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  !"#$! %&' ('&  )#' *'#'+$, , "&%'& '%"-',.&(", /
" 012 3 4567 389 12 7:;<=>=? 8?=2@A 72B =2 C59DE682=2 / .9 F5>G 389 =H1 2C21=67?H1 C5IC?3 12 ?012 3
2:7=<5> 2=983J6 :CKL?7< /
M NOPQRST U VW SXYZ[\]^ _ .9 Maximum Cardinality Matching C5KDE<82 7? F?1 3J> 8< J2=?:L:1K`8?12 F52a682=2 EA1?=2 3 H B F1H7=K 7? C9E:H1:83JK 45K19 b 7:FJ?J538I12 7? O(

√
nm), KC9: n 9 253L8KB

=H1 JK8DH1 J23 m 9 253L8KB =H1 2J8c1 =9: F52a682=9B / d"12B 2CEKB ρ`C597?FF 37= 3JKB 2EFK53L89B F 32=9 C5KDE<82 ?012 3 9 2JKE9:L9B /e fgh ij '1 =9 F5>a<82 C?5 3I4?3 2J8IB k l 3>E?@? 8 32 2J86 {u, v} 12 7:8C?5 3E>D?3B 7=9 =20532782 / e fgh m j,D67? KE?B = 3B 2J8IB C9: C597C 0C=9:1 7=9 u 6 7=9 v.
e fgh n j *6F231? 7=9 o682 p/qC9E9F 07=? =9 ρ.

MNOPQRST r Vs SXYZ[\]^ _ "@?=>7=? =91 2EFK53L89 LPT (Longest Processing Time First) F 32=9 C5KDE<82 ?E24 37=9C9 0<7<B =9: makespan 7? K89 3?B C25>EE<E?B 8<421IB / + ?0@=? CHB ?012 3 4/3`C597?FF 37= 3JKB / tuvwxyz{| d"7=H j < l9:E?3> C9: 9E9JE<5c1?=2 3 =?E?:=2 02 7=9 LPT-schedule.
+ 32J50`

1?=? C?53C=c7?3B 74?= 3J> 8? =<1 j.+c7=? I12 I12 C25>l?3F82 KC9: 9 LPT 2C9=:F4>1?3 12 D5?3 =< DIE= 37=< EA7< / ! C95?0=? 12 D5?0=?
I12 C25>l?3F82 KC9: C?=:4201?3 makespan =9:E>4 37=91 (4/3 − o(1))OPT }
M NOPQRST W V~ SXYZ[\]^ _ d"7=H N I12 C?C?5278I19 7A19E9 J23 f : 2N → R.

'C9l?0@=? 8? D>7<
=91 95 378K CHB < f ?012 3 submodular 21 J23 8K19 21

f(S ∪ {j}) − f(S) ≥ f(S ∪ {j, k}) − f(S ∪ {k}) F 32 k, j ∈ N, k 6= j, J23 S ⊆ N \ {j, k}.

MNOPQRST ~ V~ SXYZ[\]^ _ d"7=H I12 7= 3F8 3K=:C9 =9: Weighted Set Cover KC9: ws ≤ 1, ∀s ∈ S.+?0@=? CHB =9 7:19E 3JK D>59B =<B EA7<B C9: ?C 37=5Ia?3 9 Greedy ?012 3 =9 C9EA [1+ln(n/OPT)]OPT+1.&74A?3 2:=6 < ?FFA<7< 21 21= 0 F 32 OPT I49:8? =9 DIE= 37=9 =<B F5288 3J6B 42E>5H7<B }
M NOPQRST s Vs SXYZ[\]^ _ ,=9 C5KDE<82 =<B � ��y��{� � ����{� 82B l 0191=2 3 � C?C?5278I19 7A19E9
U, 7:EE9F6 S ⊆ 2U , J23 2JI52 39B k.

"C 07<B J>L? 7=934?09 j ∈ U I4?3 I12 D>59B wj > 0.
*5IC?3 12

l 32EI@9:8? k 7A19E2 2CK =< 7:EE9F6 S I=7 3 c7=? 12 8?F 37=9C9 3679:8? =9 D>59B =H1 7=9 34?0H1 C9:
J2EAC=91=2 3 /+ 32=:Cc7=? =91 C59a216 greedy 2EFK53L89 F 32 =9 C5KDE<82 J23 2C9l?0@=? CHB ?012 3 (1 − 1/e)`C597?FF 37= 3JKB / ��������� 1 − (1 − 1/k)k > 1 − 1/e.



MNOPQRST � V� SXYZ[\]^ _ ,? 2:=6 =<1 >7J<7< ?@?=>;9:8? =9 Weigted Set Cover C5KDE<82 /�<=>8? (i) I121 randomized rounding 2EFK53L89 C9: ?C 37=5Ia?3 8? 8< 8<l?1 3J6 C 3L21K=<=2 EA7< 8?
D>59B =9 C9EA O(log n) a95IB =9 DIE= 37=9 =<B F52883J6B 42E>5H7<B J23 (ii) I12 derandomization =9:
2EF950L89: 8? =< 8IL9l9 =H1 l?78?:8I1H1 C 3L219=6=H1 /� h� h�f� {�{ i| d$E9 3 9 3 2EFK53L89 3 C9: 3J219C9 39A1 =9 (i) l?1 8C959A1 2C2520=<=2 12 F 019:1 derando-
mized

/
� h� h�f� {�{ m | � 32 =9 derandomization, =2 >74<82 F?F91K=2 ?012 3 n + 1, I12 F 32 J>L? I121 2CK =9:B nC?5 395 3789AB =9: LP k 7:1 I12 F 32 =<1 = 386 =<B 21= 3J?38?1 3J6B 7:1>5=<7<B /� h� h�f� {�{ n | ( 23 =2 n + 1 2:=> F?F91K=2 2a959A1 =9 J2LI12 I12 F52883JK >L593782 J>C9 3H1 2CK
= 3B 8?=2DE<=IB =9: LP k 9 3 9C90?B 7=91 C 3L219= 3JK 2EFK53L89 F 0191=2 3 =:420?B 8?=2DE<=IB 8? = 38IB 0 6
1. �567 382 ?5F2E?02 F 32 12 a5>@9:8? =<1 C 3L21K=<=2 =I=9 39: ?0l9:B 2L590782=2 12 2C9JE 019:1 2CK =<12128?1K8?1< = 386 =9:B ?012 3 =2 C?50a<82 Chernoff bounds C9: 2J9E9:L9A1 / �� 32 82B k U = 1.� /

Theorem
U

Let X =
∑N

i=1 Xi be the sum of N independent random variables in [0, U ] with E(X) ≥
µ. Let ε > 0. Then Pr[X ≤ (1 − ε)µ] < e−µε2/(2U).

Theorem
r

Let X =
∑N

i=1 Xi be the sum of N independent random variables in [0, U ] with E(X) ≤
µ. Let ε > 0. Then Pr[X ≥ (1 + ε)µ] < e−min(ε,ε2)µ/(3U).

MNOPQRST � V~ SXYZ[\]^ _ �?H5?07=? =9 C252J>=H F52883JK C5KF52882 (DLP)
/

(i)
'C9l?0@=? CHB ?012 3 8 32 IFJ:5< 42E>5H7< �valid relaxation� =9: Minimum Spanning Tree C59DE6`82=9B 7=9 8< J2=?:L:1K8?19 CE65?B F5>a<82 G = (V,E) KC9: duv

?012 3 =9 86J9B =<B 2J86B {u, v}. �.9;?AF9B uv l?1 ?012 3 l 32=?=2F8I19 b I49:8? =K7?B x`8?=2DE<=IB K7?B J23 2J8IB 7=9 E.� .9 v̂ ?012 3 I12B
2:L205?=2 ?C 3E?F8I19B JK8D9B 2CK =9 V.

!? δ(S) 7:8D9E 0;9:8? = 3B 2J8IB C9: I49:1 2J53DcB I12 >J597=9 S.
Valid relaxation 7<8201?3 CHB F 32 J>L? spanning tree =9: G 8? 7:19E 3JK JK7=9B C :C>54?3 8 32

2JI52 3< EA7< =9: (DLP) 8? JK7=9B 2J5 3DcB C.
(ii)

�5>G=? =9 l:� JK =9: (DLP)
/

�


