia (0,1,2,3) | ddotnua |0,3] ¥ (0,3)

dipoloua ohOXApwUA
N N(N+1 2 N 2 2
Sheok =g =4 g Jo' tdt =51 =17
OLOXELTY) + CUVEY NS TWovOTN T
YeYovog € detypatind yweo A = {K,I'} A =1[0,1]

o -



[t peietaue o Awoxortd Mo nuorind;

. .

® aVAAUOT TOAUTAOXOTNTAC UECK AELUUNTIXWY CUVAOTHOEWY,

. Alyoprduol xar Ilohumhoxotnro:

& TovOoXEATIXOL AAYOpLIOL: ATOPEVYOUY YEIPLOTN
TEQITTWOT),

® [elTioTonolnon oTNV EMYERNOLAXY| EQEUVA, T.Y. OPOUOAOYLX
QEQOTIORLXWYV ETAULPLY,

® vyewuetpxol ahyodpriuol, T.y. xUETO TERBANUQL, OLdyEoUUd
Voronoi .

B. Kpuntoypagla, xwowxonolnon xow ac@aieLd:
® TEOTOL apLUoL, T.Y. TIOTWTIXES XAPTES, Ssh, putty |

® alyefpuxol ahyodpriuot.

o -



[t peietaue o Awoxortd Mo nuorind;

i‘. TrnAemixotvwviaxd dlxtua: T

® alyopriuol o Yedpouc,

$ cLVOLAOTIXT) X THAVOTNTEC.

A. Aoygg xou BAoelc DEQOUEVWV:
® YoAQoL, T.Y. LOOPEOTNUEVA OEVOQUA,

E. I'h\oocoeg Tpoypauuationol xat ETUYAWTTIO TEC:

® Jewpla Ypdpnv (yeopnudtwy),
® )\OYIXEC TROTACELS, VEwpla CUVOAWYV.

o -



1 XTNOAA
[Liu, xep.1]



Oplouoc GLVOAOU

20voho elvan Lot GUAAOYT BLoxEXPLUEVLY (BNA. BLapORETINGDY)
OVTIXELUEVWV.

y. {a,b}, N=1{0,1,2,3,4,5,...}, [0,1] C R.

[Iy. A={aeR : 0<a <1}

Ly. {1,2,4,8,16...} ={z=2F : k=0,1,2,3,4,... }.

To ocvuxsipsvoc TTOU CLUYVETOLY TO GLUVOAO XoAOVVTOL GTOLXEioc n

uEAN Tou cuvolou® cupBoliloupe a € {a,b}, c € {a,b}.

‘Eva ool007toTe avTIXelUEVO EITE AVIXEL GE OEOOUEVO GUVOAO
elte Oev avixel (ARG TOTE xou oL 6V0).

To mAioc twv oTolyelwy cuvohou xaheiton TANYIXOC aELdUOC.
Ly [{a,b}] = 2, [0, 1]| = oo.

.



Toomoc oplouoy
ﬁEva cLvolo opiletau
® ue amapldunon Twv otolyeiwy tou, T.y. {1,2,3},
® e TEpLYpapn TV GToLYElwY Tou, T.Y. {a € Z : 1 < a < 3},

® yéow Tpdlewy oe ahvola Tou €youue HoTN oploet (T.y.
EVOoT), ToUN).

To otovyela evog cuvolou:

® dev emavohauBdvovion, dnh. 1o {a,a,b} AEN éyel vonua,
EXTOC ATO ELOIXEC TEQLTTWOELS.

® Jev etvon tovounuéva, onA. {a,b} = {b,a},
® umopel va efvon 0LapopeTiXoL El00UC, aXOUT) XL CUVOAX, T.Y.

{a,1,2, {K,T'}, lepoepbvn, {}}.
L 4 POEQYOVT J



Yool vol

. .

Op. 'Eva oOvoho P xohettar utocivolo tou () (cuulolxd
PCQ)avVpe Poyle g p € Q.

[I.y. {a} C{a,b},{a,c} Z{a,b}.

Hopatrpnon.
® [ xdde cOvoho A, woyver A C A.

® Mrnopel va woydet A C B xaw A € B, m.y.
A={a,b}, B=1{a,b,{a,b}}.

['victo utocivolo A C B xaheiton to unocuvoro A av A # B.
[oodUvapa, A C B (AC B& A # B).

o -



Kevd clvolro

. .

Op. Kevo xakelton 10 oOvoro {}, mou Bev nepléyel xavéva
ototyelo” oupforiletar e 0. IoodOvopa, yia xdde a woylel a & 0.
Ocdp. 0 C P, vy xdde olvoro P.

Amooeln: O oploudg ToU UTOGUVOAOU IXAVOTIOLELTOL TETOUUIUEVAL.

‘Aox. AEN 1oy0el twg, v xdde obvoro P, () € P.
Anéddeien pe avuimapddeltypa: Tndoyer obvoro {a, b} 6mou dev
avixel to ().

o -



IG(’)Tmoc > UVOAWY

. .

Op. P=Qav VYp,(pe P&pe).
[oodlvopa, P=Q < (PCQ & Q C P).
[Iy.{eaeR : 0<a<1}=]0,1].

Ly. {1,2,4,8,16...} ={z=2F : k=0,1,2,3,4,... }.
[T.y. {a,b} # {a,b,0}.

Treviouon. a < b onuatver T
® 70 a elvar ETAEXNC cLVUNXN Yl To b, ONA. a = b xau, eriong,

® 710 a cbvon avaryxalo cuvUAxn YL To b, ONA. a <= b.

o -



OplouOC EVWONC %o TOUNG CUVOAWY

-

PUQ :={a:a€Phhae@}
PNQ:={a:a€Pxuac@}.

[I.y. {a,b} U{a,c} ={a,b,c}, {a,b} N{a,c} ={a},
{0,2,4,6,8,...}n{a:a=2k+ 1,k € N} =0.

=

[opatneroeic.

®» VAAUA=A ANA=A,
ACB=(AUuB=B,AnB=2A),
ACAUB, ANBC A, VDB,

ABCC=ANBCAUBCC,
(ACB,ACC)=ACBNCCBUC.

ETEXTUCT) OPIOUWY EVKOONS/TOUNC OE OTIOLOBNTOTE (aXOUT Xol

\_ dmepo) TARdoc ouvorwy, Ty, A; = {i},U;—g Ai = N. J

Aroavortd MoaSnuotiwx&d — . 1

e o o

°



[otoTnTEC EVvtong xat TOUNS CUVOAWY

. .

$ clvol TPOCETAUPLO TIXES, ONA.
A1U(AQU(-'-(Ak_1UAk)-'-)) = A TUAU---UAL,
AN (AN (A1 NAg) ) =A1NA NN A,

elvan avtipetadetineg, onh. AUB =BUA, ANB =B NA,

L TEACELS EVWOTC XAl TOUTC

o o

éyouv oudétepo atotyelo: AUD = A, ANQ = A, énou 10
obumay §2 (cOvolo avapopdc) eapTdton and TNV
CUYXEXQUEVT] EQUOUOYT),

® clvou ETUEPIO TN 1) Ulat WS TEOS TNV AAAT), ONA.
(AUB)NC =(ANC)u(BNO),

(ANB)UC =(AuC)Nn(BUC(C).



Empepww{émw

-

(AUB)NC = (ANC)U(BNC), (ANB)UC = (AUC)N(BUC)

=

A B A B

C C

Aarypduuota Venn.



\160etn (PUQ)NR=(PNR)U(QN kA
=

‘Eotwoav A := (PUQ)N R,
Bi=PNR,By:=0QNR,B:=BjU Bs.
IToemel va detéovue A = B.



\160etn (PUQ)NR=(PNR)U(QN kA
=

‘Eotwoav A := (PUQ)N R,
Bi=PNR,By:=0QNR,B:=BjU Bs.
IToemel va detéovue A = B.

BCA
BlgpiBlgPUQ,BlgRo’(pO(BlgA.
Ouolwe By C A. Yuvenwe B = B1 U By C A.



\160etn (PUQ)NR=(PNR)U(QN kA
=

‘Eotwoav A := (PUQ)N R,
Bi=PNR,By:=0QNR,B:=BjU Bs.
IToemel va detéovue A = B.

BCA
BlgpiBlgPUQ,BlngpO(BlgA.
Ouolwe By C A. Yuvenwe B = B1 U By C A.

ACH
acA=ac PUQ&a€ R.

Ava e P,ercwdna € R, enetn a € PN R.

AMoca @ Pyxenedna € PUQ, a € Q dpaa € QN R.
Tehxd, a € B dpa A C B.

o -



2 UVOETNOELC [Liu, evét.4.1,4.8]

ANyePpinec oouec [Liu, evér.11-11.2]



ALUEANS OYEOM
o

0. Kapteolavod yivouevo 600 cuvolwv:
Ax B={(a,b) :a € A,be B}.
Op. Mia dweric oyeon eivon €va untoclvoho tou A X B.

[Topdoetyua.
Pourtnréc @ = {A, B,C}, Madhuata M = {S1, Sa},

O x M = {(A, Sl), (A, SQ), (B, Sl), (B, SQ), (C, Sl), (C, SQ)}
To maporxorouvolueva podiuorta IT etvon ylo OlweAnc oyeon:
II={(4,S2),(B,S1),(B,S52),(C,S2)}.

o -



2 UVOOTNOELG

=

|7()p. xuvaptnon A — B xahelton wo oweAng oyéon D € A X B
av Va € A, 3 povadwxé b e B: (a,b) € D.
AnA. TEOXELTOL VLA WO LOVOOTUOVTTY) ametxovion tou A oto B.

H cuvdptnon f: A — Belvuwent av Vb e B,Ja € A: (a,b) €
oyéon, Onh. Vb€ B,3a € A: f(a) =b.

H ouvdptnon f: A — Bebvar I-1 ava#d € A= f(a) # f(d)

Kdie ocuvdptnom mou etvon 1 — 1 xou ent ovopdleton xau
oppiovoouovtn. Omote xou oplleton 1 avtioTEOPn GUVAETNON

oto f(A).

o -



-

[Topaoetyuato cuvapTnoewy

-

G,—_

G

. T

2.UVEPTNON

[ |

I

| D!

I-1




AlyeBpinec Aopeg
-

fOp. Mio cuvdptnon f: A x A — B xahelton diperrc npdln oto
A. Av B = A 167te 1 npdln elvon xhelo T,

[I.y. Ou npd&elc cuvorwY elvon xhetoTég (diuehelc) medielc.
II.y. H owipeon axcpaiwv elvon un xAetot nedln, oaAAd 1
otatpeot) pNnTv aptiuwy eivon xAEG T

Op. Alyelowd cvotnua, 1) alyePeuxt| dour elvon Eva cOVOAO
EQOOLUOUEVO UE Ulal 1) TEPLOCOTEPEC UAELGTEC TPALELC.

IL.y. AhyeBoiég douéc ue plo Tedln:

(N, +), (Z, %), (2°,U), 2% := { 1o oOvora ue croyeio € Q.

IT.y. AhyeBoinec 0ouEC ue 2 TRACELC:
L(N +, %), ({TTivoxec n x n}, +, %), (22, U,N). J



Hutouaow, uovoeloee
-

|7()p. Hutopdoa = ahyelowr| dour) ue wio tedln, 1 onola XavoToLel
TNV TEOCETALPLO TIXY) LOLOTTTL.
II.y. Ta mepiocoTERA YVWO T TOUEAOELYUATAL.
Oy Odworn oe dovaun: (a Tb) T+ (a) = a7, dev 10olTo
ue: a T (b1 7) — a’".
Op. To aploteEd 0LBETEPO GTOLYElD € € A ¢ TPOC Ulo TEALN O
ixavomotel: Vo € A, eox = .
Ael{ oudetepo ctoyelo e € A we mpog o: Vo € A,z oe = x.
To oudETepo cTolyElo elvon aplotepd xon deli oLBETEPO GTOLYElD.

Op. MovoeloEC = NULOUAO UE OUBETECO CTOLYELO.
IL.y. (29, N), (29, U), (N, 4), (Z, *).
Oyt Owon oe dOvaun: Ae: (Va,a Te=a=eT a).

.



Oudoda (group)
-

fOp. [ xdde x € A, 10 GLUPETELXO OTOLYEID TOU T WS TEOS LA
nodnochvarto ' € A:zoa’ =2’ ox =e.
2 TNV TEOOUVECT) XAl TOV TOAATAACLACUO, TO CUUUETOIXO XOAELTAL
avTideTo xat avtioTpogo, aviioTolya.

Op. Oudido = UOVOELOES : UTAPYEL TO CUUNETEIXO XdUE oTOLYElOU.
[Ly. (Z,+), (R — {0}, %), (avuotpédyol nivaxeg n X n, *).
,OXL (297 U)? (297 ﬂ)? (N7 _|_)7 (Z7 *)

Av 1oy0el 1) avTIHETHIETIXOTNTY, TOTE OVOUACETAL AV TIHETAVETIXN
Y oaf3eMovi| opdda (amd Tov Abel ).

o -



AoXTUAOC XOlL OO

-

Op. AaxtOhoc (ring ) xohetton xdde doun (A, B, ®) énou,
0 (A, ®) elvar avtipetodeTiny oudda,

10 (A, ®) elvon HOVOELBES, Ao

N TEAEN & elvon empEplo TN wC TEog TNV .

[Ly. (Z,+,x*), (ntlvaxeg n X n,+, *).

Av emunAéov N TEdln & elvon avTeTAVETIXY, TOTE TEOXELTOL Yo
OV TIHETAVETIXO OAXTUALO.

Op. Xopa (field, corps ) xohelton xdde avtipetadetindg doaxTOALOC
omou Va € A — {0} undpyel cuuueTed we Tpog TNV ®. 0 clvor
TO OLOETEPO oToLyElo TNg .

[Ly. (Q, 4+, %), (R, +, *).

o -



ALAVUCUATINOC Y WOEOG
Op. Awovuopatindc ywpeog enl Tou owuotog (A, &, ) xokelton
x&ie avtetodetxn oudda (X, H), omou éyel opiotel wia mpdén
AX X — X :(a,2) — az,

T.0. Va,b € Ax,y € X,

a(rBy) =ax B ay (1)
a(bx) = (a @ b)x (2)

(a & b)x =ax B bx (3)
iz =2 (4)



[Topaoetyuota AlvuouaTinwy YOemY

-

[Ly. (R" +) ent tou (R, 4, ).

-

[Ly. ({mohuwvuya cg + cru + - - - + cpu”, Baduod n ot
ueToBANTH u, 6mou ¢; € R}, +) ent tou (R, 4 ).

Oyt (R, +) eni tou (C, 4+, *).



FErumheov Tlpdcec 2uvormy [Liu, evét.1.2]

[TAnuxol apriuot [Liu, evér.1.3]



ALUPOPEC CUVOAWY

Awgpopd. P—Q:={peP:p¢Q}, | P\ Q.
Kaheiton xou cuumAfpwua tou () wg npog P.

[ to olumay (R cOvolo avagopdc) 2, A :=Q — A.
[Hopathenon. A—0=A,A—A=10.

[Ly. {a,b} — {a,d} = {b}, {a,b} — {a,b,d} = 0.

Yuppetewn Stapopd (xor). P& Q:={pe PUQ :p¢ PNQ}.
Avtipetadenxdtno. PSS Q =Q @ P.

Ocdp. P& Q= (PUQ) — (PNQ) = (P—Q)U(Q—P).
[L.y. {a,b} & {a,d} = {b,d},{a,b} & {a,b,d} = {d}.

Enextoon:
LPl ®---DP,={pe U,]le P; 1 p avixel og mepttto mandoc B} J

Aravortd MoaSnuotimwx&d — 1. 3



Atorypduuato VNN otagopmy
o

B B




AuvaocUVOAO

fOp. P(A):={B:BC A} =24,
My. P(0) = {0).
H‘X' P({(ZL, b}) — {@7 {a}v {b}v {av b}}

[Ly. A={a,bc}=2%={0,{a}, {b},{c},{a, b}, {c, b}, {a,c}, A}.

I1.y. A = {1,2,3,4} =

$2A — {@7{1}7{2}7{3}7{4}7
1,2}, 41,35, {1,4},{2, 3}, {2, 4}, {3,4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4}, A}.

-

Aravortd MoaSnuotimwx&d — 1. 3



[TAnUixoc apruog ouvouOGUVOAOU
. -

Oetonua. |P(A)| = 2141,

Amooeln.

V otovyelo tou P(A) avtiotolyel oe plo emAoyy oTotyelwy Tou A.
Kdade emhoyr) avtiotolyet og pa ouvdptnon A — {0,1}.

Trdpyouv 2141 Buapopetinéc cuvapthoeic/ameixoviceic. OEA

Mowtd yenotuonoleitar xon 0 GuPBoAoU6S 24,



[lemepaopeva oUvolo

=

fOptopég. To ocUvoho A xahelton menepacuevo av o TAnUixdc Tou
opliuog elvar TETEPAOUEVOC. AMNAMKDC xakeltan dmetpo.
I[L.y: menepoopévo: {a,b}, dnewo: Z.

Octp. To A eivon menepaopévo avy AN’ C N xou 3 1-1
owdptnon f: A— N : [dJaeN :Vne N n<a.

Anhad (i) undpyet 1-1 anexdvion and to A og xdnowo N’ xau (i)
UTIOYEL EVAC CUYXEXQLUEVOC PUOIXOC @ TIOL EVOL VG QEAYUOL YL
6\ T ototyeio tou N

[Ly. f:{a,b} —{1,2,3,4}, a =67.
[Cevixd, a > |Al.

o -



Aprdunolua cuvolo
-

fOptopég. To A etvar apriunowo av 3 1-1 cuvdpetnon f : A — N.
IL.y. { mepittol guowol aprduol } — N:2k+1— k> 0.

Ocwp. To Z eivar aprdunoo.
Ando.

x+— 2x, av x > 0,

f:Z — N: {
x+— —2x—1, aver <0

H f etvar cuvdptnon: povochuovtn amewxovion oo N.

Eivou 1-1: éotw x # 2

e avz,z' >0 éotwx>a = 2x> 27,

e wavz, 2 <0 éotwzx>a=-22x—-1<-22" —1,

e o zx’ < 0= f(x), f(2') eivou dpTioc xou meprTToC.

o -



Kotnyoplec cuvorwy

fHocpom"]p. A menepaouevo = apliunoo.

To avtiveto dev oylet, m.y. N.
Octp. Tndpyouv un apriunowa (drepa) odvora, .y. R, [0, 1].

Katnyoplec:

o Ilenepaocyéva apriunowa olvora, m.y. {a,b}, 0.

o Apunowa arepocivora, m.y. N, Z, Q (nAndxoc oprdudc
No).

e  Mn aprdurowa, my. (0,1), R, R" (mhndixde aprdude 280).

Trddeon tou Xuveyolg [Cantor | Aev undoyel oOVoro pe TANHIXO
aplud avapeca oTov TANUXO aptduo tou N xou Tou R.

o -



/ /

Mn cprunouo chvoro
Ocwpe. To (0,1) NR etvon un aprdunoiuo opolwe to (0,1) — Q. T
An. Awyovio emyeionua (Slaywvionolnon), avaywyr o dtono.
Apriunowo = ta otowyela tou (0, 1) TagivopolvTaL:

a1 = 0,a11a12013 . ..

az = 0, az1a22a93 . . .

az = 0,a31a32a33 . ..

Yowels dretern axoroudio 0 : 0,15000--- = 0,14999. ..
(umopolue va e€atpécoupe Toug ENTONC).

o -



Mn cprunouo chvoro
Ocwpe. To (0,1) NR etvon un aprdunoiuo opolwe to (0,1) — Q. T

An. Awyovio emyeionua (Slaywvionolnon), avaywyr o dtono.
Apriunowo = ta otowyela tou (0, 1) TagivopolvTaL:

a1 = 0,a11a12013 - - .
az = 0,a21a220923 . . .
a3 = 0,ag1aszeas; . ..

Yowels dretern axoroudio 0 : 0,15000--- = 0,14999. ..

1 i = 9,

Octw b; = v ) = b; # 44
9—a;, av a; € {0,1,2,...,8}.

b:=0,b1babs--- € (0,1) ahA& b # a;,Vi: dTomo. OEA



FEmorywyr) [Liu, evér.1.5]



Mo nuatin emarywy

Médodoc anddelne uag podnuatixic tedtaone II(n), n onolo
eCapTdTon amod Evay Quoxo n € N.

>xomog elvon va det&oupe e 1 II(n) etvon aknineg, Vn > ng € N.

2 oTdo:

o Bdon: delyvouue mwe n II(ng) etvon ahninc.

e  DBrua: delyvoupe nog II(k) = II(k + 1), énov k > np:
n II(k) xohetton enoywywnr) utdveon.

Ioyuen emaywyy:

e Bdon: delyvouue e n II(ng) etvan okndnc.
o  Brua: detyvoupe noc [I1(7), i = ng, ..., k] = II(k + 1).

o -



[Topdoeryua emorywyng

Liu, dox. 1.33]. Tw a # 1, n € N, del&te mwe

antl — 1

[In):1+a+---+a" = P



[Topdoeryua emorywyng

Liu, dox. 1.33]. Tw a # 1, n € N, del&te mwe

H(n):1+a+---+an:a

n—l—l_l

Adon,.

o Emaywywr Bdon, [1(0): 1=(a—1)/(a—1) :

a— 1

aAnUTC.

e BAuw 1+ - +d"+a" =@"?-1)/(a-1) &

ak—I—l 1

a
= + "t =

k—|—2_1

a— 1 a— 1

PN ak—i—l 14+ ak—l—Q o ak—l—l _ ak—l—Z 1

.

L aAnUc.

~




[TAnUixoc apruog ouvouOGUVOAOU
- -

Oetonua. |P(A)| = 2141,
Anéddeen pe emaywyn g mpog |A| =n > 0.

Bdon emoywyhc: |Ao] =0 = Ag = 0 = |24 = [{0}| = 1.
A =1 = Ay = {a} = [27] = [{0. {a}}| = 2.



[TAnUixoc apruog ouvouOGUVOAOU
- -

Oetonua. |P(A)| = 2141,
Anéddeen pe emaywyn g mpog |A| =n > 0.

Bdon emoywyhc: |Ao] =0 = Ag = 0 = |24 = [{0}| = 1.
A =1 = Ay = {a} = [27] = [{0. {a}}| = 2.

Ernoyoywoé BAuo: Ay = A1 U{a}, |[Ax| =k > 1.
Kdlde unocivoho tou Ay elte nepieyel 1o a elte oyt:

9 Ak — 94k U (UBgAk—l {B U {CL}})
= 241U (Upepns {B U {a}})
= 28] = 2. |24

o = 2.2k 1 =2k .



[Topaoeryua toyueng emarywyng
-

Liu, mopdd. 1.9]:
Kdie guoiog n > 2 etvan elte mp@tog elte yvouevo TooTwY

Bédon: O n = 2 ebvou mpwtoc.

Enoywywn vnoveon: H npotaon woyvel vyt = 2,... k.
Erorywywmo Brua:

o Avok+1 el mtpwTog, n npdTaoy arodelyunxe.

o AlMwcda,b:1<a,b<k+1xuk+1=ab.
Trdveon = ot a, b elvon elte TpWTOL ElTE YIVOUEVA TEWTWY,

qoa xt 0 k + 1 elvat YIVOUEVO TOWTWV. OEA

o -



-

Apy1) eynAeloo0-amoxAeloUoD [Liu, evét.1.6]



Muxpec tepintwoelg

-

‘Al U A2| = ‘Al‘ -+ ‘A2|—’A1 M AQ‘

A2 A2

Al Al

A3

|A1 J Ay U A3| — |A1| + |A2| + |A3|
—‘Al ﬂAQ‘ — ‘AQ M Ag’ — ’Ag ﬂAﬂ -+ |A1 N Ay N A3|



-

Amooeln ywoen = 3

‘Al U AQ‘ = ‘A1| -+ ‘A2| — ’Al M AQ‘
n=3

|A1 U Ay U Ag‘

(A1 U AQ) U A3|
AU AQ‘ + ‘Ag‘ — ’(Al U AQ) M A3|
= A1‘ + ’AQ‘ — ‘Al M AQ’ + |A3|
—|(A1 M Ag) U (AQ M A3)|
= |A1| + |A2| + | A3
—‘Al M AQ‘—‘Al M Ag’ - ’AQ M Ag‘
+|\(A1 M Ag) M (AQ M Ag)/’
|A1m;1r2mA3|




Apy1| eyxhelopol /amoxhelouoU
- .

‘A1U°'°UAn‘ — |A1‘+‘|‘|An|
—‘AlﬂA2|—‘A1QA3|—---—’An_1ﬂAn‘
+|A1 N Ay N As| + ...

—(=1)" 32 eom p 1= | Njes Ajl
—(=1)"A; NN A, =

Ynuewwote e J C [n] :=A{1,...,n} &|J| = k.

o -



Emory oy anooeln
fBo’ccﬂ] n=2. T

Troveon:
‘ U?:l Ai‘ — ZZ:1 (_1>k+1 21§z1<.--<z‘k§n ‘Ail ARERN Aik"

Bifwer: | Uiy Ail = [(UjZy Ai) U A | =

n

= | UAZ\ + [ Anta] = ([ A1) 0 Ansal,

1=1 1=1

epapuoCovtag TN Bdorn. Amd emuepto TIXOTNTA XU UTOUVEST:

L 0

(AN Apn)| = D00 ST A0 AN A

1 k=1 1<j1<-<jr<n

n n



[Tapaderyuo eyxAelonol /anoxAEIGUOU

[Liu] 1.14. II6col axépator € [1,10] Srouwpodvton and to 2 N To 3;

Ag = {n c [1, 10] : 2|n},A3 = {n S [1, 10] : 3‘72} ‘AQ U Ag‘ =",




[Tapaderyuo eyxAelonol /anoxAEIGUOU

[Liu] 1.14. II6col axépator € [1,10] Srouwpodvton and to 2 N To 3;

Ag = {n c [1, 10] : 2|n},A3 = {n S [1, 10] : 3‘72} ‘AQ U Ag‘ =",

Avp.1. Toa todanidowa tou k € N oo [1, M] C N:

[{n €[l M]:klnj|=Hp=1:pk < Mj|=HRl<p=<[-]}=



[Tapaderyuo eyxAelonol /anoxAEIGUOU

-

[Liu] 1.14. II6col axépator € [1,10] Srouwpodvton and to 2 N To 3;

Ag = {n c [1, 10] : 2|n},A3 = {n S [1, 10] : 3‘72} ‘AQ U Ag‘ =",

Avp.1. Toa todanidowa tou k € N oo [1, M] C N:
{ne L, M]:klntl=H{p=>1:pk < M} =[{1 <p<|—-]} =

Afu.2. 2|n, 3|n < EKII(2, 3)|n.

o -



[Tapaderyuo eyxAelonol /anoxAEIGUOU

[Liu] 1.14. II6col axépator € [1,10] Srouwpodvton and to 2 N To 3;

Ag = {n c [1, 10] : 2’71},143 = {n S [1, 10] : 3‘71} ‘AQ U Ag‘ =",

Avp.1. Toa todanidowa tou k € N oo [1, M] C N:
{ne L, M]:klntl=H{p=>1:pk < M} =[{1 <p<|—-]} =

Afu.2. 2|n, 3|n < EKII(2, 3)|n.

Apat | Ag) = [10/2] = 5. |A3| = [10/3] = 3
xat |Ag N As| = [10/EKII(2,3)] = [10/6] = 1.
\—TEZ)\LXCS( ‘AQUAg‘:‘AQ"F‘AS’—’AQHAg‘:5—|—3—1:7. J

Aravortd MoaSnuotiwxd&d — 1. 4



[Tapaderyuo eyxAelonol /anoxAEIGUOU

[Liu] 1.14. II6col axépator € [1,10] Srouwpodvton and to 2 N To 3;

Ag = {n c [1, 10] : 2|n},A3 = {n S [1, 10] : 3‘72} ‘AQ U Ag‘ =",

Avp.1. Toa todanidowa tou k € N oo [1, M] C N:

{ne L, M]:klntl=H{p=>1:pk < M} =[{1 <p<|—-]} =
Afu.2. 2|n, 3|n < EKII(2, 3)|n. (vl ypewdleton 1
LlGOOLVOLAL; )
Apa |A3] = [10/2] = 5, | 45| = |10/3] = 3
xat |Ag N As| = [10/EKII(2,3)] = [10/6] = 1.
\—TEZ)\LXO’( ‘AQUAg‘ = ‘A2|—|—‘A3|—’A2ﬂA3‘ =5+3—-1=7. J

Aravortd MoaSnuotiwxd&d — 1. 4



Aoxnon

- .

[Liu] 1.62. 75 moudd ndve o holva-nopx ue mawyviow A, B, I
20 mouold xow oo 3 Towyviola, 95 TOUAAYIoTOV OE 2 Taty vioLa.
V mouyvidi= 50 Aentd / dtopor cuvoluxn elompaln = 70 cupd.
I16ca ouoLd 0ev T yary G XAVEVAL oLy VIoL;

‘Eotw A, B,I' to cOvoho noududv oto mowyvior A, B A I
Zmreiton o aprduog 75 — |[AU B UT|. T'vepetloupe moc
|AUBUT| = |A|+|B|+|T'|—(|[ANB|+| BN |+|T'NA|)+|ANBNL.



Aoxnon

- .

[Liu] 1.62. 75 moudd ndve o holva-nopx ue mawyviow A, B, I
20 mouold xow oo 3 Towyviola, 95 TOUAAYIoTOV OE 2 Taty vioLa.
V mouyvidi= 50 Aentd / dtopor cuvoluxn elompaln = 70 cupd.
I16ca ouoLd 0ev T yary G XAVEVAL oLy VIoL;

‘Eotw A, B,I' to cOvoho noududv oto mowyvior A, B A I
Zmreiton o aprduog 75 — |[AU B UT|. T'vepetloupe moc
|AUBUT| = |A|+|B|+|T'|—(|[ANB|+| BN |+|T'NA|)+|ANBNL.

|A| + |B| + |I'| =70/0,50 = 140, |ANBNT| =20,
xu 55 = |[ANB|+ |BNT|+[I'NA|-=2[ANnBNT|.

‘Apa |[AUBUT| =140 — (55 4+ 2 - 20) + 20 = 65,
Lcuvercd)g 10 moudLd 0EV EMOAEPTIHAY HAVEVAL TIOLY VLOL. J

Aravortd MoaSnuotivx&d — 1. 5



[Tootdoeic [Liu, ev6t.1.8]



Modnuotixéc / AoYIXEC TEOTAGELC
L o

Op. (Modnuatey 1) Aoyixry) npdtaon etvar pior pdon 1 onola
elvan efte ahniig elte Peudric, ahrd Oyt xan tor BLO.

IL.y. Topa Begyet.
IL.y. To Awxprtd Madnuotixd etvon pdidnua Tou TedTou £TouC.
Oy T opa ylvetow T0 YdUNUO TV OLOXELTOY;

Oyt: H Con elvon wpoata!

o -



Ei@n TOOTUOEWY

N .

Op. Tavutoloylor xaheiton xdide mpdtaon mou elvan TavTo aANUYC

(oupPBorileton 1, A A T).

Op. Avtigaorn xoaheltar xdve mpdTaoT Tou elval TavTa Yeudrg
(ovuPBorileton 0, ¥ A F).



e o @

L I

[Todceig xou Iivaxeg Ainetog

dpvnon e p: P b,
0dlevén (1): p\ ¢ cndnc avv pia 1 2 tpotdoeic woybouy,

=

amoxAeto Ty dtalevin (elte-clte): pVg aAning avv oxpBoc

uloe apy e TeoTacT aAnUeleL,

o0OCeuen (xou): p A\ g ahnUhc avy xou oL 2 TEOTACELS oy YOV,

.ooouvopia: p «= g Elval aANUNC vy Ol U0 TPOTACELS EYOLV

TOUG (0oUG Tiivaxeg aknvetog,

p|ql| pvVg|pVvqg | pA <
FIF| F | F F T
FIT| T | T F F
TIF| T | T F F
T|T| T | F T T




2IVVETOY WY
A

IL.y. Av xdmotog elvon emoxentne, 1éte Qopdel xovxdpda.

vV p TOTE q: p — (.

| 4|7 TS
—H|T| 4| 7|
| m| |4 |

IL.y. Av avtypddeic and tov dimhavo cou, 16Te undeviCeoou.

o -

Aravortd MoaSnuotivx&d — 1. 5



2 OVUETEC TTPOTUOELG
Ou mpdéeic ent atopx®y / anAdv npotdoewy opllouy cUVIETES
Aoyxég Tpotdoele, Y. (P A q), (p — q).

‘Aox. H olOvietn npdtaon (p < q) elvon Lloodlvourn Ue TNV
oOvdetn nedtoon [(p — q) A (¢ — p)l.

‘Aox. H (p < q) elvou dpynon e (pVq).

ATo0.
plagllp—q|p—aq|lqg—p|[..N...]| pVg
FIE| T T T T F
FIT| F T = = T
TIE| F = T = T
TIT| T T T T F

Qo gy {
e =<

Aravortd MlesS-rirer S




AvTiotolyleg e TEACELC CUVOAWY

=

Oewpelote cUvola Tou opllovtal PE TEQLY PPN TwV G ToLYElWY

Touc. 1l.y.
A={z:p(x)}

An)\. 0 A Tceptéxa OANOL TOL GTOLXEioc T TIOL IXOUVOTIOLOVY NV
wLoTnTa pT).

To anotéheopa Tpdlewy (OTWC EVoT, ToUn XTA.) TavVe OF
TETOLL GUVOAAL ElVOL GUVOAO TOL GTOLYELX TOL OTLOLOV IXAVOTIOLOVY
et Aoy medcn (6mwe 8tdleuln, oUlevén xTA.) TV

AVTIO TOLY WV LOLOTHTWV.

o -



AvTiotolyleg e TEACELC CUVOAWY

B .

# A={z:p(z)} < A={z:-p(x)}

A A{z:x>5}Nn{xr:x <6} {z:x>bANx <6}

Voo Azip@)fUdzgqle)t = {z:p(2) Vq(x)}
v Az:ip)peir:qe)r = {2 p(x)ve(x)}
= Az:plo)f={z:q@); <« (p(z) < q())
—  AHz:pl)y C{zr:q()} <« (p(z) — q(x))
An. A{z:p(@)} C{r:q(x)} tote p(z) — q(z)

L {z:px)} € {r:qx)} to6tc Tz :p(x) akndie, q(z) L])SUBY’]j

Aravortd MoaSnuotivx&d — 1. 5



[ototntec De M organ
N

® pAGe—pVQ,

o Baxtai OTL:

® pVg—DpANq.

AToo.
[Tivoxec Aindeloc
p|q|pPANqg|PVqg|DPVg|DPNQg
OO0 0) 1 0) 1
01 0) 1 1 0)
110 0) 1 1 0)
111 1 0) 1 0)

OEA

o -

Aravortd MoaSnuotivx&d — 1. 5




[Topaoeryua
-

[Liu] 6er.38. N6 pV g (((pAq)V (=pA—q)) — p).

AToO.
plalpVa|pAg|(mpA—=q) |\ |V —p
olo|| o 0 1 1 0
o1 1 0 0 0 1
10| 1 0 0 0 1
101 1 1 0 1 1

OEA




[Topaoeryua
-

[Liu] 1.16. 2 @uAgc: n ulo Agel mavta ahnVeta, 1 dAAN TOTE.
Eewtnon: Trdpyel ypuooc oto vnot;
Andvinon Woyevoic I «Trdoyel avy Aéw TNV ahdetay.

=

Adon. Hpotaon A: o I Ader ahieia, npotaon X: 3 ypuooc.
AnA. o wWayevic poc andvinoe «A < X».

Al X ||andvinon A — X | A (A - X)
0] 0 1 0
0] 1 0 1
1|0 0 0
|1 1 1




[Topaoeryua
- -

[Liu] 1.16. 2 @uAgc: n ulo Agel mavta ahnVeta, 1 dAAN TOTE.
Eewtnon: Trdpyel ypuooc oto vnot;
Andvinon Woyevoic I «Trdoyel avy Aéw TNV ahdetay.

Adon. Hpotaon A: o I Ader ahieia, npotaon X: 3 ypuooc.
AnA. o wWayevic poc andvinoe «A < X».

Al X ||andvinon A — X | A (A - X)
0] 0 1 0
0] 1 0 1
1|0 0 0
|1 1 1

H mpétaon A «— (A «— X)) aandeder (yratis;). Enouévwe undpyel

\—XPUO(,)Q. J



[Tapdderyua (ouveyeta)

[Tewotixape mwe n tpdtaon A «— (A «— X)) alnielel.

To cuunepaoua oG WS UTEEYEL YEUOOS TEOXVUTTEL OO TOV

Tivoar ahrUELaC.

Al X | andvinon A — X || A (A« X)
010 1 0

» | 0 1 0 1 <
1|0 0 0

» 1] 1 1 1 <




Aoywd Topdoola
-

H dewpla yag tewv cuvoOhwV xou TEOTACEWY OEV TEQLYPAPEL XAVE
OUVATO CLCTNUA.

II.y. 'Eotw dvipwrol nou Acve eite ahfieia elte Ppeypara.
O X Aéew: «Elpgou gedtney». H gpdon tou X dev etvar oOte A 001e
v

II.y. 'Ecotw S 10 6UvoA0 OAWY TwV GUVOAWY TIOU OEV AVXOLV
OTOV €0LTO TOUC.

To S aviixel cTov eautd Tov; Kite anaviioouvue vou, ETE Oy
XATUAYYOLUE oE avTipao.

‘Apo 10 S dev pnopel vo uTdEYEL.

o -

Aravortd MoaSnuotivx&d — 1t. 6



ATmooelln
-

Anédeln wag (pordnuotixhc) tpotaone P xahelton 1 texunelomon
e alNetag tne P.

Mo anddelln otnelleton o uTOVECES Y xou YENOUOTOLEL
AOY1x00C GUANOYIOMOUG Yior Vo xaTadellel TNy oy g P, OnA.
TEOXELTOL YlOL TNV TEXUNPLWOT TNG CLUVETAYWYTNE Y — P,

o ue: ¥ — E — P, ue P+~ Q,Y — Q.
o eqpooov 1 P(n) etvan ouvdptnon tou n € N.
Y| P|Y —-P| P —-Y
0] 0 1 1
o 011 1 1
-P — Y 110 0 0
1 |1 1 1 J




[Ipotdoeic ye Tocooeinteg

=

Tropllond) tpotaon: Jx : av Y (x) woyle, 161 woyler P(x).
® Anodewvietan av Beevel x = a : Y (a) — P(a).
ILy. «<dz : x &€ Q» woydel vy x = 7.
® Koatappinteton av Vo : Y (z) woyder, n P(x) dev woylet.
‘Apvnon etvon ) xadohnn) «Vz : Y () woylet, woyber ~P(z)»

Kabohur, tpdtaon: Yo av Y(x) woydel, téte woyler P(x).

® Amnodewvieton av detyvel Y — P.

® Koatopplnteton ye avtnopddelyyo ¢ = a: Y (a) =T, P(a) =F
IL.y. «<Vn € N, o n! 4+ 1 npcdtocy devdnc: n =4, 4141 = 25.
H dovnomn eivan n vropllaxei tpdtaon: Jx @ Y (x) xow —P(x).

o -



[leproobTEQOL TOGOOEINTEC

=

Av uia tpdTooT TEPLEYEL TOCODEIXTES Xa TV BLO EWBWY, TOTE 1
OELRAL TOUG EYEL oNUACLaL.

II.y. 'Eotww z,y,2 € R.
Ve,Jy,z:x =y + 2z alning, OOTL 2 = T — V.
Jy,z Vo, x =y+2 Jeudic, ot Vy, 2, Jx =y+2+1#y+2

[I.y. Vn € N* 3 tpwtoc p, t.. n <p < n!+ 1.

An6d. Av o n!+1 ebvou mpodytog, N anddeln Eante ye p = n! 4 1.
Ao, 3 mpodtog g nl+1, 2 < g < nl+1.
Edv 2 < ¢ <n t6te q|n!, g|n! + 1: dromno.

‘Apa g > n omdte Yetw p = q. OEA

L\Ifeuﬁég: dnpdtoc p: Vn e N*, n <p <nl+41. J
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